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Abstract

This paper presents a new approach to obtain symme-
try in point matching problem. Here, symmetric match-
ing means the essential property that the choices of source
and target should not determine the eventual matching re-
sults. Most earlier approaches to achieve symmetric match-
ing have been in deterministic fashions, where symmetry
constraints are added into the matching cost functions to
impose source-target symmetric property during the match-
ing process. Nevertheless, these modified cost functions
cannot generally converge to real ground truth, and fur-
ther, the perfect source-target symmetry cannot be achieved.
Given initial forward and backward matching matrices pair,
computed from any reasonable matching strategies, our ap-
proach yields perfectly symmetric mapping matrices from
a stochastic framework that simultaneously considers the
errors underneath the initial matching matrices and the im-
perfectness of the symmetry constraint. An iterative gen-
eralized total least square (GTLS) strategy has been devel-
oped such that perfect source-target symmetry is imposed.

1. Introduction

Intuitively, the matching problem should be symmetric
in nature if the matching pair is in continuous domain, i.e.,
the ground truth correspondences established between the
two data inputs should be independent of their order to
the matching process. However, the source-target symme-
try cannot be achieved even in matching very simple ob-
ject. One of the most common point matching algorithm,
Iterative Closet Point (ICP) [1] is used to demonstrate this
fact (Fig.1). Conventional matching algorithms adopt the
term source (S) for the input data being transformed in
the matching process, while the one keeping fixed for the
source to match is referred to as target (7). In this paper,
T15 and T5; are referred to the transformations solved by
the forward and backward matching processes respectively.

Such asymmetric nature of the conventional approaches

raises a question. If there are two different transformation
results, which one should we take? Should we pick one and
perform a simple inverse? It would not be an easy question
as in real matching problem the ground truth is always un-
available. To solve this problem we must have a matching
cost function which does not depend on the order of .S and
T,ie., E(S,T) = E(T,S) [5]. The following matching
cost function is possible to achieve source-target symmetry:

E(Sv T) =wX ESim(Sv T) + (1 —’LU) X ESim(Ta S) (D

where Eg;,, measures the similarity (e.g., image intensity
and geometrical properties) between the data sets. The sim-
plest case for the weighting factor w is 0.5.

Christensen [2] enforced an inverse consistency con-
straint with the similarity metric during the optimization
process. In [2], the symmetric property in Eq. (1) was
achieved, however, by separating the forward and reverse
registration processes into two phases with an additional in-
verse consistency constraint:

Ef(S,T) = Esim(S,T) + p X Econs(S,T) 2)
Er(Tv S) = ESim(T7 S) + p X ECons(T7 S) (3)

Econs(S,T) and Econs(T,S) are equivalent to ||T72 —
Ty.'|| and ||Te; — Tyt || respectively. Eq. (2) and (3) are
alternately optimized until convergence. The main problem
of Eq. (2) and (3) is that the consistency property is only
part of the overall cost function. This formulation is only
asymptotically inverse consistent when p tends to infinity.
All the above symmetric formulations yield a 1-to-1
symmetric mapping that is deterministic in nature and as-
suming both the observation (matching results) and the
model (symmetric relation) are not perturbed by any errors:

Tio*xToy =1 4)

However, unless you have a continuous representation of
the object and also a precise transformation model, oth-
erwise it would not be true in general. These imperfect
transformation matrices mean that their underlying stochas-
tic uncertainties should not be omitted.
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Figure 1. Forward and backward matching of 2 point sets to demonstrate inconsistent correspon-
dences due to switch of the input order. Number of iterations in this ICP example is 149.

We propose a stochastic framework for matching prob-
lems which generates perfect source-target symmetric map-
ping between the data sets. Instead of imposing source-
target symmetry in a deterministic and asymptotic sense, we
enforce the symmetric property with the systematic consid-
erations of the stochastic uncertainties of the input forward,
backward transformation matrices and the symmetry con-
straint' to achieve perfect source-target symmetry. Given
the forward and backward matching results, an iterative fit-
ting process is performed until a set of new forward and
backward transformation matrices are obtained which are
perfectly inverse to each other. The fitting process is solved
with the adoption of Generalized Total Least Square(GTLS)
technique [6] which allows simultaneous considerations of
all the errors in the input transformation matrices and the
symmetry constraint. Here, we apply our stochastic frame-
work to point matching problems and study the robustness
of our system towards different amounts and types of noise
on the input point sets. The framework can be applied to
volumetric image registration problems with minor modifi-
cation [7].

2. Stochastic framework for symmetric match-
ing
2.1. Stochastic symmetry constraint

As we have stated above, the forward and backward
transformation matrices obtained from any matching algo-
rithm are going to be error-perturbed. Simply combine them
deterministically may not be a good way to utilize the in-
formation from the forward and backward process. In this
paper, we suggest that one should model the source-target
symmetry stochastically with the simultaneous considera-
tion of the underlying stochastic uncertainties within the

IThere are works about stochastic ICP, e.g., in [4] which impose the
stochastic property on the point’s location while we impose the stochastic
property on the transformation matrices and also the symmetry constraint.

forward and backward transformation matrices and hence
the imperfectness of the symmetry constraint, i.e,

(T1G2 + ET12) * (TQCi + ET21) =I+R )

With Eq.(5), the observation and the model are no longer
perfect but perturbed by noise. E,, and Er,, are the errors
associated with the ground truth transformations 7% and
TS . R is the error over identity due to 2 asymmetric matri-
ces2. In our current error model, we assume all the elements
in the error matrices are zero mean and are independent to
each other.

2.2. Symmetry enforcement through itera-
tive GTLS fitting

Since both the observation and the model are perturbed
by noise, we adopted the Total Least Square (TLS) ap-
proach instead of the general Least Square (LS) to solve our
problem. Also, as the stochastic property is not the same
for every entry and some of the entries are error free, in
order to solve the problem while considering all the errors
simultaneously, a Generalized Total Least Square (GTLS)
[6] approach is adopted.

The initial input of our framework are the transposed and
permuted version of 7o and 75 (transformation matrices
from the forward and backward matching process):

) =Th+P W =ThH«P  (©)
Q) = (TN« P Q) = (T T« P (7)
where P = P4 * Py4 % P34 and

Py = (esezeser), Poy = (e1eseses), Psy = (e1ezeses)
1 0 0

0
el = e = es = e=1 (8)
1

oo = O

0 0
0 1
0 0

2We simply assume all the entries in R have the same stochastic uncer-
tainty and set it as A\,..
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Figure 2. First row: different source point sets to the whole matching process. Second row: cor-
responding target point sets with different combinations of deformation and noise. Third row: the
visual results of the forward process are shown. Different colors represent the source points warped
by different transformations, red triangles(7},), green stars(T’;), blue triangles(75;").

It is done because the first column of Qgg) and Qgi) will be- Eé;i2 = \QﬁQ - iané’ﬂ Efi}va = |Qg’f — ian§Q| (14)
come error free. Our objective is to utilize the GTLS formu-

lation to fit the transformation matrices iteratively, consider-
ing the errors in the transformation matrices and the source-
target symmetry constraint until the forward and backward
directions are symmetric:

i.e., absolute difference between 2 matrices which can be
treated as the error’s upper bound. And the first column of
Eq,, is dropped as the first column of ()12 is error free. The
error matrices F;p.,qQ,,, FXg,, are formed respectively by:

0 _(A=a) o po _ 1= o
YQ) - |: I :| ’ln’UleQ) Vv |: I :| © Eim’QQl T a >kEQm EQ21 P *Ei"Ule (15)
vag’l) I Sf I where « is the weighting on the error of the forward match-
ing process and can be picked by any prior knowledge of
with the corresponding stochastic property in the noise data: the input data or matching process. Therefore, o mimics
) R o) weighting factor w in Eq.(1) in a stochastic sense. To sim-
(l,%? 12 and i"(vg?lz (10) plify the model « is set to 0.5 in this paper. The error matrix
Eian21 R EQ21 R R for the source-target symmetry constraint is fixed as the

initial input stochastic consistent model is kept unchanged.

The error equilibration matrices for solving X in Eq.(9)
are obtained from the Cholesky decomposition of the er-
ror covariance matrices C and D, where C' = ATA, D =

E,
AAT,A — Q12
EinUQzl R

where i is the iteration number. And

X 1= ianng) and P* X « P = ngrl) (11)

1 (i+1) RPN (ES)
Yo =inv@Qyy C and PxY P =Qjy (12) ] . Similarly Y is solved.

The process iterates until the degree of asymmetry (e) is

negligible: 3. Experiments and conclusion

e=||(P*X)T «(P+Y)" —I||p < threshold  (13) , , . ,
We have applied our stochastic symmetric model on dif-

and the GTLS solution matrices will be T5; = (P x X)7, ferent point sets. There are four different point sets in Fig.2.
Ty, = (P *Y)T. The error matrices Eq,,, Einvg,, for Two transformations, one is smaller deformed and one is
Q12, invQ)q2 are: larger deformed, are applied on each of the point set to form
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the corresponding target point set. Then, different amounts
of gaussian noise and impulse noise are separately added
to both the source and target point sets in the experiment.
The forward and backward transformation matrices for our
system inputs are obtained by the Robust point matching al-
gorithm RPM [3]. Results evaluation is based on the sum
of squared distance (SSD) between the points in the warped
source point set and the target point set. Fig.2 shows exam-
ples with different degree of deformation and combination
of noise. The corresponding SSD is shown in Table.1, the
order of SSD is 10* and 10° for the gaussian and impulse
noise respectively. Notice that the error should be compared
within the same direction of the transformation, i.e., (T},
GTLS T35, T2_11) in the forward direction, (151, GTLS 154,
T;5") in the backward direction. The SSD of GTLS T}5 is
colored in green if it outperforms both 7Tjand T{ll, simi-
larly for GTLS T5;. Notice that as shown in the table, even
179 gives a better result in the forward direction, T1_21 may
indeed give you a much worse result in the backward di-
rection. Our GTLS approach yields a unique mapping with

reasonable results in both directions.

We presented a novel framework for modelling the
source-target symmetry stochastically, by simultaneously
considering the stochastic uncertainties on both of the trans-
formation matrices and the symmetry constraint through the
Generalized Total Least square fitting from the transforma-
tion matrices obtained after the matching process. With our
stochastic consistency model, symmetry property can be
imposed perfectly with the consideration of any other sim-
ilarity constraints. This work is supported in part by Hong
Kong Research Grants Council CERG-HKUST6252/04E

and by China 973 Program (2003CB716103).
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Position Errors (SSD) - Fish
Small Deformation
Gaussian Noise(S.D) Impulse Noise (Proportion)
Transformation 1 2 3 4 5 0.1 0.2 0.3 0.4 0.5
T12 143 100 130 270 173 24 26 51 61 91
GTLS T'1 o 145 283 175 29 32 61 74 98
Til 153 107 135 330 206 48 46 77 95 110
To1 216 142 187 408 228 30 31 51 69 94
GTLS Ty 226 146 197 419 34 55 72 104
Tﬁl 260 171 244 520 260 35 48 68 79 126
Large Deformation
Gaussian Noise(S.D) Impulse Noise (Proportion)
Transformation 1 2 3 4 5 0.1 0.2 03 0.4 0.5
T1o 178 218 241 285 538 39 45 52 63 123
GTLS T'1 o 187 233 250 615 39 48 55 67 104
Til 197 252 277 346 728 40 56 86 71 102
Toq 94 124 144 168 366 210 271 328 441 583
GTLS Ty 1 91 217 290 370 465 597
T172 91 122 144 178 364 237 354 654 519 756
Position Errors (SSD) - Smile face
Small Deformation
Gaussian Noise(S.D) Impulse Noise (Proportion)
Transformation 1 2 3 4 5 0.1 0.2 0.3 0.4 0.5
T1o 11 41 101 164 259 56 148 205 268 373
GTLS T'1 o 271 89 169 224 292 405
T2_11 12 46 96 177 331 197 201 250 319 434
Toq 14 57 114 213 375 86 165 228 252 382
GTLS Ty 177 247 265 401
Tﬁl 15 53 134 217 346 81 205 286 291 436
Large Deformation
Gaussian Noise(S.D) Impulse Noise (Proportion)
Transformation 1 2 3 4 S 0.1 0.2 0.3 0.4 0.5
T1o 15 65 153 230 436 121 271 266 389 504
GTLS T'1 o 16 236 479 269 411 554
Til 22 70 141 283 597 129 249 320 481 647
To1 12 42 91 165 333 77 150 204 301 393
GTLS Ty 1 89 208 251 346 454
T1_2l 10 41 101 156 311 137 447 386 458 583
Position Errors (SSD) - Raptor
Small Deformation
Gaussian Noise(S.D) Impulse Noise (Proportion)
Transformation 1 2 3 4 5 0.1 0.2 0.3 0.4 0.5
T1o 42 44 54 51 72 123 353 521 584 811
GTLS T o 465 48 57 53 81 134 407 565 648 887
T2_11 50 51 62 57 922 144 474 605 713 957
Toq 67 69 83 73 115 144 379 564 647 861
GTLS Ty 1 66 66 147 401 587 685 905
Tﬁl 65 65 81 75 110 156 451 631 756 986
Large Deformation
Gaussian Noise(S.D) Tmpulse Noise (Proportion)
Transformation 1 2 3 4 5 0.1 0.2 0.3 0.4 0.5
T2 194 185 215 214 251 20 38 65 88 114
GTLS T'1 o 192 266 97 122
Til 191 183 216 211 283 21 42 69 110 130
To1 97 95 112 110 155 14 26 44 68 89
GTLS Ty 99 96 113 112 147 28 52 72 95
T1_21 103 99 117 122 143 14 36 81 81 106
Position Errors (SSD) - Brain
Small Deformation
Gaussian Noise(S.D) Impulse Noise (Proportion)
Transformation 1 2 3 4 5 0.1 0.2 03 0.4 0.5
T1o 4 9 18 23 89 57 86 127 168 236
GTLS T o 23 94 61 97 142 187 256
Til 4 8 15 27 103 66 111 157 205 272
Toq 5 11 19 33 124 40 96 134 185 240
GTLS Ty 1 19 42 98 141 194 249
sz 7 13 27 33 132 46 107 156 211 266
Large Deformation
Gaussian Noise(S.D) Tmpulse Noise (Proportion)
Transformation 1 2 3 4 5 0.1 0.2 0.3 0.4 0.5
T2 45 53 67 57 99 58 99 148 221 257
GTLS T'1 o 49 54 70 58 104 61 160 225 280
Til 54 57 77 64 115 66 111 174 243 313
To1 234 268 397 326 591 40 70 113 168 204
GTLS Ty 286 420 592 42 86 118 186 222
T1721 255 348 524 363 671 46 131 130 229 256

Table 1. Sum of squared distances (SSD)
of different data sets under different com-
binations of transformation, deformation
and noise. Gaussian noise with Stan-
dard.Deviation = 1,2,3,4,5 and Impulse noise
with proportion = 0.1,0.2,0.3,0.4,0.5 to the
number of original points. Transformations
for forward direction: (T2, GTLS Tis, T5,'),
backward direction: (7., GTLS Ty, T),).
This table is color-coded.
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