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Abstract
This paper presents a statistical approach to aggregating speed and phase (directional) information for vascular segmentation of phase
contrast magnetic resonance angiograms (PC-MRA). Rather than relying on speed information alone, as done by others and in our own
work, we demonstrate that including phase information as a priori knowledge in a Markov random field (MRF) model can improve the
quality of segmentation. This is particularly true in the region within an aneurysm where there is a heterogeneous intensity pattern and
significant vascular signal loss. We propose to use a Maxwell–Gaussian mixture density to model the background signal distribution and
combine this with a uniform distribution for modelling vascular signal to give a Maxwell–Gaussian-uniform (MGU) mixture model of
image intensity. The MGU model parameters are estimated by the modified expectation-maximisation (EM) algorithm. In addition, it is
shown that the Maxwell–Gaussian mixture distribution (a) models the background signal more accurately than a Maxwell distribution, (b)
exhibits a better fit to clinical data and (c) gives fewer false positive voxels (misclassified vessel voxels) in segmentation. The new
segmentation algorithm is tested on an aneurysm phantom data set and two clinical data sets. The experimental results show that the
proposed method can provide a better quality of segmentation when both speed and phase information are utilised.  2002 Elsevier
Science B.V. All rights reserved.
Keywords: Magnetic resonance angiography (MRA); Expectation-maximisation (EM) algorithm; Markov random fields (MRF); Flow coherence; MR
signal modelling and statistical segmentation

1. Introduction
Magnetic resonance angiography (MRA) is a collection
of non-invasive methods for vessel delineation. Three
major groups of MRA techniques are time-of-flight (TOF)
MRA, contrast enhanced (CE) MRA and phase contrast
(PC) MRA. The main advantage of PC-MRA over TOFand CE-MRA is that it not only gives information about
vascular morphology but also provides for each voxel a
three-component estimate of flow direction (in the form of
phase images) and rate of flow (conveyed as a speed
image). Moreover, a PC-MRA speed image has good
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background suppression and displays two high contrast
voxel types: vessel and background (Rinck, 1993). Medical diagnosis of vascular diseases is commonly performed
on the basis of an analysis of MRA speed images alone,
which assign high intensity to the moving blood and
cerebrospinal fluid (CSF). The work described in this
paper was entirely driven by the growing need of PC-MRA
image segmentation for characterisations of vasculature
and aneurysms.
While most of the arterial anatomy can be shown clearly
in MRA speed images, this is not the case for, for example,
intracranial aneurysms. These can contain low or complex
flow and are poorly represented in the images (Steiger et
al., 1997; Wilcock et al., 1995). The presence of an
aneurysm causes significant vascular signal loss in the
MRA speed image with some intensity levels approximately equal to those of background signal, thereby producing a
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Fig. 1. (a) Time-of-flight (TOF) MRA; (b) phase contrast (PC) MRA. As shown in the figures, the presence of an aneurysm causes significant vascular
signal loss in the MRA speed image with some intensity levels approximately equal to those of background signal, thereby producing a heterogeneous
intensity pattern within the aneurysm. The inclusion of such regions of inhomogeneous intensities is a challenge to robust vascular segmentation.

heterogeneous intensity pattern within the aneurysm, as
shown in Figs. 1(a) and (b). These inhomogeneous subregions are a challenge if vascular segmentation is to be
robust. This work was motivated by the need to develop a
fully automatic segmentation algorithm that could reliably
segment the vasculature including aneurysms, vessels at
the vicinity of the aneurysms and other regions of low or
complex flow from PC-MRA data.
A variety of approaches have been proposed for the
segmentation of MRA speed images. For instance, Verdonck et al. (1996) proposed to segment blood vessels by
iteratively estimating vessel centre axes and contours based
on the maximum gradient points. McInerney and Terzopoulos (1997) proposed topologically adaptable surfaces
(T-surfaces), which is a variant of the classical deformable
models but has an efficient topologically adaptable property for segmentation of intracranial vasculature. Another
variant, geodesic active contour was proposed to segment
MRA speed images by Lorigo et al. (1999). In this case,
the contour was implemented by using the level set
methods (Sethian, 1999) to offer flexible topological
adaptability, and has been subsequently extended to be
more locally adaptable according to the properties of local
geometrical structure, for example, eigenvalues of the
tensor (Westin et al., 2000). A fast vessel delineation
method was suggested by iteratively reconstructing a
vessel segment defined by two user specified starting and
end points (Wink et al., 2000). In all of these methods, an
intensity-based gradient function was employed to estimate
the boundaries of vessels. A drawback in using a gradientbased method is that, in practice, gradient values are not
sufficiently high in the low or complex flow regions for
robust segmentation. Krissian et al. (1998, 1999) proposed

a multiscale method to detect the vessel centreline and
estimate vessel width based on eigenvalue and eigenvector
analysis of the Hessian matrix. However, as with the
intensity-based gradient methods, partial differentiation of
the MRA speed images will not give reliable information
about the position of a vessel boundary in low flow or
signal-to-noise ratio (SNR) regions.
An alternative approach to reconstructing vascular
shape, proposed by Masutani et al. (1998), consists of
initial shape extraction followed by region-growing. The
initial shape is obtained by thresholding. Then, a seed
point is placed manually inside the initial bounded space
and is grown to extract a locally smooth surface by using
binary mathematical morphological operations. The major
advantages of this method are that thin contacts by the
adjacent vessel clusters can be removed and the disconnected clusters of vessels can be grouped. However,
due to the low SNR values inside an aneurysm, the
aneurysmal and low SNR regions will not always be
extracted as the clusters in the initial bounded space.
Finally, based on the knowledge of MRA image acquisition, it has also been shown that the accuracy of vessel
width estimation can be improved by incorporating a
boundary criterion, which is defined as a percentage rolloff factor with respect to maximum luminal MR signal
(Frangi et al., 1999).
Wilson and Noble (1999) used an adaptive statistical
segmentation method for TOF-MRA data. In the current
paper, we extend that statistical method to PC-MRA data.
There are two main reasons for this. Firstly, the statistical
characteristics of the background and vascular signals can
be accurately modelled based on the knowledge of image
formation. Secondly, most of the previous segmentation
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methods segment the vasculature by using PC-MRA speed
images alone. Rather than using just speed information, the
directional flow field (available in PC-MRA data only)
may give additional clues for segmentation. To the best of
our knowledge, there is only one related work (Summers et
al., 1997) using both MRA speed and phase images, which
uses a multi-resolution, model-based approach to extract
and visualize vascular flow features.
The method we propose draws on the fact that the flow
pattern in the vasculature is locally coherent. In other
words, if blood is flowing in a direction v, neighbouring
voxels should have a high probability of exhibiting flow in
the same direction v. A local phase coherence (LPC)
measure can be derived to estimate the degree of coherence amongst neighbouring voxels. In this paper, we
present a statistical approach, which incorporates the LPC
measure as a priori knowledge in a Markov random field
(MRF) model to improve the quality of vascular segmentation. Related work can be found in the literature of MRFbased segmentation of conventional MR images, rather
than MRA, including mean field approximation (Kapur et
al., 1998), simulated annealing (SA) and iterated conditional modes (ICM) (Held et al., 1997) and hidden
Markov random fields (Zhang et al., 1999). In this paper,
we employ ICM to perform a maximum-a-posteriori
(MAP) estimation purely because of its efficiency. A
thorough comparison of different maximisation methods
can be found in (Li, 1995).
Moreover, in this paper, we derive the background and
vascular signal statistical models based on knowledge of
the MRA image formation process and physical characteristics of blood flow, and use them to derive update
equations for expectation-maximisation (EM) based parameter estimation. In particular, we show that the proposed Maxwell–Gaussian finite mixture distribution represents the background signal more accurately than a Maxwell distribution used in prior work (Andersen and Kirsch,
1996). The proposed model shows a better fit to clinical
data and gives fewer false positive voxels (misclassified
vessel voxels) in segmentation.
This paper is organised as follows. In Section 2, we
derive the statistical distributions of background and
vascular signals in MRA speed images. Section 3 presents
an initial EM based segmentation algorithm based on these
models and illustrates the problem of segmentation by
using the MRA speed images alone. We then define a local
phase coherence measure using three orthogonal phase
images and further modify the segmentation algorithm by
incorporating the MRF a priori model based on the LPC
measure. In Section 4, we present in-vitro and in-vivo
experimental segmentation results on an aneurysm phantom and clinical data sets. We conclude with a summary
and a discussion of current and future work in Section 5.
Early versions of this work were presented at the third
conference on Medical Image Computing and ComputerAssisted Intervention (Chung and Noble, 2000).
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2. Statistical analysis of background and vascular
signals
This section derives statistical distributions for the target
vascular signals in MRA speed images as well as for
background regions containing static, signal generating
tissues (brain, CSF and scalp) or signal-absent material
(air, cortical bone) in accordance with the PC-MRA image
reconstruction process and physical characteristics of blood
flow. These two models are then combined additively to
form a complete distribution of an MRA speed image.

2.1. Construction of speed images
2.1.1. Definition of MR phase angle and its properties
The phase angle of a complex-valued MR signal S1 is
defined as f1 and computed by argsS1d 5 tan 21 (ImhS1 j,
RehS1 j), where RehS1 j and ImhS1 j denote real and imaginary components of the signal respectively, as illustrated in
Fig. 2. It is assumed that the real and imaginary components are statistically independent and corrupted by
zero-mean Gaussian noise with equal variance s 2 (Henkelman, 1985). The probability density function (PDF) of f1
is then given by (Lathi, 1983),
exps 2 a 2d
ff 1sf1d 5 ]]]
2p
]
]
3 h1 1Œ]
pa cossf1 2f1d expsa 2 cos 2sf1 2f1dd
]
3 f 1 1 erfsa cossf1 2f1ddg j,
(1)
]
where f1 [ f 2 p, pd, a 5 M1 /Œ2s, erfsxd 5s2 /Œ]
pd ?
]
x 2w 2
e0 e dw is the error function, f1 is the mean phase and
M1 is the magnitude of signal S1 . Note that ff 1 5 0 for
f1 [
⁄ f 2 p, pd. The PDFs at different signal-to-noise ratios
(SNR 5 M1 /s 5 0, 1, 3 and 6) are plotted in Fig. 3. Note

Fig. 2. Difference between phase angles of two signals gives the velocity
induced phase shift Df 5 f2 2 f1 .
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sitely oriented bipolar gradients are used for each velocity
component, while for a four-point reconstruction method
(Nacq 5 4) a single image acquired with a null bipolar
gradient (i.e. no velocity sensitivity) is used in combination with each of three velocity encoded images (Bernstein
et al., 1994). We will refer to this reconstructed image as
the ‘magnitude-weighted speed image’ though convention
is simply to use the term ‘speed image’ (since the phase
shifts are flow sensitized along the three orthogonal
components, x, y and z, the result is directly proportional
to the speed).

2.2. Statistical analysis of vascular signals

Fig. 3. Probability density functions (PDF) of a phase angle f1 for
different signal-to-noise ratios (SNR). Note that the PDF becomes
uniformly distributed when the SNR is zero, and tends to a Gaussian
distribution when the SNR is sufficiently high.

that the PDFs progress from being uniformly distributed
when the SNR is zero, to Gaussian distributed when the
SNR is high.

2.1.2. Definition of speed image and its properties
For each velocity component at a voxel, two complexvalued signals, S2 and S1 , are acquired. These signals
experience the same pulse sequence excitation and spatial
encoding during imaging but differ by the polarity or
strength of a bipolar gradient applied along the axis of the
velocity component being measured. A velocity induced
phase shift (phase difference) Df is produced by the
angular difference between the two signal phases (Pelc et
al., 1991), i.e. Df 5 f2 2 f1 5 argsS2d 2 argsS1d, as shown
in Fig. 2. The resulting net phase Df for a voxel is directly
proportional to the flow rate of material in the voxel in the
specified direction. An MRA speed image is reconstructed
on a voxel-by-voxel basis by taking the modulus of the
three corresponding phase shifts, Dfx , Dfy and Dfz , and
]
applying an average magnitude mask M to suppress the
spurious phase shifts in extremely low signal regions (e.g.
background air), i.e.,
] ]]]]]]
i 5MœDf 2x 1 Df 2y 1 Df 2z
]]]]]]]]]
]
]
]
5œsM Dfxd 2 1sM Dfyd 2 1sM Dfzd 2 ,

In modelling the intensity characteristics of vessel
voxels, we assume a laminar flow pattern is present. In this
case, for a circular vessel cross-section, the velocity flow is
then parabolic (Caro et al., 1978), as shown in Fig. 4, and
the intensity profile for a vessel is given by

S

D

r2
]
i(r) 5 C ? 1 2 2 ,
R

(3)

where i is the intensity and is a function of r, C is a
constant (incorporating the signal magnitude M), R is the
vessel radius and r is the distance from the vessel centre to
the boundary. The PDF fvesselsid for a vessel voxel that has
intensity i is directly proportional to the image area,
asx 5 id, in which all the voxels have the same intensity i.
fvesselsid is calculated as the rate-of-change of area having
intensity greater than or equal to i, i.e.,

U

U

dasx > id
fvesselsid ~ ]]] .
di

(4)

(2)

]
acq
where i is the image intensity and M 5 o Nn 51
Sn /Nacq is the
average magnitude of all signals acquired at the same
voxel. The number of acquisitions (Nacq ) at each voxel
depends on the pattern of bipolar gradients applied: for a
six-point reconstruction method (Nacq 5 6) a pair of oppo-

Fig. 4. We assume a vessel model, in which the intensity characteristics
of the vessel voxels are assumed to exhibit a laminar flow pattern. The
velocity profile across the circular vessel cross-section is then parabolic.
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The area asx > id is given by, using Eq. (3),
2

asx > id 5 p r 5 p R

S1 2 ]Ci D.

2

(5)

Therefore, the PDF fvesselsid is constant and can be regarded
as a uniform distribution, which can be expressed as
fvesselsid 5 w U fUsid,

(6)

where w U is a weight (or prior probability) assigned to the
uniform distribution, fUsid 5 1 /Imax , and Imax is the maximum intensity in the observed frequency histogram. Although, in practice, the vessel voxel intensities mainly
spread over the high intensity region, the number of vessel
voxels is only a small proportion (1–4%) of the frequency
histogram of the entire PC-MRA image volume. Hence,
for the sake of simplicity, we assume that the uniform
distribution spreads over the entire intensity range
f 0 . . . Imax g .

2.3. Statistical analysis of background signals
A more involved description is required for signals in
regions of background as a wide range of signal intensity
and phase shift behaviour may be encountered. In particular, the magnitude of the MR signal from air, for
example, is negligible while blood and static tissue have
comparable intensities. The effect of noise on the phase
angles is modulated by the signal magnitude, with the
consequence that the lower the signal intensity, the more
uniform will be the distribution of phase differences. In
]
previous work (Andersen and Kirsch, 1996), M Dfj in
Eq. (2) (where j 5 x, y or z) was assumed to follow a
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zero-mean Gaussian distribution. The distribution described by the modulus of three independent zero-mean
Gaussians with equal variance s 2p (where p denotes the
phase value) is a Maxwell distribution. Hence, according to
Eq. (2), the PDF of the background signal is given by a
Maxwell distribution (Andersen and Kirsch, 1996; Parzen,
1960),

S D

2
i2
2 i2
]
]]
fM (i) 5 ]]
exp
,
]
Œ2p s 3
2s 2M
M

(7)

where sM 5 sp and i > 0. Figs. 5(a) and (b) show a
region-of-interest (ROI) inside an in-vivo magnitudeweighted speed image and its corresponding histogram,
respectively. A Maxwell distribution was fitted to the
]
histogram by using the relationship sM 5 Ipeak /Œ2, where
Ipeak is the intensity value at which the histogram achieves
its maximum, i.e. dfMsid / di 5 0 at i 5 Ipeak . In Fig. 5(b), it
is observed that the Maxwell distribution fits well in the
low intensity region, but not in the high intensity region
(indicated by an arrow in the figure).
The reason for the failure of the Maxwell distribution in
describing the background signal is the deviation of the
]
magnitude-weighted phase values M Dfj in Eq. (2) from a
Gaussian distribution. Neither of the tails of the magnitude-weighted phase image histogram is properly fitted
by a Gaussian distribution when the SNR in the image
background is relatively low (indicated by the arrows in
Fig. 6(b)). As plotted in Fig. 3, the low SNR makes the
distributions of phase angles, f1 and f2 , deviate from the
Gaussian distribution, which in turn affects the shape of
distribution of Df. Together with the Rician nature of

Fig. 5. (a) Region-of-interest (ROI) inside a speed image and (b) its corresponding histogram (dashed), respectively. In (b), observe that the Maxwell
distribution (solid) fits well in the low intensity region, but not in the high intensity region (indicated by an arrow in (b)).
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]
Fig. 6. (a) Region-of-interest (ROI) inside a phase image M Df and (b) its corresponding histogram (dashed). It is observed that both tails of the phase
image histogram are not perfectly fitted by a Gaussian distribution (solid) (indicated by the arrows in (b)).

noise in the signal magnitude (Andersen and Kirsch,
1996), it is not surprising that the distribution of their
]
product, the magnitude-weighted phase value M Df, is not
entirely Gaussian when the SNR is low.
To reduce the error in fitting the background signal, we
introduce two small, non-zero mean Gaussian residual
distributions to the model of the magnitude-weighted phase
values. Thus, for each encoding direction, the PDF of
]
M Df consists of a zero-mean Gaussian (located at the
centre) and two non-zero mean Gaussian distributions
(located at each side). Fig. 7(a) shows the fitted distribution
using one zero-mean Gaussian distribution and two opposite non-zero mean Gaussian distributions. Fig. 7(b) shows

the individual distributions. As mentioned earlier, after the
modulus operation, a Maxwell distribution is formed by
the modulus of the three zero-mean Gaussian distributions,
whereas the modulus of the residual non-zero mean
Gaussian distributions (with relatively high SNR53) gives
a Gaussian distribution (Chung, 2001; Andersen and
Kirsch, 1996; Gudbjartsson and Patz, 1995). Hence, the
PDF of background signal consists of a linear mixture of a
2
Maxwell distribution fMsid with variance s M
and a Gaussian distribution fGsid with mean mG and variance s G2 , i.e.,
fbackgroundsid 5 w M fMsid 1 w G fGsid,

(8)

where w M and w G are weights (or prior probabilities)

Fig. 7. (a) The fitted distribution (solid) using one zero-mean Gaussian distribution and two opposite non-zero mean Gaussian distributions. (b) It reveals
the individual distributions (solid). Dashed histogram shows the given phase image histogram.

A.C.S. Chung et al. / Medical Image Analysis 6 (2002) 109 – 128

115

Fig. 8. Histogram of an MRA speed image (solid). The histogram was subsequently fitted by a Maxwell–Gaussian mixture distribution (dashed). It shows
that the Maxwell–Gaussian mixture model achieves a better fit than the Maxwell model, as shown in Fig. 5(b).

assigned to the Maxwell and Gaussian distributions, respectively. As shown in Fig. 8, a Maxwell and Gaussian
mixture model achieves a better fit to the given histogram
of a PC-MRA speed image, as compared with Fig. 5(b)
(the fitting procedure used in this case is discussed in
Section 3).

2.4. Statistical model for magnitude-weighted speed
images
With reference to Eqs. (6) and (8), we conclude that the
overall PDF fsid of a PC-MRA magnitude-weighted speed
image can be modelled as the summation of a MaxwellGaussian and uniform finite mixture distribution, namely a
Maxwell–Gaussian-uniform (MGU) model,
fsid 5w M fMsid 1 w G fGsid 1 w U fU (i) ,
#%%%%"!%%%%$
#%"!%$
Background signal

(9)

modified EM algorithm can be used to estimate the
parameters by maximising the log-likelihood of the mixture distribution at each iteration (Bishop, 1995). As
shown in Appendix A, the update equations can be
derived. These update equations are listed in Table 1.
In our implementation, the initial estimates of parameinit
ters were found automatically. Let hsid, h init
M sid and h G sid
be the observed, initial Maxwell and initial Gaussian
histograms, respectively. The initial standard deviation of
Œ]
the Maxwell distribution s init
M is set to I peak / 2. The initial
histogram of the Maxwell distribution is then given by
init
Œ]
h init
M sid 5 CfMsius M d, where C is set to se p / 4dhsI peakdI peak
init
to ensure that h M sIpeakd has the same height as hsIpeakd, as
Table 1
Update equations and posterior probabilities at kth iteration for each
distribution

Vascular signal

where w M 1 w G 1 w U 5 1.

Maxwell (M)

3. Segmentation algorithm

1
w kM11 5 ]o i h(i)P k (Mui) and
N
o i h(i)P k (Mui)i 2
,
ss 2Md k 11 5 ]]]]
k
3o i h(i)P (Mui)
where P k (Mui) 5 w kM f kM (i) /f k (i).

This section describes the overall segmentation scheme,
which has two stages. First, MRA speed images are
segmented using the MGU statistical model, (Section 3.1).
Second, the result is then treated as an initial estimate of an
MRF-based segmentation method (Section 3.2).

Gaussian (G)

3.1. Segmentation based on speed information
3.1.1. Optimisation of statistical model parameters
In Eq. (9), the mixture model has six parameters: w M ,
2
wG, wU, s M
, mG and s G2 , which need to be estimated. The

1
w kG11 5 ]o i h(i)P k (Gui),
N
o i h(i)P k (Gui)i
m kG11 5 ]]]]
and
k
o i h(i)P (Gui)
o i h(i)P k (Gui)(i 2 m kG11 )2
(s 2G )k 11 5 ]]]]]]
o i h(i)P k (Gui),
k

k

k

k

where P (Gui) 5 w G f G (i) /f (i).
Uniform (U)

1
w kU11 5 ]o i h(i)P k (U ui),
N
where P k (U ui) 5 w kU f kU (i) /f k (i) and f kU (i) 5 1 /Imax .
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illustrated in Fig. 9(a). Let A M be the area of hsid covered
by h init
M sid, and A total be the total area covered by hsid. Then
init
wM
is defined as the ratio A M /A total .
Let h ressid be the residual histogram, which is computed
as
h ressid 5 absshsid 2 h init
M siddusi 2 I peakd,

(10)

where usi 2 Ipeakd is a step function that ensures that mG is
larger than Ipeak . Then, m Ginit and s Ginit are defined as the
initial mean and standard derivation of the 95% highest
posterior density (HPD) interval of h ressid. The HPD
represents most of the mass (95%) of the distribution (Box
and Tiao, 1973) and helps to avoid the influence of the
long (relatively low value) tail of h ressid on the estimations

of the mean and standard derivation of the initial Gaussian
distribution 1 . The initial Gaussian distribution histogram is
init
given by h Ginitsid 5 CfGsiu m init
G , s G d, where C is set to
]
init
init
init
Œ2p h ress m G ds G to ensure that h init
G s m G d has the same
init
height as h ress m G d (see Fig. 9(b)). Let A G be the area of
init
init
h ressid covered by h G sid. Then, w G is defined as the ratio
init
init
init
A G /A total . Finally, w U 5 1 2 w M 2 w Ginit if w M
1 w Ginit ,

1

A formal definition of HPD interval can be found in (Box and Tiao,
1973). In general, given a probability content (e.g. 95%), the HPD
interval occupies the smallest volume in the parameter space (e.g.
[0 . . . Imax ]), which contains most (95%) of the probability. Moreover, the
probability density of every point inside the HPD interval is at least as
large as that of any point outside it.

Fig. 9. (a) The observed histogram h(i) (dashed) and the initial histogram of the Maxwell distribution h init
M (i) (solid). (b). The residual histogram h res (i)
(dashed) and the initial histogram of the Gaussian distribution h init
G (i) (solid).
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init
1. Otherwise, the values of w init
and w Uinit are set to
M , wG
the empirical values, which are needed purely for ensuring
the robustness of the method. We have found that the
convergence of the modified EM algorithm is generally
reached after 10–20 iterations.
An example of the performance of the MGU model
applied to a clinical MRA speed image is shown in Fig.
10(a). For comparison, a Maxwell and uniform mixture
model has been fitted using the modified EM algorithm in
Fig. 10(b). The MGU mixture model shows a noticeable
improvement over the Maxwell-uniform model in fitting
the background signal. It is worth noting that, in practice,
together with the imperfection of the Maxwell background
signal model, ghosting artifacts and partial volume effect
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also contribute to the poorer fit of the Maxwell model in
the clinical data.

3.1.2. Determination of magnitude-weighted speed image
threshold for segmentation
Given an estimated mixture model, voxels on an MRA
speed image can be segmented into two classes, v and b
denote vessel and background, based on the maximum-aposteriori (MAP) criterion. Assume that the weights (or
prior probabilities) remain constant. Then, using the MAP
criterion, a voxel is set to class v when the vessel
probability w U fUsid is greater than the background probability w M fMsid 1 w G fGsid. A threshold can be defined at
the intersection of the background and vessel probability

Fig. 10. (a) Histogram of an MRA speed image (dashed) and the Maxwell–Gaussian-uniform (MGU) mixture model (solid). The threshold t MGU found by
using MGU model tends to be more correct and is usually higher than the threshold t MU found by using MU model (as compared with (b)). (b) Histogram
of an MRA speed image (dashed) and the Maxwell-uniform (MU) mixture model (solid).
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distributions. As indicated by the arrows in Figs. 10(a) and
(b), the threshold t MGU found based on the MGU model
tends to be more correct and is usually higher than the
threshold t MU found by using the Maxwell-uniform (MU)
model. As shown in Figs. 11(a) and (b), fewer false
positives (misclassified vessel voxels) are detected if the
threshold t MGU is used in the segmentation process (the
original MRA speed image is shown in Fig. 5(a)).

3.1.3. Problem of segmentation based on speed
information alone
Figs. 12(a) and (b) show an MRA speed image and a
binary-segmented image produced using the MGU model
and the MAP classification method. The aneurysm is
indicated by an arrow in the figure. Note that the resulting
segmentation is adversely affected by the significant signal
loss inside an aneurysm located at the middle. This causes
some of the intensity values to drop gradually to as low as
that of background voxels. The same is seen in Figs. 13(a)
and (b). We will discuss how to overcome this problem in
the next subsection.
3.2. Integration of phase information into the
segmentation
In this section, we define a local phase coherence (LPC)
measure, and propose an automated threshold determination method applicable to the thresholding of LPC map.
To improve the quality of segmentation, the combination
of the LPC measure and speed information in the segmentation process is described.

3.2.1. Definition of local phase coherence
Figs. 14(a) and (b) show the flow pattern in an

aneurysm. It can be seen that there is (a) a vortex centred
at the singular point, at which the velocity becomes null,
and (b) a locally linear (coherent) motion around the
neighbourhood of the singular point, which can also be
regarded as a deformed circular flow. This is consistent
with the results of clinical flow studies (Gobin et al., 1994;
Low et al., 1993; Strother et al., 1992) and simulations of
computational fluid dynamics (Foutrakis et al., 1999;
Ortega, 1998; Burleson et al., 1995). The locally linear
motion exists not only inside the aneurysm, but also in
most of the vasculature having a laminar flow pattern.
Let us consider a way to quantify locally linear motion.
Let V 5 hv1 , . . . , vN j be a velocity map, where N is the
total number of voxels. Also let the three orthogonal
velocity components of a voxel be assigned as the phase
shifts along the corresponding scanning direction, i.e. for
vs 5sv xs , v ys , v zsd, v xs 5 Dfx , v ys 5 Dfy and v zs 5 Dfz . We
define a phase feature P as the cosine of the angle between
the velocity vs at voxel s and the velocity vt of its
neighbouring voxel t, where s [ [1 . . . N]. The phase
feature P is given by a dot product of the two normalised
velocities, Psvs , vtd 5 vs vt /(uuvs uu ? uuvt uu), where P [ f 2 1,
1 g . To quantify the locally linear motion around voxel s,
we measure its LPC by applying an in-plane 333 voxel
mask centred at s to the velocity map. LPC is defined by
considering the locally coherent motion of its 8 neighbouring voxels,
LPCssd 5 Psv1 , v2d 1 Psv2 , v3d 1 ? ? ? 1 Psv8 , v1d,

(11)

where LPCssd [ f 2 8, 8 g and vi are numbered as in Fig.
15. In other words, LPC is a circular addition of dot
products of the 8 adjacent normalised velocity pairs, and
captures the local flow-based textural information about

Fig. 11. (a) A segmented image using a threshold t MGU found by employing the MGU model. (b) A segmented image using a threshold t MU found by
employing the MU model. These figures show that fewer false positive voxels (misclassified vessel voxels) will be detected if the threshold t MU is used in
the segmentation process (the original MRA speed image is shown in Fig. 5(a)).
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Fig. 12. Patient 1. (a) An MRA speed image and (b) a binary-segmented image produced using the Maxwell–Gaussian-uniform (MGU) model and a MAP
classification method. The aneurysm is indicated by an arrow in the figure. It is noted that the resulting segmentation is adversely affected by the significant
signal loss inside an aneurysm located at the middle. The same happens in Figs. 13(a) and (b).

the coherence of motions within a pre-defined (333) voxel
mask. Fig. 16 shows an LPC map for the MRA speed
image of Fig. 12(a), in which the image intensity value is
directly proportional to the strength of LPC. Observe that
the voxels inside the aneurysm and vessels exhibit high
LPC and form a piece-wise homogeneous region, whereas

the non-vessel voxels have relatively low and random
valued LPC.

3.2.2. Automated threshold determination for the LPC
map
We now present an automatic threshold determination

Fig. 13. Patient 2. (a) An MRA speed image and (b) a binary-segmented image produced using the Maxwell–Gaussian-uniform (MGU) model and a MAP
classification method. The aneurysm is indicated by an arrow in the figure. It is noted that the resulting segmentation is adversely affected by the significant
signal loss inside an aneurysm located at the middle. The same happens in Figs. 12(a) and (b).
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Fig. 16. Local phase coherence map.

Fig. 14. The flow patterns in the aneurysms. Each flow vector is
represented by a cone. The vertex of each cone indicates the flow
direction. The flow patterns appear to show (a) a vortex centred at the
singular point, at which the velocity becomes null, and (b) a locally linear
(coherent) motion around the neighbourhood of the singular point, which
can also be regarded as a deformed circular flow.

described by three classes: background with low LPC,
brain tissue with slightly higher LPC, and vessel with high
LPC, which are shown in Figs. 18 and 19. Background (B)
and brain tissue (T) histograms overlap heavily because of
the non-stationary, but slightly coherent, motion of the
non-vessel brain tissue. By contrast, the vessel (V) histogram is separated clearly from the background (B) histogram. The point of separation—the desired threshold—is
indicated by an arrow in Fig. 19. We model the background
region and non-background regions, including vessel and
brain tissue, with two separate Gaussian distributions. It is
worth noting that theoretical modelling of the LPC histogram is extremely difficult because of the high correlation
between the velocity random variables, and normalisation
and dot product operations of the correlated variables in
Eq. (11). A Gaussian distribution is employed to model the
non-background regions including both T and V histograms. This is because the V histogram overlaps heavily
with the T histogram, and occupies only a small portion
(1–4%) of the LPC histogram. Moreover, as will be

method for classification of coherent and non-coherent
voxels in an LPC map. A histogram of an LPC map is
plotted in Fig. 17. It shows that the histogram is right
shifted and skewed. In fact, the LPC histogram can be

Fig. 15. The 8 neighbouring velocities of voxel x s .

Fig. 17. Histogram of the local phase coherence map of Fig. 16.
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Fig. 18. Regions of interest (black and white boxes). B: background; V:
vessel and T: brain tissue.

discussed below, estimation for the B histogram is far
more important than that for the T and V histograms.
Again, we use the modified EM algorithm (Bishop,
1995) to fit the LPC histogram by a mixture of the two
Gaussian distributions, as shown in Fig. 20. Note that the
two estimated Gaussians merge together and form a
smooth curve because the means of the two Gaussians are
close to each other (in this case, 1.6 for background and
3.7 for non-background) and variances are relatively large
and roughly the same (in this case, 2.9 for background and
2.2 for non-background). We define the mean and variance
of the background distribution as mB and s 2B , respectively,
and use mB 1 asB as a background threshold (a 52 or 3
depending on the actual variation of background LPC
values in the MRA data. We set a equal to 3 in this paper),
which is a variant of the background thresholding approach
(Brummer et al., 1993; Atkins and Mackiewich, 1998). A
voxel with LPC above the background threshold is labelled

Fig. 19. Individual histograms of regions of interest in Fig. 18. Arrow
denotes threshold between tissue (dashed) and vessels (solid). Clear
separation is seen between the vessel and background (dotted).
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Fig. 20. Histogram of LPC map (dashed) and fitting of the two-Gaussian
model (solid).

as a coherent voxel. Otherwise, it is labelled as a noncoherent voxel. As shown in Fig. 21, the coherent voxels
form a number of vessel ‘clusters’, though there are some
randomly distributed voxels due to random coherent noise,
small coherent motion of the non-vessel tissue during
scanning and ghosting artifacts. These ‘outliers’ can be
ignored if they are far away and disconnected from the
vasculature, and their intensity values in a speed image are
low.

3.2.3. Combining magnitude-weighted speed and LPC
image analysis for segmentation
To improve the quality of the speed-based segmentation
described in Section 3.1, we extend the segmentation
process through the use of information about the flow
coherence of flowing blood (LPC measure) in the segmentation process.
Let X 5 hx 1 , . . . ,x N j be the true-segmented image, where
x s [ hv, b j and N represents the total number of voxels in
an image and let I 5 hi 1 , . . . , i N j be the observed MRA
speed image, where i s [ f 0 . . . Imax g . Then, our goal is to

Fig. 21. Coherent voxels.
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maximise the probability of estimating the true-segmented
binary image given the observed image, i.e. PsXuId. By
Bayes’ theorem PsXuId ~ PsXdPsIuXd, where PsIuXd represents the likelihood function of the observed image given
the knowledge of the image formation, and PsXd represents
the prior probability of the true image.
It is assumed that the observed intensity i s at each voxel
S is conditionally independent of the other voxels. The
likelihood function is then given by

P Psi ux d,

Psx sd 5 Z

exp hUsx sdj and Usx sd 5

s 51

s

s

(12)

where, using the parameters estimated by the modified EM
algorithm in the previous section, the vessel likelihood
Psi s ux s 5 vd and background likelihood Psi s ux s 5 bd at each
voxel are defined as

f w M fMsisd 1 w G fGsisd g
fUsi sd and ]]]]]],
sw M 1 w Gd

(13)

respectively. As described in Section 3.1, with the prior
probability PsXd assumed constant, each voxel in an MRA
speed image is initially classified as one of the states,
hv, b j, by using the MAP method. This is used as a starting
point of the Markov random field (MRF) based segmentation.
The LPC measure and the current state of each voxel are
treated as a priori knowledge to define the prior probabilities of the vessel and background at each voxel. A
MRF framework is used because the local relationship
between neighbouring voxels can be enhanced in the
segmentation process. Rather than using a global, constant
threshold (as in Section 3.1), the local threshold at each
voxel is made adaptive (Pappas, 1992) and depends on the
LPC measure and current tissue type of the surrounding
voxels. According to the Hammersley–Clifford theorem
(Geman and Geman, 1984), the prior probability is given
by a Gibbs function. With the assumptions that the state of
each voxel is dependent only on the immediate in-plane 8
neighbours, a second-order neighbouring system can be
defined with 8 two-site cliques, c 5 h1, . . . ,8 j, for each
voxel at the centre of a 333 window, as illustrated in Fig.
22. The prior probability Psx sd and the total energy
function Usx sd for voxel s are defined as

c

s

(14)

c 51

where Z 5 o x s [ hv,b j exp hUsx sdj is a normalisation constant.
These interactions among the voxels are measured by a
clique energy function Ec (x s ), which encourages LPC
homogeneity and discourages the ‘outlier’ voxels far away
from the vasculature. As such, the clique energy functions
for the vessel and background voxels are defined as

N

PsIuXd 5

O E (x ),
8

21

H
H

bv ,
0,
0,
Ec (x s 5 b) 5
bb ,
Ec (x s 5 v) 5

if x c 5 v, and x s and x c are coherent,
otherwise,
if x c 5 v, and x s and x c are coherent,
otherwise.
(15)

In practice, we set both bv and bb equal to 1. As such, the
Markov prior probability of vessel Psx s 5 vd is directly
proportional to the multiplier of the number of adjacent,
and coherent, vessel voxels, whereas the background prior
probability Psx s 5 bd is directly proportional to the multiplier of the number of non-coherent or non-vessel voxels.
Note that in similarity to the standard anisotropic Potts
model, which weights cliques according to their orientations, bv and bb could be set to different values. For
instance setting bv to a higher value (e.g. 2 or higher)
would enhance the interactions between the coherent,
vessel voxels (Ripley, 1991; Li, 1995; Mignotte et al.,
1999).
The iterated conditional modes (ICM) (Besag, 1986)
algorithm is employed to maximise the probability of the
true-segmented binary image given the observed image,
i.e. PsXuId, by changing the tissue type (vessel or background) at each voxel according to the LPC measure and
current tissue type of neighbouring voxels. The true
segmentation X is initialized using the segmentation results
based on speed information, as shown in Figs. 12(b) and
13(b). The ICM algorithm estimates a voxel class by using
the MAP method, x s 5 argmax x s [ fv,b g Psx s ui sd, at each
voxel iteratively according to the Bayes’ theorem
Psx s ui sd ~ Psx sdPsi s ux sd, where Psx sd and Psi s ux sd are defined
in Eqs. (14) and (13), respectively. The iteration process is
repeated until the posterior probability is maximised and
there is no change in tissue type. Convergence is normally
achieved in around 10 iterations.

4. Results

Fig. 22. The 8 two-site cliques. The centre of the 333 mask is labelled
as x.

In this section, we present a comparison between the
MU model and MGU model in two clinical speed image
data sets. Results are also presented on data of one
aneurysm phantom and two clinical data sets. We show the
improvement of the new approach to segmenting vasculature as well as aneurysms.
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4.1. Comparing the MGU and MU models
The purpose of this comparison was to show the
difference between the MU and the proposed MGU models
for describing statistical characteristics of signals in MRA
speed images. Intracranial scans (PC-MRA) of two patients were performed using a 1.5 T GE MR scanner at the
Department of Clinical Neurosciences, King’s College
London. The data volume was 2563256328 voxels with
a voxel size of 0.830.831 mm 3 . The MU model was
compared with the MGU model by computing the absolute
difference error between the observed histogram and the
estimated histogram for all slices (28 slices) in the two
scans. Results are plotted in Figs. 23(a) and (b). This
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shows that Maxwell–Gaussian mixture model is better
than the Maxwell model for describing the signal distribution in PC-MRA speed images by an average of 13%.

4.2. Clinical data sets
The new segmentation algorithm was then applied to all
slices in the two clinical data sets. The segmentation
results are shown in Figs. 24 and 25. Comparing this with
the results of Figs. 12(b) and 13(b), it is noted that there is
a substantial improvement in segmentation, especially in
the region of the aneurysm. However, there are some false
negative voxels near the singular point (near the middle of
the aneurysm). This is because the level of intensity is very

Fig. 23. The MU model (dashed) was compared with the MGU model (solid) by computing the absolute difference error for all slices in the two scans.
This shows that the MGU model is better than the MU model for describing the signal distribution in PC-MRA speed images by an average of 13%.

124

A.C.S. Chung et al. / Medical Image Analysis 6 (2002) 109 – 128

4.3. Aneurysm phantom data set

Fig. 24. Patient 1. The segmentation results obtained by using the new
method based on both speed and phase information. There is a substantial
improvement in segmentation, especially in the region of the aneurysm
(compare Figs. 12(b) and 13(b)). But still, there are some false negative
voxels near the singular point. This is because the level of intensity is
very low, and the flow pattern is seriously corrupted by noise.

low, and the flow pattern is seriously corrupted by noise. A
higher level of understanding of flow topology is required
to tackle this problem.

To validate the new segmentation approach, the approach was applied to an in-vitro silicon aneurysm model
(middle cerebral artery bifurcation aneurysm: MCA, kindly
provided by the Department of Neuroradiology, University
Hospital of Geneva, Switzerland). The model was scanned
using the PC-MRA protocol on a 1.5 T GE MR scanner as
before. The data volume was 2563256323 voxels with
voxel dimensions of 0.830.831 mm 3 . To alleviate the
problem of serious motion artifacts induced by the pulsatile motion of the model, it was firmly mounted inside a
tailor-made, MR compatible Perspex box completely filled
with gelatin. The working fluid was whole blood obtained
from expired stocks of the blood bank of The Royal Free
Hospital, London. The mean flow rate was set to 300
ml / min for this study (McDonald, 1974).
Figs. 26(a) and (d) show the 3-D reconstruction and a
cross-section of the MCA aneurysm respectively, in which
the results of segmentation using speed information alone
are shown. For the purpose of visualisation, a smooth
surface was extracted from the segmented binary images of
all slices by using the Visualisation Toolkit (VTK) software package with slight Gaussian smoothing on the
surface (standard deviation was set to 1) (Schroeder et al.,
1998). A large improvement in segmentation is visually
apparent using the new segmentation method, which
utilises both speed and phase information, as shown in
Figs. 26(b) and (e). The circle in the middle represents
regions near singularity of the velocity field, where the
flow is extremely low and almost zero. This can be a
useful feature to detect because it indicates to the radiologist the position of stagnant flow inside the aneurysm.
While it will not greatly affect the quality of visualisation
in 3-D because it is lying inside the aneurysmal surface, it
will affect any quantitative measure made on the
aneurysm. Dealing with such haemodynamic features is an
area of ongoing work.

5. Discussion and conclusion

Fig. 25. Patient 2. The segmentation results obtained by using the new
method based on both speed and phase information. There is a substantial
improvement in segmentation, especially in the region of the aneurysm
(compare Figs. 12(b) and 13(b)). But still, there are some false negative
voxels near the singular point. This is because the level of intensity is
very low, and the flow pattern is seriously corrupted by noise.

The purpose of this work was to develop fully automatic
and accurate vascular segmentation and quantitative analysis methods for magnetic resonance angiography (MRA) to
provide patient-specific vascular models that can be used
for diagnosis, as well as endovascular treatment (e.g.
Guglielmi detectable coils (GDC) method) of aneurysms
and other arterial diseases.
We have derived a Maxwell–Gaussian-uniform mixture
(MGU) model of the background and vascular signal
characteristics of images generated by the phase-difference
post-processing algorithm as used in PC-MRA. It has been
shown that the MGU model (a) fits better than a Maxwelluniform (MU) distribution for modelling a PC-MRA
image, and (b) gives fewer false positive voxels (mis-
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Fig. 26. (a) 3-D reconstruction of the model using speed information alone. (b) 3-D reconstruction of the model using both speed and phase information.
(c) Original speed image. (d) Segmented image using speed information alone. (e) Segmented image using both speed and phase information.

classified vessel voxels) in segmentation. Using this mixture model and a local phase coherence (LPC) measure of
the velocity field, we have then presented a new statistical
approach for aggregating speed and phase information
available in PC-MRA data, and demonstrated that inclusion of phase information as a priori knowledge in the
MRF model can improve the quality of segmentation,
especially in the region within an aneurysm.
In developing the mixture model, we have paid particular attention to the behaviour of the background regions
whilst maintaining a relatively simple model of the vascular signals. In practice, the fraction of the image volume
attributable to fully resolved vessels (i.e. having diameters
.voxel dimensions) is around 1–4%. These voxels form
the majority of the extended high intensity tail in the
frequency histogram of the magnitude-weighted speed
images. Given the limited spatial resolution of PC-MRA, a
larger number of voxels will contain both static tissue and
vessel. A comprehensive model of the distribution of these
voxel values, which incorporates partial volume effects,
may be possible. However, they will still constitute a small
distribution heavily overlapping with that of the much
larger background population. The uniform distribution
therefore provides a simple estimate of the distribution of
fully resolved vessel signals based predominately on the
high speed region whilst avoiding some of the errors
associated with fitting a small distribution in the presence

of comparatively large competing distributions. The use of
the LPC measure as a priori knowledge improves the
quality of segmentation based on a global threshold of the
speed images by adaptively adjusting the local threshold
for the extraction of voxels from within the bulk of the
background distribution. In this sense, the uniform distribution acts as a conservative bound on the performance
of the segmentation in intensity regions below the speed
image threshold. Since the freedom afforded by the
uniform distribution is less than that we would expect from
a full partial volume model, we can anticipate our segmentation is not optimal, but errs on the side of minimising false positives. Nonetheless, the true positive rate is
improved over global threshold-based segmentation alone.
In the segmentations performed, it can be observed that
ghosts in the image have sometimes been false positively
identified as part of the vascular region (e.g. a vertical band
in the phantom images). The acquisition of MR images is
prone to formation of duplicates of time varying structures
(pulsatile vessels) displaced from the true structure in the
phase encoding direction(s). The intensity and phase of
these ghosts results from coherent superposition of specific
harmonics of the spatially encoded data due to modulation
of the intensity and phase of the acquired Fourier data. In
our results such ghosting was particularly apparent in the
phantom data. Variability in the human heart rate and the
damped pulsatility of the in-vivo intracranial circulation
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may account for this finding. The phase and intensity of
the ghosts reflects that of their generating vessel and leaves
the segmentation algorithm open to false positive identifications of the ghosts. Measures to reduce ghosting by
altering the k-space sampling order (McGowan and Wood,
1996) or by auto-focus methods (McGee et al., 2001) have
been demonstrated but were not applied to the data herein.
Extension of the technique to three dimensions is
straightforward. A possible advantage of doing so is the
identification of vessels traversing in the through-plane
direction where the additional information from adjacent
slices may be incorporated in the LPC measure and the
Markov random field framework. Moreover, in related
further work, we have investigated the effects of including
more in-plane vector pairs in the 2-D LPC measure and the
possibility of extending the LPC measure to a higher
dimension. The results are published in (Chung, 2001).
The new segmentation method is being used as a
vascular segmentation and reconstruction tool in a neurointerventions planning project, which helps the neuroradiologist (a) to find the neck plane orientation of the
aneurysms and (b) to simulate and select the optimal X-ray
projections before the GDC treatments (Wilson et al.,
1999). In that application, accurate segmentation and
reconstruction of an aneurysm, as well as its surrounding
vessels is very important to the success rate and procedural
safety of the treatments. Future work will include detection
of the flow singular point, which may indicate the presence
of an aneurysm, perhaps by using knowledge of flow
topology (Helman and Hesselink, 1991) and more detailed
studies of the application of the methodology to a large
number of aneurysms.

where the Maxwell distribution fMsid is defined in Eq. (7),
the Gaussian distribution fGsid is defined as
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(A.1)

and the uniform distribution is defined as fUsid 5 1 /Imax ,
where Imax is the maximum intensity in the observed
frequency histogram of intensities. Given a mixture model
of a Maxwell, Gaussian and uniform distributions, there
are six parameters: w M , w G , w U , s 2M , mG and s 2G , which
need to be estimated.
The modified EM algorithm is an iterative procedure
that can be used to estimate the parameters, which
maximise the log-likelihood of the mixture distribution at
each iteration (Bishop, 1995).
max
Let the log-likelihood function be L 5 o Ii 50
hsid log fsid,
where hsid is the observed frequency histogram and fsid is
the mixture PDF in Eq. (9). The change in log-likelihood
function is given by
f sid
O hsid logS]]
D,
f sid
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where index k represents the kth iteration step. We aim to
maximise the change of log-likelihood L k 11 2 L k until the
change is sufficiently small. Suppose that, given an
intensity i, the posterior probabilities of the Maxwell,
Gaussian and uniform distributions are PsMuid, PsGuid and
PsU uid, respectively. Then PsMuid 5 w M fMsid /fsid. The same
applies to PsGuid and PsU uid. Also PsMuid 1 PsGuid 1
PsU uid 5 1. Eq. (A.2) can be rewritten as
w
f sid
O hsidlogSP sMuid]]]]
f sidP sMuid
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by expanding f sid and multiplying P sMuid, P sGuid and
P ksU uid to both numerator and denominator. By Jensen’s
inequality,
logs l1 x 1 1 l2 x 2 1 l3 x 3d > l1 log x 1 1 l2 log x 2 1 l3 log x 3
(A.4)
where l1 1 l2 1 l3 5 1. Let l1 5 P ksMuid, l2 5 P ksGuid
and l3 5 P ksU uid. Then from Eq. (A.3), we have

Appendix A

I max

This appendix shows how the parameters of the Maxwell–Gaussian-uniform (MGU) model can be estimated.
Recall from Eq. (9) that, the overall probability density
function fsid of an MRA speed image is given by,
fsid 5w M fMsid 1 w G fGsid 1 w U fU (i) ,
#%%%%"!%%%%$
#%"!%$
Background Signal

Vascular Signal

(9)
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Therefore, maximising the right-hand-size of the inequality
in Eq. (A.5) is equivalent to ensuring the maximal lower
bound to the change in log-likelihood is achieved until the
log-likelihood converges to a stationary point (Bishop,
1995).
k 11
Maximisation with respect to w M
, w Gk 11 and w Uk 11 : the
right-hand-size of Eq. (A.5) can be rearranged to isolate
the terms related to w kM11 , w kG11 and w kU11 . Let
I max

O hsidsP sMuid log w
k

Qw 5

k11
M
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1 P ksU uid log w k11
U d.

(A.6)
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Summing Eq. (A.7) gives l 5 N, where N is the total
number of voxels. Hence, we obtain
I

I
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Maximisation with respect to s 2M : the right-hand side of
Eq. (A.5) can be rearranged to isolate the terms related to
s 2M . It gives
I max
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Setting the derivatives of Q M with respect to s M
to zero
gives
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Therefore, we obtain
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Maximisation with respect to mG and s 2G : the right-hand
side of Eq. (A.5) can be rearranged to isolate the terms
related to mG and s G2 . It gives
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Therefore, we obtain

Then we need to maximise Q w under that constraint
w kM11 1 w kG11 1 w kU11 5 1, i.e. maximise Q w 1 ls1 2
w kM11 2 w kG11 2 w Uk 11d, where l is the Lagrange multiplier.
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