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Abstract
The task of image segmentation is to partition an image into non-overlapping regions based on intensity or textural
information. The active contour methods provide an eﬀective way for segmentation, in which the boundaries of the objects
are detected by evolving curves. In this paper, we propose a new edge-based active contour method, which uses a longrange and orientation-dependent interaction between image boundaries and the moving curves while maintaining the edge
ﬁdelity. As a result, this method has a large capture range, and is able to detect sharp features of the images. The velocity
ﬁeld for the moving curves generated by this elastic interaction is calculated using the fast Fourier transform (FFT)
method. Level set representation is used for the moving curves so that the topological changes during the evolution are
handled automatically. This new method is derived based on the elastic interaction between line defects in solids (dislocations). Although it is derived originally for two dimensional segmentation, we also extend it to three dimensions. The features of the new method are examined by experiments on both synthetic images and medical images of blood vessels.
Comparisons are made with the existing active contour methods.
 2006 Elsevier Inc. All rights reserved.
Keywords: Active contour; Segmentation; Edge-based; Level set method; Elastic interaction

1. Introduction
The task of image segmentation is to partition an image into non-overlapping regions based on the intensity
or textural information. For example, in medical image segmentations, people identify anatomical structures
(e.g., blood vessels and brain tissues) and other regions of interest from the images acquired by diﬀerent medical devices. The active contour method for image segmentation was introduced by Kass et al. in late 1980’s
[1]. In this method, a curve is evolved towards the object boundary under a force, until it stops at the boundary. More precisely, the curve moves to minimize the energy

*

Corresponding author.
E-mail address: maxiang@ust.hk (Y. Xiang).

0021-9991/$ - see front matter  2006 Elsevier Inc. All rights reserved.
doi:10.1016/j.jcp.2006.03.026

456

Y. Xiang et al. / Journal of Computational Physics 219 (2006) 455–476

EðlÞ ¼

Z 
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1 0 2 1 00 2
2
ajl ðsÞj þ bjl ðsÞj  kjrIðlðsÞÞj ds;
2
2

ð1Þ

where l(s) represents the parameterized curve, I(x, y) is the image grey-level function, and constants a, b, k > 0.
The ﬁrst two terms in the energy functional smooth the curve. The third term attracts the curve to the object
boundary, where the value of image gradient is large. The dynamics equation of the curve to minimize the
total energy is given by
0000

2

lt ðsÞ ¼ al00 ðsÞ  bl ðsÞ þ krjrIðlðsÞÞj :

ð2Þ

The image function I(x, y) can be replaced by its smoothed version Gr(x, y) * I(x, y), where Gr(x, y) is a two
dimensional Gaussian function with zero mean and standard deviation r, and the operator * is the convolution operator.
Many eﬀorts have been made to improve this method. In [2,3], a constant force (balloon force) was
added in the normal direction of the curve to accelerate its motion and increase the capture range. In
[4,5], the level set framework [6] was used to handle the topological changes such as merging or splitting
of the moving curve. Some other methods based on the level set formulation were proposed in which the
velocity of the moving curve was written as the minimization of an energy [7–10], which gives some additional terms to attract the curve to the object boundary from its both sides. The dynamics equation in [7]
is


r/
/t ¼ jr/jr  gðrIÞ
þ cgðrIÞjr/j;
ð3Þ
jr/j
where /(x, y) is the level set function whose zero level set represents the curve, g($I(x, y)) is a function whose
value is very small at the boundary where the image gradient is large, so that the velocity of the curve is small
and the curve will stop there. One choice of g($I(x, y)) is
p

gðrIðx;yÞÞ ¼ 1=ð1 þ jrGr ðx;yÞ  Iðx;yÞj Þ;

p P 1:

ð4Þ

The ﬁrst term in the dynamics equation Eq. (3) is related to the curvature of the curve, which smooths
and shortens the curve. This term also contains a force attracting the curve to the boundary due to the
presence of the function g($I(x, y)). The second term in Eq. (3) is proportional to a constant velocity c in
the normal direction of the curve, which is similar to the balloon force mentioned above, making the
curve expand or shrink depending on its sign (c > 0 was required in [7], but not in other methods, e.g.,
[5,8,10]). There are also some methods taking the direction of the image gradient into consideration
[11,12]. However, for these methods, without the balloon force, the capture range is short and the curve
cannot reach the narrow concave parts of the boundary. This is because the eﬀect of $I(x, y), deﬁned by
$j$I(x, y)j2 in Eq. (2) or g($I(x, y)) in Eq. (3), is localized near the boundary. While with the balloon
force, there is a limitation that the balloon force cannot make some parts of curve shrink while other
parts of the curve expand, so the initial curve must be placed entirely outside or inside the object to
be detected.
To solve the problem of these methods, Xu and Prince [13] proposed the gradient vector ﬂow (GVF)
method. Some modiﬁcations on this method were made afterwards [14,15]. In this method, the attractive force
near the object boundary $j$ I(l(s))j2 (see Eq. (2)) is extended to the whole computational region by diﬀusion.
More precisely, they obtained a force ﬁeld v = (u, v) from the image by minimizing the energy
Z Z
E¼
lðu2x þ u2y þ v2x þ v2y Þ þ jrf j2 jv  rf j2 dx dy;
ð5Þ
where f = j$I(x, y)j2, $f = $j$I(x, y)j2 represents the attractive force to the boundary, and l is the diﬀusion
constant. In this equation, near the object boundary, j$fj is large, the second term dominates and the minimization gives v = $f; while away from the boundary, j$fj is small and thus the second term is small, the
energy is dominated by the diﬀusion term, which means the force v is extended smoothly from its value
near the object boundary. Therefore, the capture range is larger than that of the previous methods and
there is no need to place the initial curve entirely inside or outside the object. However, the initial curve
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must still be placed near the object boundary to be detected, otherwise it might be attracted to a boundary of a wrong object or a wrong part of the boundary (see the image and the initial contour in Fig. 5(a)
for an example).
There are also other region-based active contour methods, which rely on the homogeneity of the localized
spatial features instead of the image gradient, such as the method proposed by Chan and Vese [16–19] based
on the Mumford–Shah segmentation techniques [20] and the level set framework [6], and other region-based
methods, e.g., [21–25], as well as the combinations of the edge-based and region-based methods, e.g., [26–
28,12].
In this paper, we propose a new edge-based active contour method, which uses an orientation-dependent
and long-range interaction between image boundaries and the moving curves. The incorporation of the orientations of the object boundaries and the moving curves enables the moving curves to be attracted to the
correct object boundaries, thus enlarges the capture range signiﬁcantly compared with the GVF method. In
our new method, the attractive interaction between the moving curves and the object boundaries is very
strong near the object boundaries, and decays relatively slowly away from them, which gives an extension
of the eﬀect of the image gradient to the whole image domain without smoothing the image gradient itself.
The resultant velocity of the moving curve is an integral involving the image gradient over the whole image
domain, and is calculated eﬃciently using the fast Fourier transform (FFT) method. While in the GVF
method, the attractive force $j$I(x, y)j2 near the object boundaries is extended by diﬀusion, which smears
more or less the object boundaries. The long-range and orientation-dependent interaction between the
object boundaries and moving curves in our new method is deﬁned based on the elastic interaction between
line defects (dislocations) in solids [29–32]. Although the method is derived originally for two dimensional
segmentation, we also extend it to three dimensions. Finally, in our method, the level set representation [6]
is used for the moving curves so that the topological changes during the evolution are handled
automatically.
The rest of the paper is organized as follows. In Section 2, we deﬁne the elastic interaction between object
boundaries and the moving curves, and then derive the expression of the resultant velocity. In Section 3, we
analyze the properties of this interaction, and show how the image noise can be removed under this interaction. In Section 4, we present the numerical implementation for this method. In Section 5, we extend this
method to image segmentation in three dimensions. In Section 6, we show the advantages of the new method
by the experiments on both synthetic images and medical images of blood vessels. Finally, in Section 7, we
present the conclusions.
2. Derivation
In this section, we present the new active contour model for image segmentation based on elastic interaction. We focus on two-dimensional images in this section. We ﬁrst deﬁne an energy associate with lines, which
represent the object boundaries or the moving contour. Then an evolution equation for the moving contour is
derived to ﬁnd the object boundaries by minimizing the total energy. The level set framework is used for the
moving contour to handle the topological changes.
2.1. Energy of lines
In the dissipative dynamics of dislocations (line defects) in crystals [29–32] or vortices in superconductivity
[33–36], there are energies associated with these lines, and the lines move and interact to minimize the total
energies. In the two-dimensional segmentation problems, both the boundaries of the objects and the moving
curves are lines. We now deﬁne an energy associated with them similar to those of dislocations or vortices. We
put the plane containing the two-dimensional images (say the xy plane) into a three-dimensional space (the
xyz space), as shown in Fig. 1. The energy associated with these lines in the image plane will be deﬁned in
the whole three-dimensional space.
Considering a parameterized curve c(s) in the three-dimensional space, we deﬁne an energy associated with
c(s)
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Fig. 1. The image plane is contained in a three dimensional space. The integral
represents an object boundary or the moving contour.

EðcÞ ¼ min

Z

1 2
ðw þ w22 þ w23 Þdx dy dz;
2 1

R
C

w  dl ¼ 1 along any curve C enclosing a line which

ð6Þ

subject to the constraint
r  w ¼ dðcÞs;

ð7Þ

where w = (w1, w2, w3) is a function in the three dimensional space, s is the unit tangent vector of c(s), d(c) is the
delta function of the curve c(s), which is the two dimensional Dirac delta function in the plane perpendicular
to the tangent vector at
R any point on c(s), and $ · w is the curl of w in three dimensions. The meaning of Eq.
(7) is that the integral C w  dl ¼ 1 along any curve C enclosing c(s), where dl is a line element of C, as shown
in Fig. 1. This energy is a simpliﬁed version of the elastic energy associated with dislocations in solids [29–32].
Now we look for the Euler–Lagrange equation of this energy. Using the Lagrange multiplier method, we
have

Z 
1 2
2
2
E¼
ðw þ w2 þ w3 Þ þ k  ðr  w  dðcÞsÞ dx dy dz;
ð8Þ
2 1
where the Lagrange multiplier k = (k1, k2, k3) is a vector function. Taking variation with respect to w and k,
respectively, we have the equations for the energy minimum,
(
dE
¼ w þ r  k ¼ 0;
dw
ð9Þ
dE
¼ r  w  dðcÞs ¼ 0:
dk
The ﬁrst equation is equivalent to
r  w ¼ 0;

ð10Þ

and the second one is the constraint equation (7).
This is a simpliﬁed version of the elasticity system associated with dislocations in solids [29–32]. This system
is also similar to those for vortices in superconductivity [33–36] or ﬂuid dynamics [37,38]. This system for w
can be solved analytically [29,30,37,38], which is
Z
1
r  dl
;
ð11Þ
wðx;y;zÞ ¼ 
4p c r3
where dl is a line element of the curve c, r = (x  x(s), y  y(s), z  z(s)) is the vector between the point (x, y, z)
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
2
2
and a point (x(s), y(s), z(s)) on c(s), and r ¼ ðx  xðsÞÞ þ ðy  yðsÞÞ þ ðz  zðsÞÞ is the distance between
them. The total energy is
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1
E¼
8p

Z Z
c

c0
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dl  dl0
;
r

ð12Þ

where c 0 is the line c using another parameter s 0 .
The solution w is singular on c(s) and as a result, the energy E(c) is also singular. The singularities can be
smeared out if we use a regularized delta function in Eq. (7), as in the dynamics of dislocations or vortices.
For image segmentation, we shall use the Gaussian function for the regularization of images, and the derivative of the regularized Heaviside function given by Eq. (29) for the regularization of the moving curves, see
Section 2.2. Any other regularized delta functions can also be used and will not change the segmentation
results, as long as they satisfy the symmetry and some other conditions described in Section 3.2. Using
the relationship dl = sd(c) dx dy dz and a regularized delta function (for simplicity we still use the same notation), we have
Z
1
rs 0 0 0 0
wðx;y;zÞ ¼ 
dðc Þdx dy dz
ð13Þ
4p R3 r3
and
E¼

1
8p

Z

Z
dðcÞdx dy dz

R3

R3

s  s0
dðc0 Þdx0 dy 0 dz0 ;
r qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2

2

ð14Þ

2

where r = (x  x 0 , y  y 0 , z  z 0 ), r ¼ ðx  x0 Þ þ ðy  y 0 Þ þ ðz  z0 Þ , and s (or s 0 ) is the unit tangent vector
of c (or c 0 ).
As an example for the interaction energy, consider two curves c1 and c2. For simplicity of notation, we still
use the un-regularized energy expression in Eq. (12). The total energy is
E¼

1
8p

Z
c1 [c2

Z
c01 [c02

dl  dl0
1
¼
8p
r

Z Z
c1

c01

dl1  dl01
1
þ
8p
r

Z Z
c2

c02

dl2  dl02
1
þ
4p
r

Z Z
c1

c2

dl1  dl2
;
r

ð15Þ

where c01 and c02 are c1 and c2 using parameters with prime, dl1 and dl2 are line elements of c1 and c2, respectively. The ﬁrst two terms are the self-energy of the two curves, respectively, which are proportional to their
length. The third term is the interaction energy between them, which depends on their line directions, their
relative position and their length. This interaction energy between any two points on the two curves, respectively, is proportional to 1/r, where r is the distance between them, which decays very slowly as r goes to inﬁnity, and might give a strong interaction between two long curves even if they are far away from each other. In
this sense, this interaction has the long-range nature, as the interaction between dislocations [29–32]. This
interaction energy between any two points on the two curves, respectively, also depends on their local directions. The interaction is strongly attractive when they have opposite directions (when the energy is minimum
among all possible relative directions), and is strongly repulsive when they have the same direction (when the
energy is maximum among all possible relative directions). The orientation-dependence nature of the interaction is also very important, which will enable the moving contour to ﬁnd the correct part of the object boundary (see Fig. 5 for an example). Both the long-range and orientation-dependent natures give a large capture
range of the moving contour, as will be shown by the analysis in Section 3 and the experimental results in Section 6.
If we allow c(s) to move in order to minimize E(c), the dynamics equation in the steepest descent direction
using an artiﬁcial time t is
ct ¼ w  s:

ð16Þ

Note that now c, w and s depend on time t.
We now derive Eq. (16) using the exact delta function. Consider the variation of E(c) with respect to c.
Rewrite c as c(q) where q 2 [0, 1]. Let c(u, q) be a family of closed curves with u 2 [, ] where  is a small number, and c(0, q) = c(q). Since the unit tangent vector at a point on the curve c(u, q) is s = cq(u, q)/jcq(u, q)j, and
d(c) dx dy dz = ds = jcq(u, q)jdq, from Eq. (8), we have
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Z 1
dEðw;k;cðu;qÞÞ
d
¼
kðcðu;qÞÞ  cq ðu;qÞdq
du
du 0
Z 1
Z 1
d
kðcðu;qÞÞ  cq ðu;qÞdq 
¼
kðcðu;qÞÞ  cqu ðu;qÞdq
0 du
0
Z 1
Z 1
d
d
kðcðu;qÞÞ  cq ðu;qÞdq þ
kðcðu;qÞÞ  cu ðu;qÞdq
¼
du
dq
0
0
Z 1
Z 1
½J ðkðcðu;qÞÞÞcu ðu;qÞ  cq ðu;qÞdq þ
½J ðkðcðu;qÞÞÞcq ðu;qÞ  cu ðu;qÞdq
¼
¼
¼

Z

0

0

1

½J T ðkðcðu;qÞÞÞcq ðu;qÞ  cu ðu;qÞdq þ
0

Z

Z

1

½J ðkðcðu;qÞÞÞcq ðu;qÞ  cu ðu;qÞdq

0

1

½ðJ ðkðcðu;qÞÞÞ  J T ðkðcðu;qÞÞÞÞcq ðu;qÞ  cu ðu;qÞdq;

ð17Þ

0

where J(k) is the Jacobian matrix of the function k, and JT(k) is its transpose.
Since c(0, q) = c(q), we have

Z 1
dEðw;k;cðu;qÞÞ
½ðJ ðkðcðqÞÞÞ  J T ðkðcðqÞÞÞÞcq ðqÞ  cu ðqÞdq:
 ¼
du
0
u¼0
#
Z LðcðsÞÞ "
cq ðsÞ
T
¼
ðJ ðkðcðsÞÞÞ  J ðkðcðsÞÞÞÞ
 cu ðsÞds;
jcq ðsÞj
0
where L(c(s)) is the length of c(s).
Therefore the dynamics equation for the energy minimization in the steepest descent direction is
cq
ct ¼ ½J ðkÞ  J T ðkÞ
¼ ½J ðkÞ  J T ðkÞs:
jcq j

ð18Þ

ð19Þ

It is easy to verify that
½J ðkÞ  J T ðkÞs ¼ ðr  kÞ  s:

ð20Þ

Then using the ﬁrst equation in (9), we get Eq. (16).
Under this velocity ﬁeld, the energy is reduced by the shrinking of c(s), attraction and annihilation of
segments of c(s) with opposite directions, and repulsion of segments with same direction, see the expression
of the total energy of two curves given by Eq. (15) for an example. The properties of the velocity ﬁeld will
be analyzed in details in Section 3.
2.2. The new active contour model
In the active contour method for image segmentation [1], a curve is evolved to ﬁnd the object boundaries.
As in [4,5] and many other works, we use the level set framework [6] to represent and evolve the curve. The
level set method handles the topological changes automatically during the evolution of the curve, and is implemented conveniently on a uniform grid.
In the level set method, two dimensional curves in a plane are represented by the zero level set of a level set
function /(x, y) deﬁned everywhere in the plane. The evolution of the curves is implicitly determined by the
evolution of the level set function, which is
/t þ v  r/ ¼ 0;

ð21Þ

where v(x, y) is the velocity of the curves extended to the whole plane. In our new active contour model, the
velocity comes from the elastic interaction between the boundaries of objects and the moving curve deﬁned in
the previous subsection. The object boundaries are ﬁxed while the curve moves to ﬁnd the object boundaries
by minimizing the total energy (see Fig. 2(a) for an example).
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Fig. 2. An example of our normal velocity v(x, y). (a) The object, the moving curve, and the direction of the velocity of the moving curve
(shown by the arrows along the curve). (b) The normal velocity ﬁeld v(x, y) in our method and comparison with the outer radial velocity
generated by $j$(Gr * I)j2 (top image), and the image function I(x, y) and its smoothed version Gr * I(x, y) (bottom image) along a line
passing through the center of the disc object shown in (a). The standard deviation r used for the smoothed image is 1/32 of the radius of
the disc.

To get the velocity ﬁeld, both the objects and the moving curve are placed in the z = 0 plane as described in
the previous subsection. The energy associated with the object boundaries and the moving curve is deﬁned by
Eqs. (6) and (7), where c is the collection of all the object boundaries and the moving curve. We ﬁrst consider
the object boundaries. If I(x, y) is the image grey-level function, the direction of the object boundary is deﬁned
as
s¼

rðGr  IÞ
 k;
jrðGr  IÞj

ð22Þ

where k = (0, 0, 1) is the unit vector in z direction, Gr is the two dimensional Gaussian function with mean zero
and standard deviation r, which is used to smooth the object boundaries, and the delta function in Eq. (7) is
given by
dðcÞ ¼ jrðGr  IÞjdðzÞ;

ð23Þ

where d(z) is the one dimensional delta function of z. We use the convention that the range of the intensity
function I(x, y) is [0, 1], and I(x, y) = 0 when it is black and I(x, y) = 1 when it is white. Under this convention,
if the image of an object is darker than the background, the direction of the object boundary is clockwise; and
is counterclockwise, vice versa. As such, for the contribution of the object boundaries in Eq. (7),
dðcÞs ¼ rðGr  IÞ  kdðzÞ:

ð24Þ

Note that this equation holds when the diﬀerence between the intensity outside and inside the object is 1. For
other values of the diﬀerence, the right-hand side of the above equation is a delta function multiplied by a
constant, but it does not change the nature of the interaction. So we simply use Eq. (24) for the right-hand
side of Eq. (7) generated by the image.
Similarly, the tangent vector of the moving curve represented by the zero level set of / is
s¼

r/
 k;
jr/j

ð25Þ

and the delta function of the moving curve is
dðcÞ ¼ dð/ðx;yÞÞjr/ðx;yÞjdðzÞ:

ð26Þ

The direction of the moving curve is chosen such that the moving curve has an opposite direction with the
object boundary, so that when they stay together, their eﬀects cancel out and the energy is minimized. As such,
for the contribution of the moving curve in Eq. (7),
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dðcÞs ¼ dð/Þr/  kdðzÞ ¼ rH ð/Þ  kdðzÞ;

ð27Þ

where H(x) is a one dimensional (regularized) Heaviside function. Using a linear combination of Eqs. (24) and
(27) for the right-hand side of Eq. (7), we have
r  w ¼ rðGr  I þ aH ð/ÞÞ  kdðzÞ;

ð28Þ

where a > 0 is a constant to match the strength of the eﬀects of the object boundary and the moving curve
(note that the diﬀerence between the intensities inside and outside the object may not be 1 exactly; while
the Heaviside function always gives a diﬀerence 1 between inside and outside the moving curve). We shall
explain in the next section that a is also an important parameter for noise removal. We use the following regularized Heaviside function which has the same regularization parameter r as that in image smoothing
8
if / 6 r;
>
< 0 
p/
1
H ð/Þ ¼ 2 sin 2r þ 1 if  r < / < r;
ð29Þ
>
:
1
if / P r:
The regularized delta and Heaviside functions have been used in many applications of the level set method
(e.g., [17,39]).
Using Eq. (11), it can be veriﬁed that w1(x, y, 0) = w2 (x, y, 0) = 0. As such, by Eq. (16), the velocity of the
moving curve is


r/
r/
r/
 k ¼ w3
¼wk
:
ð30Þ
vðx;y;0Þ ¼ w3 k 
jr/j
jr/j
jr/j
Using Eqs. (13) and (28), we have
 Z

1
r  ðrðGr  I þ aH ð/ÞÞ  kÞ  k 0 0 r/
vðx;yÞ ¼ 
dx dy
4p R2
r3
jr/j
 Z

1
r  rðGr  I þ aH ð/ÞÞ 0 0 r/
;
ð31Þ
dx dy
¼
4p R2
r3qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
jr/j
ﬃ
where r = (x  x 0 , y  y 0 ) and r ¼ ðx  x0 Þ2 þ ðy  y 0 Þ2 . Note that although we derive this formula in three
dimensions, the formula itself is still in two dimensions.
It is convenient to write the evolution equation for the level set function / as
/t ¼ vjr/j;

ð32Þ

where the velocity in the normal direction of the moving curve v is
Z
r/
1
r  rðGr  I þ aH ð/ÞÞ 0 0
¼
vðx;yÞ ¼ v 
dx dy :
jr/j
4p R2
r3

ð33Þ

Note that the direction $//j$/j is perpendicular to the moving curve, which is the zero level contour of /. For
convenience, we call $//j$/j the normal direction of the moving curve.
Under this velocity ﬁeld, the curve will move to ﬁnd the object boundaries by minimizing the total energy,
which is
Z
Z
1
rðGr  I þ aH ð/ÞÞðx;yÞ  rðGr  I þ aH ð/ÞÞðx0 ;y 0 Þ 0 0
dx dy :
E¼
dx dy
ð34Þ
8p R2
r
R2
If the domain of an image is X, then the velocity in the normal direction and the total energy are
Z
1
r  rðGr  I þ aH ð/ÞÞ 0 0
vðx;yÞ ¼ 
dx dy ;
4p X
r3
and
E¼

1
8p

Z

Z
dx dy

X

X

rðGr  I þ aH ð/ÞÞðx;yÞ  rðGr  I þ aH ð/ÞÞðx0 ;y 0 Þ 0 0
dx dy ;
r
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ﬃ

respectively, where r = (x  x 0 , y  y 0 ) and r ¼

2

2

ðx  x0 Þ þ ðy  y 0 Þ .

ð35Þ

ð36Þ
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We can add a small curvature term to smooth the moving curve, then the evolution equation can be written
as





r/
/t ¼ lr 
þ v jr/j;
jr/j

ð37Þ

where l is a small positive constant, and v is given by Eq. (35). This is our new active contour model for image
segmentation. Its properties will be analyzed and illustrated in details in the next section.
3. Properties of the interaction
In this section, we analyze the properties of the interaction, which gives the normal velocity v of the moving
curve in Eq. (33). We ﬁrst consider the direction and magnitude of the velocity generated by the object alone,
i.e., a = 0 in Eq. (33), which is
Z
1
r  rðGr  IÞ 0 0
v¼
dx dy :
ð38Þ
4p R2
r3
We then discuss how to remove noise by using a nonzero a.
3.1. Long-range attractive interaction
We ﬁrst show that the moving curve is attracted to the object boundary for a single object under the normal
velocity given by Eq. (38). Consider an object which is darker than the background, as shown in Fig. 2(a). For
any point (x, y) in the image plane, it is easy to obtain using Green’s formula that
Z
1
ðGr  I  cb Þ 0 0
vðx;yÞ ¼
dx dy ; when ðx;yÞ is outside the object;
ð39Þ
4p R2
r3
and

Z
1
ðGr  I  co Þ 0 0
vðx;yÞ ¼
dx dy ; when ðx;yÞ is inside the object;
ð40Þ
4p R2
r3
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
2
where r ¼ ðx  x0 Þ þ ðy  y 0 Þ , and co and cb are the intensities of the object and background, respectively.
Note that to remove the singularity when (x 0 , y 0 ) = (x, y), c0 and cb appear in the above equations.
For the image shown in Fig. 2(a), co < cb. So the direction of the object boundary is clockwise from
Eq. (22). The level set function / is chosen such that $/ is in the inner normal direction of the moving curve,
which makes the direction of the moving curve counterclockwise from Eq. (25). From Eqs. (39) and (40),
v(x, y) < 0 when (x, y) is outside the object, and v(x, y) > 0 when (x, y) is inside the object. It is easy to see that
the part of the moving contour outside the object shrinks, and the part of the moving contour inside the object
expands: both parts are attracted to the object boundary, as shown in Fig. 2(a). Note that we use the convention that a positive v means a velocity in the $//j$/j direction (pointing outward in this example).
Now we consider the magnitude of the velocity. The top image in Fig. 2(b) shows the normal velocity v(x, y)
given by Eq. (38) along a line passing through the center of the disc object in Fig. 2(a). The image function
I(x, y) and its smoothed version Gr * I(x, y) are plotted in the bottom image in Fig. 2(b). For convenience,
we have normalized the velocity using its maximum magnitude. We can see that as described above, the velocity is negative outside the object, positive inside the object, and zero on the object boundary. The magnitude of
the velocity is large near the object boundary, which reﬂects the strong attractive interaction to it. Away from
the object boundary, the velocity decays but never becomes zero, which gives an extension of the strong attractive interaction near the object boundary. These features of the velocity ﬁeld are highly desired in the edgebased active contour methods.
Fig. 2(b) also shows the comparison between our velocity and $j$(Gr * I)j2 in the outer radial direction of
the disc, which has also been normalized for convenience. The latter was used in the traditional active contour
methods (see Eqs. (2) and (4)). We can see that both velocities have strong attractive eﬀects near the object
boundary, but our velocity has an inﬂuence over the whole region. While for the $j$(Gr * I)j2, its inﬂuence
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is only localized near the object boundary, which requires that initially the moving curve must be placed very
close to the object boundary.
Using the asymptotic expansion method, we can obtain the quantitative behavior of the velocity in our
method when (x, y) approaches the object boundary or 1. The velocity ﬁeld Eq. (11) or (38) is the same as
the outer solution of the Ginzburg–Landau equation in superconductivity [33–36]. Using the results for the
solution of the Ginzburg–Landau equation [35], the limit of the velocity as the point (x, y) approaches the
object boundary, but remains outside the region in which the delta function of the boundary is regularized, is


1
j
v ¼ ðcb  co Þ 

log r þ Oð1Þ;
ð41Þ
2pr 4p
where r  1 and 2r is the width of the region in which the delta function of the object boundary is regularized,
j is the curvature of the object boundary, the positive or negative sign before the ﬁrst term depends on whether
(x, y) approaches the object boundary from inside or outside the object, and the positive or negative sign before the second term depends on whether the object is concave or convex at the nearest point on the object
boundary. This limit is approximately the maximum magnitude of the velocity near the object boundary.
For the asymptotic property at 1, since
the integrand in the integral expression of the velocity given by
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Eq. (39) decays at O(1/R3), where R ¼ x2 þ y 2 , the normal velocity v as (x, y) approaches 1 is approximately
of an order between O(1/R3) and O(1/R), depending on the area of the object (Note that the integrand is zero
outside the boundary in Eq. (39)). This also shows that the interaction is long-range, and by which the moving
contour can ‘‘see’’ the far away object boundary.
3.2. Velocity near the object boundary
We have shown by an example that the velocity given by Eq. (38) has a very strong attractive eﬀect to the
object boundary. Now we consider this behavior quantitatively.
We consider a point P 0 on an object boundary c. Let (l, n) be the Frenet coordinates at P 0 , where l and n are
unit vectors in the tangent and normal directions of c, respectively. We rotate the coordinate system so that it
coincides with (l, n) at P 0 . We assume that the delta function of the object boundary c is regularized within a
narrow band along c with width 2r. If we use a Gaussian function to smooth the image, then r is its standard
deviation and the contribution is small outside this narrow band, so the results obtained from a compactsupport regularized delta function still hold. We assume that the regularized delta function of the object
boundary d(x) = O(1/r), d 0 (x) < 0 for x > 0, d 0 (x) > 0 for x < 0, and d(x) is symmetric with respect to
x = 0. We consider the normal velocity v at the point P(0, g) within this narrow band, where g  r, see Fig. 3.
Let c be parameterized by a shifted arclength s such that P 0 = c(0). If j is the curvature of c at P 0 which is
assumed to be O(1), a point Q 0 on c and near P 0 has the representation
Q0 ¼ ðaðsÞ;bðsÞÞ;
where aðsÞ ¼ s 
can be written as

1 2 3
js
6

ð42Þ
þ    and bðsÞ ¼

1
js2
2

þ

1 0 3
js
6

þ   , and a point Q inside this narrow band and near P 0

σ

n

Q
γ

P(0,η)
P’

l

σ

Fig. 3. The Frenet coordinates at a point P 0 on the object boundary c.
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Q ¼ ðaðsÞ;bðsÞÞ þ uðb0 ðsÞ;a0 ðsÞÞ=

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a0 ðsÞ2 þ b0 ðsÞ2 ;
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ð43Þ

where u is a parameter in the interval [r, r]. Therefore for the integral expression Eq. (38) of the normal
velocity v at P, we have




 
1
1
1
r ¼ QP ¼ s þ js þ j0 s2 u;g  js2  1  j2 s2 u þ Oðs3 Þ;
ð44Þ
2
2
2
and



1
1
rðGr  IÞ ¼ ðcb  co ÞdðuÞ js þ j0 s2 ;  1 þ j2 s2 þ Oðs3 =rÞ:
2
2

ð45Þ

Note that d(u) = O(1/r). We have assumed that the object is convex at the point P 0 , otherwise there is a minus
sign in Eq. (45). Let v(P) = v1(P) + v2(P), where v1(P) is the integral on a segment of c where s 2 [1, 1], and
v2(P) is the integral on the other part of c. We have

Z r
Z
dðuÞ g  u þ 12 js2 þ Oðs2 Þ þ Oðs3 =rÞ
cb  co 1
ds
du
v1 ðP Þ ¼
:
ð46Þ
4p
½s2 þ ðg  uÞ2 3=2 ð1 þ OðsÞÞ
1
r
Now we look for the leading order terms in v1(P). We have
Z r
Z 1 Z r
dðuÞðg  uÞ
2dðuÞ
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ du ¼ 2pH½dðgÞ þ OðrÞ;
ds
du
¼
2
3=2
2
½s2 þ ðg  uÞ 
1
r
r
ðg  uÞ 1 þ ðg  uÞ
where H½dðxÞ ¼ p1

ð47Þ

R1

dðuÞ
du
1 xu

is the Hilbert transform of the function d(x), and
2
3
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ

Z 1 Z r
Z r
1
2
js dðuÞ
1
6
7
2
ds
du
¼
jdðuÞ4log
1 þ ðg  uÞ2 þ 1  log jg  uj  qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ5du
2 3=2
2
2
½s þ ðg  uÞ 
1
r
r
1 þ ðg  uÞ
Z r
¼ j
dðuÞ log jg  ujdu þ Oð1Þ
Zrr
¼ j
log jg  ujdðH ðuÞ  H ðgÞÞ þ Oð1Þ
r


Z r
H ðuÞ  H ðgÞ
du þ Oð1Þ
¼ j ð1  H ðgÞÞ log jr  gj þ H ðgÞ log jr þ gj 
ug
r
¼ j log r þ Oð1Þ;

ð48Þ

where H(x) is a regularized Heaviside function whose derivative is the regularized delta function d(x) used
above. We have used the mean value theorem and the fact that d(x) = O(1/r) in the above equation.
It is not diﬃcult to verify that the contribution to v1(P) from all the error terms in the integrand is O(1).
Therefore, we have


1
j
log r þ Oð1Þ:
ð49Þ
v1 ðP Þ ¼ ðcb  co Þ H½dðgÞ 
2
4p
Since we have assumed that the regularized delta function d(x) is symmetric with respect to x = 0, we have
H[d](0) = 0 and


1
j
0
v1 ðP Þ ¼ ðcb  co Þ H½d ð0Þg 
log r þ Oð1Þ;
ð50Þ
2
4p
where
0

H½d ð0Þ ¼ Oð1=r2 Þ
is the derivative of H[d](u) at u = 0.

ð51Þ
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Since v2(P) = O(1), we have


1
j
0
log r þ Oð1Þ
vðP Þ ¼ ðcb  co Þ H½d ð0Þg 
2
4p

ð52Þ

when g  r  1. In the original coordinate system, g is the signed distance to the object boundary c (positive
inside). If the object boundary is concave at P 0 , the sign of the second term in the above equation is changed to
positive.
In conclusion of this subsection, using Eq. (52), when the moving curve is close to the object boundary, the
full normal velocity Eq. (33) generated by both the object boundary and the moving curve is
1
j
j
0
log r þ a
log r þ Oð1Þ;
ð53Þ
v ¼ ðcb  co Þ H½d ð0Þg  ðcb  co Þ
2
4p
4p
where g is the signed distance to the object boundary, and g  r  1. Since H[d] 0 (0) = O(1/r2), the ﬁrst term,
which represents the strong attractive interaction to the object boundary, dominates near the object boundary.
If we choose a = cb  co, then the leading order terms in the normal velocity cancel out when the moving curve
stays exactly on the object boundary, i.e., g = 0. However, since the ﬁrst term dominates in the above equation, we do not need to choose a to be cb  co exactly. This will allow us to use one a for multiple objects, and
will also help to remove noise, see next subsection.
3.3. Noise removal
Using the normal velocity in Eq. (33), the image noise also generates a normal velocity for the moving
curve, which attracts the moving curve and results in spurious contours. However, either (a) the intensity difference jcb  coj between outside and inside the noise is relatively small compared with that across the object
j
boundary, so that the term a 4p
log r in the local expansion of the velocity near noise (Eq. (53)) dominates
(because a is chosen to be of the same order of the intensity diﬀerence across the object boundary), or (b)
the size of the noise is small so that curvature term controlled by the parameter l dominates in the evolution
equation (37). Both will force the spurious contours caused by noise to shrink and disappear.
4. Numerical formulation
4.1. Numerical formulation for the velocity ﬁeld
The normal velocity ﬁeld v (Eq. (35)) is an integral over the whole image domain. We use the fast Fourier
transform (FFT) method to compute it eﬃciently.
Eq. (35) is thep
convolution
of the two vector functions $(Gr * I(x, y) + aH(/(x, y))) and r R1 with a factor
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
2
1/4p, where R ¼ x þ y . Assuming that the Fourier transform of Gr * I(x, y) + aH(/(x, y)) is dmn, where m
and n are frequencies in the Fourier space, we have
I þ aHð/ÞÞ ¼ ðim;inÞd mn :
rðGr  d

ð54Þ

b
1
1
¼ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ ;
R 2p m2 þ n2

ð55Þ

Since

we have
d
1
ðim;inÞ
r ¼ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ :
R 2p m2 þ n2
Therefore the Fourier transform of the normal velocity is
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
m2 þ n2
1
ðim;inÞ
2
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ  ðim;inÞd mn ¼ 
bv ¼
d mn ;
ð2pÞ
2
4p
2p m2 þ n2

ð56Þ

ð57Þ

Y. Xiang et al. / Journal of Computational Physics 219 (2006) 455–476

467

where dmn is the Fourier transform of Gr * I(x, y) + aH(/(x, y)). A calculation for the Fourier transform of
1/R (Eq. (55)) can be found in Appendix.

4.2. Implementation of the evolution equation
Regarding the numerical implementation for the evolution equation of the level set function / (Eq. (37)),
we use the central diﬀerence for the curvature term, Godunov’s scheme [40,41] combined with the WENO
derivative [42] for the term vj$/j, and the forward Euler method in time. To reduce the numerical errors,
re-initialization [43] is used to maintain an accurate signed distance function near the zero level set of the level
set function / during its evolution.
4.3. Initial curve
The object boundaries alone generate a velocity ﬁeld
v0 ðx;yÞ ¼ 

1
4p

Z
X

r  rðGr  IÞ 0 0
dx dy ;
r

ð58Þ

which has diﬀerent signs inside and outside the objects, as discussed in Section 3. We can let
/ðx;yÞ ¼ v0 =jv0 j;

ð59Þ

for the initial value of the level set function /. This gives an initial contour very close to the object boundary,
but in the mean time, the noise is also kept. The object boundary can then be found and the noise be removed
after short-time evolution of /.
4.4. Normalized velocity
A normalized velocity ﬁeld v(x, y)/jv(x, y)j can be used to accelerate the evolution in the early stage. When
the motion of the curve converges using the normalized velocity, the moving curve should get close to the
object boundary and most of the noise disappears. Then we can use the un-normalized velocity ﬁeld to evolve
the curve for a few steps to ﬁnd the object boundary accurately. Such process greatly reduces the computation
time and does not change the ﬁnal result.

5. Three dimensional model
In this section, we extend our new active contour model for segmentation to three dimensions, in which the
object boundaries are surfaces and a surface moves under some velocity ﬁeld to ﬁnd the object boundaries. We
have not found a physically meaningful energy for surfaces that has the similar properties to that of the dislocations in solids. It is also diﬃcult to deﬁne an energy for surfaces similar to that for lines given by Eqs. (6)
and (7). Instead, we directly extend the normal velocity ﬁeld in two dimensions for the moving curves Eq. (33)
to three dimensions for the moving surfaces, and show that it has the same properties as the elastic interaction
in two dimensions.
Using the level set method, the moving surface is represented by the zero level set of a function /(x, y, z),
and the evolution equation of / is also given by Eq. (37), in which now the gradient is taken in three
dimensions.
We deﬁne the normal velocity ﬁeld for the moving surface as
Z
r  rðGr  I þ aH ð/ÞÞ 0 0 0
vðx;y;zÞ ¼ 
dx dy dz ;
ð60Þ
3
r4
R
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
where r = (x  x 0 , y  y 0 , z  z 0 ) and r ¼ ðx  x0 Þ2 þ ðy  y 0 Þ2 þ ðz  z0 Þ2 .
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It is easy to verify that this velocity ﬁeld minimizes an energy similar to that in two dimensions Eq. (34). The
energy in three dimensions is
Z
Z
rðGr  I þ aH ð/ÞÞðx;y;zÞ  rðGr  I þ aH ð/ÞÞðx0 ;y 0 ;z0 Þ 0 0 0
E¼
dxdydz
dx dy dz :
ð61Þ
r2
R3
R3
Similar to that in two dimensions, the normal velocity generated by an object alone (a = 0 in Eq. (60)) can be
written as
Z
ðGr  I  cb Þ 0 0 0
vðx;y;zÞ ¼
dx dy dz ; whenðx;y;zÞ is outside the object;
ð62Þ
3
r4
R
and
vðx;y;zÞ ¼

Z
3

R

ðGr  I  co Þ 0 0 0
dx dy dz ; whenðx;y;zÞ is inside the object;
r4

ð63Þ

where co and cb are the intensities of the object and background, respectively. So this interaction is long-range
and the moving surface is attracted to the object boundary under this normal velocity, as demonstrated in the
two dimensional case.
When the moving surface is very close to the object boundary, the leading order terms in the normal velocity generated by a single object is
p
0
ð64Þ
v ¼ ðcb  co Þ 2p2 H½d ð0Þg  j log r þ Oð1Þ;
2
where g is the signed distance to the object boundary (positive inside), j is the mean curvature at the nearest
point on the surface, and g  r  1. The calculation is similar to that in two dimensions. Having this expansion, the choice of the parameter a and the mechanism for noise removal are the same as those in the two
dimensional model.
The normal velocity
Eq. (60) is ﬃthe convolution of the two vector functions $(Gr * I(x, y, z) + aH(/(x, y, z)))
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
and r R1 , where R ¼ x2 þ y 2 þ z2 , which can also be calculated eﬃciently using FFT, as the velocity in two
dimensions. The formulation is
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
bv ¼ 2p2 m2 þ n2 þ l2 d mnl ;
ð65Þ
where dmnl is the Fourier transform of Gr * I(x, y, z) + aH(/(x, y, z)) with frequencies m, n, and l in directions
x, y, and z, respectively. Here we have used
d
1
1
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ ¼ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ ;
2
2
2
2
x þy þz
4p m þ n2 þ l2
which can be derived similarly as that shown in the appendix for the Fourier transform of 1=
dimensions.

ð66Þ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2 þ y 2 in two

6. Experimental results
We have applied our method on the synthetic images and clinical images of blood vessels. The results were
obtained on 128 · 128 pixel two dimensional images or 128 · 128 · 128 pixel three dimensional images. The
size of an image was 2 · 2 or 2 · 2 · 2 units. As such, the pixel width was dx = dy = dz = 2/128. Unless speciﬁed otherwise, we chose r = 0.8 2 dx, a = 0.3, and l = 0.002 in the evolution equation Eq. (37) and the
normal velocity ﬁeld Eq. (33) or (60).
Fig. 4 shows the experimental result on an image of an object which has very thin convex feature on its right
and concave feature on its left, at which these features are pointed at by the arrows, see Fig. 4(a). Both features
are only one pixel width. The zero level contour of the normalized velocity equation (59) gives a good initial
result, except that at the tip of the one-pixel convex, the contour width is a little bit bigger than one pixel. After
a few steps of evolution from this initial contour, the object is found accurately, see Fig. 4(b). This example
shows that our method can ﬁnd sharp features of the objects accurately. The reason is that in our method, the
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Fig. 4. Thin concave and convex. (a) The image. (b) Contour found by our method.

velocity of the moving curve is deﬁned over the whole image domain due to the long-range interaction, which
gives an extension of the eﬀect of the image gradient to the whole image domain without smoothing the image
gradient itself.
In Fig. 5, we show that our method has less sensitivity to the initialization of the moving contour. We start
from a small circle intersecting with the right-hand side of a U shape object, as shown in Fig. 5(a), and evolve
it using our evolution equation Eq. (37). The part of the contour outside the object is attracted to the object
boundary and the part of the contour inside the object is pushed far away to approach the other side of the
object boundary, see Fig. 5(d) for the direction of the velocity of the initial contour. An intermediate result
after several steps of evolution is shown in Fig. 5(b). Finally, the contour converges to the object boundary,
as shown in Fig. 5(c). In this example, our method has found the object with all detailed features from an initial contour that is not close to the object boundary. As a comparison, we have also applied the gradient vector
ﬂow (GVF) method [13–15] on the same U shape object with the same initial contour as shown in Fig. 5(a).
The contour fails to ﬁnd the object; it shrinks and ﬁnally disappears. This is because both sides of the contour

Fig. 5. Contour found from an initial contour not close to the object boundary using our method and comparison with the result of the
GVF method. (a) Initial contour and object. (b) An intermediate result using our method. (c) Final result using our method. (d) Direction
of the velocity of the initial contour in our method. (e) The force ﬁeld of the GVF method near the object boundary and the same initial
contour. The initial contour is driven to shrink and disappear under the GVF force, thus cannot ﬁnd the object.
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are attracted to the object boundary inside the initial contour under the GVF force, which can be seen from
the force ﬁeld of the GVF method near the object boundary and the initial contour plotted in Fig. 5(e). This
example illustrates that our method has less sensitivity to the initialization of the moving contour than the
GVF method does. Note that in this example we start from such an initial contour in our method only for
the purpose of illustrating the advantage of our method. For this kind of images without noise, the objects
can be found more eﬃciently using our method by choosing the zero level contour of the normalized velocity
ﬁeld Eq. (59) as the initial contour, as in the previous example.
Fig. 6 shows the results using our method and the GVF method on an image with multiple objects which
have diﬀerent intensity and topology. Given that the intensity values ranging between 0 (black) and 1 (white),
the intensity values of the four objects are 3/9, 4/9, 5/9 and 6/9, respectively, see Fig. 6(a). For this image without noise, the zero level contour of the normal velocity ﬁeld in our method Eq. (59) gives the object boundary
directly and no evolution is needed, see Fig. 6(b). The normal velocity ﬁeld after normalization v(x, y)/jv(x, y)j
is shown in Fig. 6(c), which is positive inside the objects and negative outside. The objects can also be found if
we start from a large contour, as shown in Fig. 6(d), which has an opposite direction with that of the object

Fig. 6. (a) An input image with multiple objects having diﬀerent intensity and topology. (b) Result obtained using our method. (c) The
normal velocity ﬁeld v(x, y)/jv(x, y)j in our method. (d) The moving direction of an initial contour under the velocity ﬁeld shown in (c).
(e) The GVF force ﬁeld. (f) Initial contour in the GVF method. (g) Result obtained using the GVF method.
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boundary. (See the deﬁnition of these directions in Section 2.2. Here the image boundary is clockwise, hence
the contour is counterclockwise). The positive value of the normal velocity ﬁeld makes this contour move in its
outer normal direction, and the negative value makes it move in its inner normal direction, as shown in
Fig. 6(d). The contour moves under this normal velocity ﬁeld and ﬁnally ﬁnds the objects. The result is the
same as that using the zero contour of the normal velocity directly and shown in Fig. 6(b).
We have compared our result with that obtained using the GVF method on this image. Note that using the
original GVF method [13] on an image with multiple objects like this example, some parts of the moving contour may be parallel to the force ﬁeld, thus cannot move further to ﬁnd the objects. A balloon force was added
in a modiﬁed GVF method in [15] when this deadlock happens. However, this modiﬁcation brings back the
problem of the balloon force method, which was tried to solve by the original GVF method [13], namely
the direction of the balloon force (e.g., expanding or shrinking) cannot be determined automatically within
the method; it has to be prescribed thus requires careful initialization. The force ﬁeld of the GVF method
for this image is shown in Fig. 6(e). We have used the modiﬁed GVF method [15] on this image, with parameters l = 0.02, rE = 0.32dx, b = 0.002, and  = 0.1 (See [15] for deﬁnitions of the parameters.), and an initial
contour as shown in Fig. 6(f), which is the same as that in our method. As shown by the ﬁnal result in
Fig. 6(g), the GVF method cannot provide a satisfactory result. A part of the contour is attracted to wrong
boundary of the objects (see the bottom left object in Fig. 6(g)), and the contour cannot move further in the
middle between two adjacent objects. The former has been explained in the previous example that in the GVF
method, the moving curve is always attracted to the nearest object boundary. The latter can be understood by
the corresponding force ﬁeld of the GVF method shown in Fig. 6(e). Recall that in the GVF method, the force
ﬁeld is obtained by extending the local attractive force near the object boundaries to the whole image domain
by diﬀusion. From Fig. 6(e), it is observed that in some regions near the central line between two adjacent
objects, the GVF force is pointing outside (See, e.g., the region between the two objects on the right in
Fig. 6(e)), which prevents the contour from moving further inside to ﬁnd the objects. The balloon force added
in [15] does not help because the GVF force that prevents the contour from moving inside is not parallel to the
contour (Actually, the angle between them is large, see, e.g., the region between the two objects on the right in
Fig. 6(e)), therefore the GVF force dominates there from their method. On the other hand, in our method, the
normal velocity is always negative outside the objects, which can push the segments of the contour between
two objects all the way inward to ﬁnd the objects, see Fig. 6(c) and (d). This example shows that our method
is less sensitive to the initial contour for images with multiple objects. It also shows that the objects can be
found by the zero level contour of the normal velocity ﬁeld for images without noise. For images with noise,
the evolution of the contour is needed, and the zero level contour of the normal velocity ﬁeld provides an initial value for the moving contour, see next example.
Our method has been applied to the same image in Fig. 6(a) but with noise, see Fig. 7(a). The standard
deviation of the background noise is rB = 0.1, which is about 1.5 times of that obtained from the real 3DRA images to be described in the last two examples in this section. Fig. 7(b) shows the initial contour given
by the normalized velocity ﬁeld Eq. (59). An intermediate stage during the evolution is shown in Fig. 7(c), and
the ﬁnal result is shown in Fig. 7(d). We can see that the initial contour gives a good guess of the object

Fig. 7. Application of our method to an image with noise. (a) An image with noise. (b) Initial contour given by the normalized velocity
ﬁeld Eq. (59). (c) An intermediate stage during the evolution. (d) Final result.
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Fig. 8. Application of our method to an image with linearly changed background intensity. (a) The image. (b) The result using our
method.

boundaries, but also contains a lot of spurious contours generated by the noise. During the evolution, these
spurious contours disappear gradually, and ﬁnally the objects are found with high accuracy. This example
shows that our method works well on images with noise.
Fig. 8 shows the result using our method on an image whose background intensity changes linearly. The
background intensity is 0.05 on the left and is 0.8 on the right, the diﬀerence between the intensities of the
letters and the local background is 0.2, and the standard deviation of the background noise is rB = 0.03,
see Fig. 8(a). Our method ﬁnds the letters accurately, see Fig. 8(b). Actually, a constant gradient in the whole

Fig. 9. Application of our method to an image slice of blood vessels. (a) Original image slice. (b) Initial contour given by the normalized
velocity ﬁeld Eq. (59). (c) An intermediate stage during the evolution of the contour. (d) The ﬁnal result.
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domain does not contribute to the normal velocity Eq. (33). Since the intensity is not periodic in this example,
we need to use a ﬁnite diﬀerence method in the physical space to calculate the gradient of the image, then use
FFT to calculate the normal velocity. Note that the region-based methods mentioned in the introduction do
not work on this kind of images.

Fig. 10. Three dimensional segmentation results using our method on images of blood vessels. (a) The MIP image of the blood vessels.
(b) The three dimensional result obtained using our method. (c) and (e) Two selected slices. (d) and (f) The segmentation results on
slices (c) and (e).
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We have also applied our segmentation method on three dimensional rotational angiographic (3D-RA)
clinical datasets acquired by a Philips Integris Imager medical system at the Department of Diagnostic Radiology and Organ Imaging, Prince of Wales Hospital, Hong Kong. 3D-RA allows for visualization of vasculature and detection of vascular diseases, e.g. stenoses and aneurysms. The data volume was around
100 · 100 · 100 voxels with a voxel size of 0.75 · 0.75 · 0.75 mm3. Fig. 9 shows the result on one selected
image slice of the data volume. The original image is shown in Fig. 9(a). Fig. 9(b) shows the initial contour
given by the normalized velocity ﬁeld Eq. (59). An intermediate stage during the evolution is shown in
Fig. 9(c), and the ﬁnal result is shown in Fig. 9(d). We can see that the initial contour identiﬁes the blood vessels approximately, but the boundaries of them are irregular and a lot of spurious contours generated by the
noise are present. During the evolution, the boundaries of the blood vessels become more and more regular
and the spurious contours disappear gradually, and ﬁnally the blood vessels are found.
Finally, we present one of the three dimensional (3D) segmentation results using our method on these clinical datasets, see Fig. 10. Using the results of 3D segmentation, vascular surfaces can be accurately obtained so
that quantitative 3D morphological information of vasculature can be provided for diagnosis. The 3D surface
of the segmented image volume using our method is shown in Fig. 10(b). For visual comparison, the corresponding maximum intensity projection (MIP) is shown in Fig. 10(a). MIP is used widely for the visualization
of brain blood vessels but cannot give accurate 3D morphological information. It is only a 2D projection of a
3D volume and is generated by taking the maximum intensity along the projection direction. From Fig. 10(a)
and (b), we can see that the vessels, which are thin and elongated structures, are detected eﬀectively using our
method. The results on two selected slices of this three dimensional volume are shown in Fig. 10(d) and (f),
and their corresponding original image slices are shown in Fig. 10(c) and (e). This example shows that our
three dimensional method also works very well for real images.
7. Conclusions and discussion
We proposed a new edge-based active contour method, and applied the method to the synthetic and medical images. The new method is based on a long-range and orientation-dependent elastic interaction between
the object boundary and the moving contour. The resultant velocity of the moving curve is an integral involving the image gradient over the whole image domain, which gives an extension of the eﬀect of the image gradient to the whole image domain without smoothing the image gradient itself. The noise is removed by the self
elastic interaction and the curvature eﬀect of the moving contour. The velocity ﬁeld can be calculated by the
fast Fourier transform (FFT) method. Level set framework is used for the moving curve to handle the topological changes that might occur during its evolution. An initial contour very close to the object boundary is
generated within this method, and then the noise is removed and the ﬁnal result is achieved by solving an evolution equation of the level set function. Numerical experiments show that the new method is very eﬀective,
both for synthetic images and medical images of blood vessels. Compared with the existing edge-based methods, e.g., the methods based on the local image gradient and/or with the balloon force, and the gradient vector
ﬂow (GVF) method, our method is much less sensitive to the initialization of the moving contour, and moreover, an initial contour close to the object boundaries is provided within our method. Finally, the elastic interaction deﬁned in our method is general and can be used in other frameworks for the representation of the
moving contours such as the front-tracking methods.
When multiple junctions are present, the velocity in our method might be zero on some lines (or surfaces in
three dimensions) that are not object boundaries, so the global convergence to the object boundaries no longer
hold. We need to give an initial contour in a region near an object to ﬁnd its boundary, as other active contour
methods do. However, our method is still much less sensitive to the initialization of the moving contour in this
case, see, e.g. Fig. 5. Besides, more level set functions are needed to model the boundaries of the multiple junctions, as in [19]. A direct extension of our method to color or texture image segmentation is to replace the
image functions used here by the characteristic functions of the objects (1 inside and 0 outside). The features
of the objects can be obtained ﬁrst, e.g., by some statistical methods, then the characteristic function can be
used to describe the image based on the identiﬁed features, and ﬁnally our active contour method can be used
to ﬁnd the object boundaries. Similar idea has been used by Paragios and Deriche in [28] for texture segmentation, in which the active contour stage was implemented using condition probabilities. These extensions and
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more straightforward edge-based methods for color and texture segmentation are being considered. In our
method presented in this paper, an initial contour close to the object boundaries is provided, but it may contain many spurious loops generated by noise (e.g., Fig. 7(b)), so it is not eﬃcient to use the narrow band or the
local level set methods ([5,43]). An alternative is to use a simple contour, say a large loop, as the initial value of
the active contour. In this case, the initial contour is no longer close to the object boundaries, but the contour
is simple and the narrow band or local level set methods can be used. The velocity generated by the image can
be calculated only once at the beginning, and that generated by the moving contour can be calculated using a
summation along itself instead of the FFT over the whole image domain. Which method is more eﬃcient
depends on the images, and will be examined in the future work.
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Appendix. The Fourier transform of 1=

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2 þ y2

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
It is well known that in three dimensional space, 1=4p x2 þ y 2 þ z2 is the solution of the three dimensional Poisson equation
D

1
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ ¼ d;
4p x2 þ y 2 þ z2

ð67Þ

where d is the three dimensional delta function. Taking Fourier transform, we have
d
1
1
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ ¼
;
2
x2 þ y 2 þ z2 2p2 ðm2 þ n2 þ l Þ
where m, n and l are frequencies in the Fourier space. Therefore when z = 0, we have
Z
Z
1
1
1
imx iny
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ ¼
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ eimx einy dm dn;
e e dm dn dl ¼
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2
2
2
2
3
2
2p
x þy
R
R 2p m þ n

ð68Þ

ð69Þ

which means
d
1
1
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ ¼ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ :
2
2
2p m2 þ n2
x þy

ð70Þ
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