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1. Introduction

Let g be a prime power, Fy be the finite field of order g, and F4[x] be the ring of polynomials in
a single indeterminate x over Fg. A polynomial f € Fy[x] is called a permutation polynomial (PP) of [Fg
if it induces a one-to-one map from Iy to itself.

Permutation polynomials over finite fields have been an interesting subject of study for many
years, and have applications in coding theory [12], cryptography [20,19], combinatorial design the-
ory [10], and other areas of mathematics and engineering. Information about properties, constructions,
and applications of permutation polynomials may be found in Lidl and Niederreiter [13,14], and
Mullen [17].
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The trace function Tr(x) from Fgn to Fy is defined by

n—1

Trx) = x4+ x84+ X 4. + x4

A number of classes of permutation polynomials related to the trace functions were constructed [6,5,4,
11,15,25]. Recently, Akbary, Ghioca and Wang proved a lemma about permutations on finite sets [1,2],
which contains two results of Zieve ([23, Lemma 2.1] and [25, Proposition 3]) as special cases [16],
and used this lemma to unify some earlier constructions and developed new constructions of per-
mutation polynomials over finite fields. In this paper, we will employ this lemma to derive several
theorems about permutation polynomials over finite fields. These theorems give not only a further
unified treatment of some of the earlier constructions of permutation polynomials, but also new spe-
cific permutation polynomials. The main contributions of this paper are Theorems 3.1, 5.1, 6.1, 6.4,
their corollaries and specific permutation polynomials described in the corollaries.

2. Auxiliary results and the powerful lemma

In this section, we present some auxiliary results that will be needed in the sequel. Throughout
this paper p is a prime and q = p® for a positive integer e.
A polynomial of the form

n—1
L(x) = Z aix? e Fgn [x]
i=0

is called a g-polynomial over Fyn, and is a permutation polynomial on Fgn if and only if the circulant
matrix

do a1 az Qn—1
q q q q
a1 o a4 ap_
A=| & a qa a (2.1)
Ay o G q G - Gy 3
qn—l qn—l qn—l qn—l
a a; as g

has nonzero determinant (see [9, p. 362]). In most cases it is not convenient to use this result to
find out permutation g-polynomials, as it may be hard to determine if the determinant of this matrix
is nonzero [9]. Hence it would be interesting to develop other approaches to the construction of
permutation g-polynomials.

We shall use the following trivial fact in the sequel.

Lemma 2.1. Let L(x) = Z?:_OI a,—xqi € [Fy[x] be a q-polynomial and let Tr(x) be the trace function from Fgn
to [Fq. Then, for each a € Fgn, we have

n—1
L(Tr(e)) = Tr(L(a)) = <Zai) Tr(a).

i=0

Definition 2.2. (See [14, p. 115].) The polynomials

m m )
Ix) = Zaixi and L(x) = Za,-qu
i=0 i=0
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over Fgn are called the g-associate of each other. More specifically, I(x) is the conventional g-associate
of L(x) and L(x) is the linearized g-associate of [(x).

The following lemma is also needed in the sequel.

Lemma 2.3. (See [14, p. 109].) Let L1(x) and Ly(x) be two g-polynomials over g, and let 11 (x) and I (x) be
the g-associate polynomials over Fy. Then the common roots of L1(x) = 0 and Ly (x) = 0 are all the roots of
the linearized q-associate of gcd(l1(x), I2(x)). In particular, x = 0 is the only common root of L1(x) = 0 and
Ly (x) = 0 in any finite extension of Fq if and only if gcd(l1 (x), l2(x)) = 1.

The following lemma is taken from Akbary, Ghioca, and Wang [1, Lemma 1.1], and will be em-
ployed in the sequel. For completeness and an easy understanding of later applications, we provide
its proof here.

Lemma 2.4. (See [1, Lemma 1.1].) Let A, S and S be finite sets with 1S = S, and let f : A— A, h: S — S,
A:A— S, and A : A — S be maps such that > o f =h o A. If both A and A are surjective, then the following

statements are equivalent:

() f is bijective (a permutation of A); and
(ii) h is bijective from S to S and if f is injective on A=1(s) for each s € S.

Proof. We have the following commutative diagram

f
E—

>
n<—->>

n<—>x
>

R —
h

Assume first that f is bijective. Then f is injective on each A~1(s). Furthermore, because A and f are
surjective and Ao f =ho A, then h: S — S is surjective and thus bijective (because S and S are finite
sets of the same cardinality).

Conversely, assume f(a;) = f(az) for some aj,a; € A. Then h(x(a1)) = A(f(a1)) = A(f(a2)) =
h(r(az)). As h is a bijection, we obtain A(a;) = A(az). Hence aq, ay are in A~1(s) for some s € S.
Since f is injective on each A~!(s), we conclude that a; =ay. So f is injective and in fact bijective
(because A is a finite set). O

3. The first theorem about permutation polynomials

Our objective in this section is to present a general result on permutation polynomials which
contains some earlier results as special cases. This gives a uniform treatment of some earlier con-
structions of permutation polynomials and also new permutation polynomials. The following theorem
is derived from Lemma 2.4, and is a generalization of Theorems 1.5 and 6.1 in [1].

Theorem 3.1. Let q be a prime power, and let r > 1 and n > 1 be positive integers. Let B(x), L1(x), ..., Ly(x) €
Fq[x] be q-polynomials, g(x) € Fqn[X], h1(X), ..., hy(x) e Fg[x] and 81, ..., 8; € Fgn such that B(8;) € Fq and
hi(B(Fqn)) C Fy. Then

FX) =g(B)+ Y (LX) +8)hi(Bx))

i=1

is a permutation polynomial of Fgn if and only if
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(1) B(gx) + er:] (Li(x) + B(8;))h;(x) permutes B(Fgn); and
(2) forany y € B(Fqn), er:l Li(x)hi(y) permutes ker(B).

Moreover, (2) is equivalent to gcd(Z?:] li(hi(y), b(x)) =1 for any y € Fy, where I;(x) and b(x) are the
conventional q-associate of Lj(x) and B(x).

Proof. Note that B(x) is a g-polynomial over F;. We have aB(x) = B(ax) for all a € F; and all
xeFgn, and B(x+ y) =B(x) + B(y) for all x and y in Fgn. Hence B(IFgn) is a linear subspace of Fyn
over Fy. Since B(x) and L;(x) are g-polynomials over Fg, we have L;(B(x)) = B(L;i(x)). By assumption,
B(8;) € Fq for all i. It follows that the following polynomial

h(x) := (B o g)(x) + Z(Li (%) + B(8)hi(x)

i=1

induces a mapping from B(Fgn) to itself.
Since hj(B(Fqn)) € Fq and B, Ly, Ly, ..., Ly are Fy-linear over Fy, we have Bo f =ho B. Hence we
have the following diagram

Fqn —_— ]Fqn

B(Fgn) —— B(Fgn)
h
We would now apply Lemma 2.4 with A=Fg, f=goB + Z?:] (Li +8)hjoB, S=S5 = B(Fqn),
A=A=B and h as defined above. By Lemma 2.4, f(x) is a permutation polynomial of Fg» if and only

if h(x) induces a permutation of B(Fg) and f(x) is injective on each B l(y)e Fgn for all y € B(Fgn).
For any given y € B(Fgn) and o, B € B~1(y), we have B =« + x for some x € ker B. Since

FB)=fla+x=g(B@)+ ) (Llx+x +8)hi(B@)=f@)+ ) Lhiy),

i=1 i=1
f(x) is injective on each B~1(y) € Fgn for all y € B(Fgn) if and only if
r
ker BN 1<er<ZL,-hi(y)> = {0}
i=1

for all y € B(Fgn).
The last conclusion of this theorem then follows from Lemma 2.3. O

In what follows in this section, we show that some earlier results on permutation polynomials are
special cases of Theorem 3.1 and present new results on permutation polynomials.

Corollary 3.2. (See [1, Theorem 6.1].) Let q be a prime power, and let L1, L, L3 : Fgn — Fgn be q-polynomials
over Fg. Let w(x) € Fgn[x] such that w(L3(Fgn)) € IFq. Then

f) =L1(x) + Law(L3(x))

is a permutation polynomial of Fgn if and only if the following two conditions hold:
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(i) ker(Fy) Nker(L3) = {0}, forany y € L3(IF¢n), where

Fy(x):=L1(%) + La(x)w(y).
(i) h(x) :=L1(x) + La(x)w(x) permutes L3 (Fgn).

Proof. The conclusion of this corollary follows from Theorem 3.1 by setting r=2, g=0, hy =1,
hy=w,8;=6,=0,B=1L3. O

The following is a consequence of Theorem 3.1.

Corollary 3.3. Let r > 1 and n > 1 be positive integers. Let L1(X), ..., Ly (x) € Fq[x] be g-polynomials, g(x) €
Fgnlx], h1(X), ..., hy(x) e Fg[x] and 61, ..., 6 € Fgn. Then

r

FOo = g(Tr(0) + Y (Lix) + 8)hi(Tr(x))

i=1
is a permutation polynomial of Fgn if and only if

(1) Tr(g(x)) + 2?21 (Li(x) + Tr(8;))h; (x) permutes Fg; and
(2) forany y e g, ZIT:] Li(x)h;i(y) permutes ker(Tr).

Moreover, (2) is equivalent to ged(}"i_; Li(x)hi(y), Z?;g x)y=1forany y € Fq, where l;(x) is the con-
ventional q-associate of Li(X).

Proof. Put B(x) =Tr(x) in Theorem 3.1. We have then B(Fg) = Tr(IFyn) = Fq. Hence B(3;) € IFq. The
conclusion of this corollary follows from Theorem 3.1. O

The following is a consequence of Corollary 3.3 and Lemma 2.3.
Corollary 34. Let r > 1 and n > 1 be positive integers. Let Li(x) = Z'};} a?xqj, i=1,...,r, be q-
polynomials over Fg, g(x) € Fgn[x], h1(x), ..., hy(x) € Fg[x] and 81, ..., 8; € Fgn. Then

F(o = g(Tr(0) + Y (L) + 8)hi (Tr(x))

i=1
is a permutation polynomial of Fgn if and only if the following two conditions hold:

(1) Tr(g®) +>_i_; (Z'};} aj.i)x + Tr(8;))hi(x) is a permutation polynomial of IF.
(2) For any y € IFg, the only common solution of the two equations erzl Li(x)hij(y) =0 and Tr(x) =0 in

Fgnisx=0.

Moreover, (2) is equivalent to ged(}"i_; i(x)hi(y), Z?;g x)=1forany y € Fq, where l;(x) is the con-
ventional q-associate of Lj(X).

Proof. By Lemma 2.3, gcd(ZL] Li(x)hi(y), Z?;o] x)=1 for any y € Fq if and only if condition (2) is
satisfied. The desired conclusion then follows from Corollary 3.3. O
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Corollary 3.5. Let L(x) = Z"_Ol a,-xqi € IFq[x] be a q-polynomial, and let o € Fgn. Then

Ly (x) =aTr(x) + L(x)

is a permutation polynomial of Fgn if and only ifZ?;O] a; +Tr(e) # 0 and ged(I(x), Z?;()l x1) =1, where l; (x)
is the conventional q-associate of Lj(X).

Proof. In Corollary 3.4, put g(x) =ax, r=1, L1(x) = L(x), 81 =0, and h(x) = 1. We have then

g(Tr() + Y (L) + 8;)hi(Tr(x) = a Tr(x) + LX) = La (X).
i=1

On the other hand, we have

r

JO =Tr(g®) + Y _(Li(x) + Tr(8))hi(x) = Tr(@x) + L(x).

i=1

Clearly, J(x) maps Fy to IFy. Restricting J(x) on Fyq, we have

n—1
J(x) := Tr(ex) + L(x) = Tr(e)x + (Zai)x.

i=0
The desired conclusion then follows from Corollary 3.4. O

The following follows from Corollary 3.5 directly.

Corollary 3.6. Let L(x) = Z?:_(} a,-xqi € Fg[x] be a g-polynomial over . Let a € Fgn such that Tr(a) = 0.
Then

Lo (%) =aTr(x) + L(x)

is a permutation polynomial of Fgn if and only if gcd(I(x), X" — 1) = 1. In particular, L(x) is a permutation
polynomial of Fgn if and only if ged(I(x), X" — 1) = 1, where I(x) is the conventional g-associate of L(x).

In Theorem 3.1, putting L1(x) = Ly(x) =--- = L;(x) = L(x), we obtain the following.

Corollary 3.7. Let q be a prime power, and let r > 1 and n > 1 be positive integers. Let B(x), L(x) € F4[x]
be q-polynomials, g(x) € Fgn[x], h1(x), ..., hr(x) € Fq[x] and 81, ...,8; € Fgn such that B(5;) € Fq and
hi(B(Fgn)) € Fq. Then

r

F=g(BX)+ Y (Lo +8i)hi(B(x)

i=1
is a permutation polynomial of Fgn if and only if
(1) B(gx) + er:] (L(x) + B(8;))h;(x) permutes B(IFgn); and

(2) ged((Xi_1 hiy)lx),b(x)) = 1 for any y € B(Fgn), where l;(x) and b(x) are the conventional g-
associate of Lj(x) and B(x).
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The following result in [1] is a special case of Corollary 3.7.

Corollary 3.8. (See [1, Theorem 5.5].) Let q be a prime power, a € Fy, and let b € Fgn. Let P(x) be a g-
polynomial over Fq which permutes Fgn, and L(x) be a q-linear polynomial over Fy. Let g(x) € Fgn[x] such
that g(L(Fgn)) € Fq. Then

fx) =aPx) + (P(x) +b)g(L(x))
is a permutation polynomial over Fgn if and only if

(i) —a ¢ g(L(Fqn)); and
(ii) h(x) =aP(x) + (P(x) + L(b))g(x) permutes L(Fgn).

4. Specific permutation polynomials from the first theorem

In this section, we present a few classes of specific permutation polynomials that are consequences
of Theorem 3.1. The following corollary is a generalization of Theorem 5 in [6].

Corollary 4.1. Assume that gcd(n, k) =1, gcd(n, q) = 1 and § € Fyn is an element with Tr(§) = 0. Then the
polynomial

k_
FX) =ax? + (x+8)(Tr(0)T !
is a permutation polynomial of Fgn for all a € Fg \ {0, —1}.

Proof. We apply Corollary 3.4 with g(x) =0, r=2, L1(x) = aqu, Ly(x)=x, =0, 6,=6, h1(x) =1,
k_1
and hy(x) =x9 ~'. Then

F = g(Tr(0) + 3 (Litx) + 81) i (Tr(0) = ax®* + (x+ ) (Tr(0)T
i=1

Note that

100 = Tr(g00) + Y (Li0) + Tro0 i) = axt” + x(Tr0) ™.
i=1

Restricting J(x) on g, we have

JX) =@+ 1x

because gcd(n, q) = 1. Hence J(x) permutes [Fg.
On the other hand, we have

r
> Lihi(y) =axt 4+,
i=1

If there is an element y € Fg and an element x € Fgn such that Tr(x) =0 and

k k
ax? +xy? =0
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which implies x =0 or x = by for some 0# b € F; due to gcd(k,n) = 1. If the latter equality holds,
we have Tr(x) =nby =0, and thus y =0 and x=0.

Therefore the conditions of Corollary 3.4 are satisfied and the desired conclusion follows from
Corollary 3.4. O

Corollary 4.2. Let n be a prime and let q = 2. Define for each i with0 <i <n

a1l if i is a quadratic residue modulo n,
"7 10 otherwise.

Let L(x) = Y"1 aix?' € Fy[x] and

Ly(X) =aTr(x) + L(x),

where o € Fgn. Then Ly (x) is a permutation polynomial of Fgn if n = 3 (mod 8) and Tr(a) = 0 or
n=>5 (mod 8) and Tr(x) = 1.

Proof. By definition, Tr(x) + Z?;(} a; =1 in both cases. Let [(x) be the conventional g-associate of
L(x). It was proved in [8] that gcd(x" — 1,1(x)) =1 if n=3 (mod 8) and ged(x" — 1,I(x)) =x — 1 if
n=5 (mod 8). The desired conclusions then follow from Corollary 3.5. O

Corollary 4.3. Let n = nyny, where ny and ny are two distinct primes such that gcd(ny — 1,ny — 1) = 2, and
let ¢ = 2. Define for each i with0 <i <n

07 ie{03n272n27"'7(n1 _l)nz}v
a=141, o ie{ng,2ny,..., (2 —1Hm}, (4.1)
1 - (,1'—])(%))/2, otherwise,

where (%) denotes the Legendre symbol. Let L(x) = ?:_01 aixqi € Fqlx] and

Lo (x) = aTr(x) + L(x),

where o € Fgn with Tr(a) = 1. Then Ly (x) is a permutation polynomial of Fgn if ny =1 (mod 8) and
ny =3 (mod 8) orny =5 (mod 8) and n, =7 (mod 8).

Proof. By definition, Tr(a) + Z?;Ol a; = 1 in both cases. Let I(x) be the conventional g-associate
of L(x). It was proved in [7] that gcd(x" — 1,1(x)) =x — 1 in both cases. The desired conclusions
then follow from Corollary 3.5. O

5. The second theorem and its applications

The following theorem is another application of Lemma 2.4, and is a multiplication version of
Theorem 1.4 in [1].

Theorem 5.1. Assume that A is a finite field and S is a subset of A such that the map A : A — S is surjective.
Letg:A— A h:S— S,and f : A— A be maps such that the following diagram commutes:
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fxgx)

Then the map p(x) = f (x)g(1(x)) permutes A if and only if the following conditions hold.
(i) his a bijection from AL(A) to L(A).
(ii) g(y) # 0 forevery y € A(A) with tA~1(y) > 1.
(iii) f(x) is injective on each A= (y) for all y € A(A).
Proof. By Lemma 2.4 and the assumptions of this theorem, f(x)g(A(x)) permutes A if and only if h
is a bijection from A(A) to A(A) and f(x)g(A(x)) is injective on each A~1(y) for all y € A(A).

For given y € A(A) and o, 8 € A~1(y), we have A(a) = A(8) = y. Define p(x) = f(x)g(r(x)). If
p(a) =p(p), then

p(@) = f(0)gy) = f(BgY) =p(B).

Therefore p(x) is injective on each A~1(y) for all y € A(A) if and only if g(y) # 0 for every y € A(A)
with #2~1(y) > 1 and f(x) is injective on each A~1(y) for all y € A(A). O

The following is a consequence of Theorem 5.1 and Corollary 11 in [15]. It can be also derived from
Theorem 6.3 in [1]. This demonstrates that Theorem 5.1 is a generalization of Corollary 11 in [15].

Corollary 5.2. If h(x) € Fg[x], h(0) # O, then the polynomial p(x) = xh(Tr(x)) permutes Fgn if and only if
u(x) = xh(x) permutes Fy.

Proof. Define A =TI and

n—1

Ax) =Tr(x) =x+ x4+ ... +x1

Since the following diagram

xh(Tr(x))

]Fqn —_— ]Fqn

Fg —— = Ty

xh(x)
commutes, the desired conclusion follows from Theorem 5.1. O

Corollary 5.2 is related to [3,18,21,24]. Note that the following diagram commutes:

X'g(x%)

Fg — Ty

XS(Fq) - XS(Fq)
X' g(x)
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Note also that " = 8", ® = 8° implies o = g if and only if gcd(r,s,q — 1) = 1. The following follows
from Corollary 5.2.

Corollary 5.3. (See [1, Proposition 3.1].) Let r and s be positive integers. Then x" g(x°) is a permutation polyno-
mial of Fyq if and only if ged(r, s, q — 1) = 1 and X" g(x)* permutes (IF?;)S.

Combining Corollaries 5.2 and 5.3, we have the following corollary, which is an improvement of
Proposition 2.12 in [22].

Corollary 5.4. Assume q = 1 (mod d). If h(x) € Fq[x], h(0) # 0, then the polynomial p(x) = xh(Tr(x) 4~ 1/4)
permutes Fgn if and only if xh(x)@~1/4 permutes 14, which is the set of all dth roots of unity in .

The permutation polynomials in Corollary 5.4 are related to permutation polynomials from cyclo-
tomy [23,25].
For any integer d > 2, define

hq(x) =X x2 4 i x41e Fqlx].

Corollary 5.5. Let2 <d < q —1such thatd|{(q—1),u>1,r>1and0<ki<d—1,s5;€Z,i=1,...,r. Let
bieFg,i=1,...,r, and polynomials g;(x) € Fq[x],i=1,...,r, be divisible by hy(x). The polynomial

r

g(x)—x“l_[ (xAD/) 4 pyxki @D/ ]

is a permutation polynomial if and only if the following four conditions hold:

(1) by---br#0inFq.

(2) gcd(u (@-1/d)y=1.

(3) ged(u + (i kisi) (@ —1)/d,d) =1.

(4) TTi=;(gi(1)/bi + 1)% is a dth power in Fg.

Proof. By convention, we use py4 to denote the set of all dth roots of unity in Fg. It is easy to check
that the following diagram commutes:

g(x)
]Fq — A

(IFq)S T‘ (Fq)S
where s =(q —1)/d and

r
h(x):x“l_[ g,(x)—i—bx S'(q RS
i=1

Since h(1) =[]}_; (gi(1) + b))$@~D/4 and
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-

h(x) =xu1_[ b x s(q 1)/d n(b )sl (q-1)/d u+(Z, 1 kisi)(g@—1)/d (5.1)
i=1 i=1

for any x € uqg \ {1}, we have condition (1).

It follows from Corollary 5.3 that gcd(u, (g —1)/d,q — 1) =1, i.e., gcd(u, (@ — 1)/d) = 1. So we get
condition (2). By (5.1), h(x) permutes x*(Fy) if and only if

.
gcd(u + (Zlc,-s,-)(q —1)/d, d) =1
i=1
and []i_;(gi(1)/b;i + 1) is a dth power in Fy. These are conditions (3) and (4). We are done. O
Corollary 5.5 above is a generalization of Theorem 1 in [25] and Theorem 2 in [15].
6. Two more theorems on permutation polynomials

The following theorem is another application of Lemma 2.4, and is a variant of Theorem 1.4(c) and
Theorem 5.1(c) in [1].

Theorem 6.1. Assume that A is a finite field and S,_§ are finite subsets of A with #(S) = #(S) such that the
maps ¥ : A— Sand v : A — S are surjective and  is additive, i.e.,

YA+ =YX +V(Y), X yEA.
Letg:S— A,and f : A— A be maps such that the following diagram commutes:

f+goy

R

<
n<——->n

:

i <—>x
<

and Y (g(¥(x))) = 0 for every x € A. Then the map p(x) = f(x) + g(¥ (x)) permutes A if and only if f
permutes A.

Proof. It follows from Lemma 2.4 and the assumptions of this theorem that f(x) + g(y(x)) permutes
A if and only if f is a bijection from S to S and f(x) + g(¥ (x)) is injective on each ¥ ~1(s) for all

seSs.
On the other hand, by assumption we have ¥ (g( (x))) =0 for every x € A. Hence,

V(f+e(®))=v(f®)+v(e(v®))=v(fx)

for all x € A. Therefore, the following diagram commutes:

f
E—

<
n<——>->

:

i <—>x
<
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Applying Lemma 2.4 to this commutative diagram, we know that f(x) permutes A if and only if f is
a bijection from S to S and f(x) is injective on each y~1(s) for all s€ S.
Let a; € ¥~ 1(s) and ay € ¥ ~1(s), where s € S. Note that ¥ (a;) = ¥ (az) = s. We have then

f@) +g(v(@)) = f(a) + g(s)
and
f@a) + g(v (@) = f(az) + g(s).

It follows that f(x) + g(¥ (x)) is injective on each ¥ ~1(s) for all s € S if and only if f(x) is injective
on each ¥~ 1(s) for all s € S.
Summarizing the discussions above proves the desired conclusion. O

We will employ Theorem 6.1 to prove the following corollary.

Corollary 6.2. Let n and k be positive integers such that gcd(n, k) =d > 1, let s be any positive integer with
s(g¥ — 1) =0 (mod g" — 1). Let

Li(x) = apx + a1x® +aix®™ + .- + an/d_1xq"_d, aj € Fy,
be a q¢-polynomial with L1(1) = 0 and let Ly(x) € Fq[x] be a linearized polynomial and g(x) € Fgn[X]. Then
Fo=(g(Li®))" + L2
permutes Fgn if and only if Lo (x) permutes Fgn.

Proof. Since gcd(k,n) =d, so gcd(g — 1,q" — 1) =q% — 1, and thus s(g* — 1) =0 (mod q" — 1) if and
only if s(g? — 1) =0 (mod q" — 1). Therefore

sq"=s¢""V=...=5 (modq"—1).
It follows that for any x e Fgn, (g(L1(x)))s‘7rd = (g(L1(x)))* for any positive integer r. Hence
Li((g(L1(x)))*) = Li(D)(g(L1(x)))* = 0 for every x € Fgn. Now applying Theorem 6.1 with ¢ =y =
Li1(x) and f = L,(x), we obtain the desired conclusion. O
Note that Corollary 6.2 can also be derived from Theorem 2 and Theorem 1 in [11].
In Corollary 6.2 putting L1(x) = X0 X, 8(X) =x+46,8 e Fpn and Ly (x) = x, we obtain the following
corollary, which is a slight generalization of Proposition 2 and Remark 1 in [22] as in the following

corollary q could be any prime power.

Corollary 6.3. Let n and k be positive integers such that gcd(n, k) =d > 1, and let s be any positive integer
with s(g¥ — 1) = 0 (mod q" — 1). Then

he) = (¢ —x+6)° +x
permutes Fgn for any § € Fn.

Theorem 6.4. Let q = p® for some positive integer e.
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(a) Ifk > 2 is an even integer or k is odd and q is even, then fg p x(x) := ax? + bx + (x1 — 0k a,be Fg with
a+b e Fy, permutes Fy if and only if b # af.

(b) Ifk and q are odd positive integers, then fg ;(x) := ax? +a%x+ (x4 —xkae IF;‘Z and a+a? # 0, permutes
Fg2 ifand only if ged(k,q — 1) = 1.

Proof. Note that

(fap k@) = fapx@® = ((b—a")x)" — (b —a¥)x + (x — xq)k - (¥ - x)k.

(a) Since k is even or k is odd and q is even, we have
(fab k) = fapr® = ((b—a?)x)" — (b —a%)x.
On the other hand, since a +b,a+ a? € Fy, then b —a? € Fy, and so
(b —a%)(x1 —x) = (b — a?)x)? — (b — a%)x.
Hence in case (a) we have the following commutative diagram

fab k)
R

xq—xl

_—
(b—a%)x

2

Q

xT—x

\n<—

where S ={a? —a, o €Fp} and S={(b—al)s: seS}. Note that s € S if and only if Tr(s) = 0. It is

obvious that (b —a%)x is a bijection from S to S if and only if b —a # 0.
For any x, y € Fp» with

x1—x=y9—y and ax?+bx=ay?+ by,

we have

x—yI=x—y, ax—yT=-bx-y).

Therefore by Lemma 2.4, fqp () :=ax? 4+ bx + (x1 — X)X, a,be Fp2 with a+b € 7, permutes Fp. if
and only if b # a?.
(b) Since k is odd, we have the following commutative diagram

fa, KkX)
Fpe )

qul

S ——
—2xk

2

)

x1—x

0 <—

where S ={a? — o, ¢ €Fp} and S={-2sk: ses}).
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For any x, y € Fp2, a € Fp2 with a+a?+#0,

X1 —x=y"—y and ax?+aix=ayl+aly

hold only when x = y. Therefore by Lemma 2.4, fq ,(x) :=ax? +a%x+ (x9 —x)k ae Fg2 with a+al=#£0,
permutes F. if and only if —2x* is a bijection from S to S.

Let € € Fp2 \ Fq such that €91 = —1 (since q is odd). Then each « € Fg is uniquely written as
u+ ve for some u, v € Fq. We compute then easily that «? — o = —2ve. Since k is odd, so (=2ve)k =
(—2de)* implies v =d if and only if ged(k, g — 1) = 1. Therefore fy ;(x) := ax?+alx+ (x? —x)¥, a € ]Fj;2
with a + a9 # 0, permutes F if and only if ged(k, g — 1) = 1. This completes the proof. O

Theorem 6.4 above is a generalization of Theorem 5.12 in [1] in the following aspects:

1. In case (a), the constants a and b in Theorem 6.4 belong to F,», while in Theorem 5.12 of [1] the
two elements a and b are in the subfield IFy.

2. In case (b), the constant a in Theorem 6.4 belongs to T,
constant a is in the subfield IFy.

3. In Theorem 6.4 above, the case that k is odd and q is even dealt with, while this case is not
considered in Theorem 5.12 of [1].

¢» While in Theorem 5.12 of [1] the

7. Concluding remarks

Lemma 2.4 does not require the sets A, S and S to have any algebraic structures. As demonstrated
in [1] and this paper, Lemma 2.4 can be employed to construct many types of permutation polynomi-
als over finite fields when the sets A, S and S are finite fields and subsets of finite fields. This clearly
shows the power and potential of Lemma 2.4. Of course, one has to figure out specific techniques of
using Lemma 2.4 in order to construct specific permutation polynomials. All the results presented in
this paper were obtained by using Lemma 2.4 and specific techniques in finite fields.
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