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1. Introduction, motivations and objectives

Let ¢ be a prime power, GF(q) be the finite field with q elements. A g-ary [n, k., d] linear code C is a k-dimensional
linear subspace of GF(q)" with minimum distance d. A g-ary [n, k, d] linear code is said to be distance-optimal if there is
no g-ary [n,k,d’] linear code with d’ > d. Let A; denote the number of the codewords of Hamming weight i in C. The
sequence (1, A1, Az, ..., Ap) is called the weight distribution of C and the polynomial Z?:o Aizi is referred to as the weight
enumerator of C. If |[{i: A; #0, 1<i<n}| =t, then the code C is called a t-weight linear code. Linear codes with a
few weights are interesting because they are closely related to strongly regular graphs, secret sharing schemes, association
schemes, and so on (see [5-7,11,16,18,51]).

For any g-ary [n, k, d] linear code C, there are two types of extended codes which are defined as follows.

e Let u e GF(q)" be a nonzero vector. The extended code of C with respect to u is defined by

C(u):={(¢,cny1): €€C, Cuy1 =cu’},

where u? denotes the transpose of u. When u = —1, where 1 denotes the all-one vector over GF(q) with length n, the
extended code C(u) is called the standardly extended code.

e Let G be an ¢ x n matrix whose row vectors linearly span C and g € GF(q)¢. The extended code of C with respect to G
and g, denoted by C(G, g), is a g-ary linear code linearly spanned by the row vectors of the matrix (G g7T).
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For these two types of extended codes, we have the following.

e The code C(u) has parameters [n+1, k, d], where d € {d, d+1}. Even if two codes C(u;) and C(uy) have the same min-
imum distance, they may have different weight distributions and different automorphism groups [58]. The standardly
extended codes C(u) of a few infinite families of linear codes were studied in [1-3,10,14,52,57]. Recently, nonstandardly
extended codes of certain families of linear codes have been studied in [58]. In general, determining the parameters of
such extended codes is difficult.

e The code C(G, g) has parameters [n+ 1, k, d], where k € {k,k+ 1} and d € {d,d + 1}, where k and d denote the dimen-

sion and minimum distance of the linear code C linearly spanned by the row vectors of G, respectively. In particular,
if rank(G) is equal to the number of rows of G (i.e., G is a generator matrix of the code C), then there is a vector
u € GF(q)" such that Gu™ =gT and C(u) = C(G, g) (see [58]).
Let C be a g-ary [n,k,d] linear code. If there are G and g such that the row vectors of G linearly span C and C(G, g)
has parameters [n+ 1, k,d + 1], then C is said to be extendable. The extendability of certain linear codes C with respect
to this extending technique C(G, g) and parameters of certain extended linear codes C(G, g) were investigated in [8,24-
26,31-36,38-49,53,54,56,64].

For differences and connections between the two extending techniques outlined above, the reader is referred to [58].
For a g-ary [n, k, d] linear code C, the dual code of C is defined by

n—1
cti=1{(a.a,....an-1) €GF(@)": Y aibi=0, V (bo,b1,...,bn 1) ec} .
i=0
It is well known that C+ is a g-ary [n,n — k, d*] linear code. If dL > 3, C is said to be projective. Projective two-weight
codes are an interesting family of linear codes because they are closely related to interesting combinatorial and geometric
structures [6,11,18]. A number of projective two-weight codes have been constructed in [6,15,17,19,22,27-29,62,63]. But
little is known about the extended codes C(u) of projective two-weight codes C.
This paper is motivated by the following open problem and [58].

Open Problem 1. What is the weight distribution of the extended code C(u) for a given linear code C and vector u?

As explained in [58], the determination of the minimum distance of an extended code C(u) is in general a hard problem.
For instance, the minimum distances of the extended codes C(u) are not completely settled when C is a nonbinary Hamming
code. Of course, Open Problem 1 is a much harder problem, compared with the determination of the minimum distance of
C(u). But Open Problem 1 could be settled for certain families of linear codes C and certain vectors u.

The objectives of this paper are the following:

1. Determine the weight distributions of the extended codes C(u) of projective two-weight codes C.
2. Study the duals of the extended codes C(u) of projective two-weight codes C.

The rest of this paper is organized as follows. Section 2 presents some auxiliary results. Subsection 3.1 develops a
general result about the weight enumerator of the extended codes of projective two-weight codes. Subsection 3.2 studies
the extended codes of a family of constacyclic projective two-weight codes. Subsection 3.3 investigates the extended codes
of ovoid codes. Subsection 3.4 considers the extended codes of the Denniston maximal arc codes. Section 4 summaries the
contributions of this paper.

2. Some auxiliary results

Let C be a g-ary [n, k,d] linear code with generator matrix G, and u € GF(q)". Then (G Gu") is a generator matrix of
C(u). Clearly, if u e Ct, d(C(w') = 1. Such extended code C(u) is said to be trivial. Below we always assume u € I1(C) :=
GF(q)"\C*. Throughout this paper, d(C) denotes the minimum distance of a linear code C. For a g-ary code C with weight
distribution (1, A1, ..., Ap), we denote by (1, AL, ..., Aﬁ) the weight distribution of its dual code.

Lemma 2. [58] Let C € GF(q)" be a linear code with d(C1) > 3 and let u € T1(C). Then the following hold.

1. dCwt) > 2.

2. d(C(w)1) =2 ifand only if there are a € GF(q)* and e;j such thatu+-ae;j € C+, where e; is the vector of GF(q)" such that its j-th
coogiinator is 1 and its other coordinates are 0. _ .

3. Let A5 denote the total number of codewords with weight 2 in C(u)t. Then Ay €{0,q—1}.

The first three Pless power moment identities on the two weight distributions of a g-ary [n, k] linear code are given as
follows (see [30, Section 7.3]):
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n
> Ai=d",
i=0

n
> iAi=q""l(q - Dn - A7l,
i=0

n
Y i2Ai=q"2{@@— 1)’ + (@ — Dn—[2(q — Dn — g+ 2]A] +247).
i=0
These Pless power moment identities above will be needed later.
Let A € GF(q)\{0}. A g-ary [n, k, d] linear code C is A-constacyclic if (co,c1,...,cn—1) € C implies (Acp—1,Co,C1,...,Cn—2) €
C. Define

n—1
®: GF(@)" — GF(@)IX]/(X" = 1), (C0.C1.-...Co1) > ) CiX.
i=0

It is known that every ideal of GF(q)[x]/{x" — A) is principal and a code C C GF(q)" is A-constacyclic if and only if ®(C) is
an ideal of GF(q)[x]/{(x" — A). Due to this, we will identify C with ®(C) for any g-ary A-constacyclic code C of length n. Let
C = (g(x)) be a g-ary A-constacyclic code of length n, where g(x) is monic and has the smallest degree. Then g(x) is called
the generator polynomial and h(x) = (X" — 1)/g(x) is referred to as the check polynomial of C.

Let A € GF(g)* with order r, and let ord;;(q) denote the multiplicative order of ¢ modulo rn. Suppose gcd(n,q) =1 and
m = ordr (). Then there is a primitive element o of GF(g™) such that 8 = @ ~D/™ and B" = A. The minimal polynomial
Mﬁi(x) of B! over GF(q) is the monic polynomial of the smallest degree over GF(q) with B! as a zero. For any positive
integer m, let Trgm/q denote the trace function from GF(q™) to GF(q). The trace representation of A-constacyclic codes is
documented below (see [20], [55], [59, Theorem 1]).

Lemma 3. Let A € GF(q)* with ord(A) =r. Let n be a positive integer such that gcd(n, q) = 1. Let m = ord,,(q) and let 8 € GF(q™) be
a primitive rn-th root of unity such that 8" = i. Let C be a q-ary A-constacyclic code of length n with check polynomial ]_[j-:1 Mﬂij (x).
Then C has the trace representation

n—1

S
=1 Trm  @p) :a;jeGF(@™), 1<j<s¢,
=1 t=0

wherem; = deg(Mﬂij (x)).
3. The extended codes of projective two-weight codes
In this section, we study the extended codes of projective two-weight codes.
3.1. A general result about the weight enumerator of the extended codes of projective two-weight codes

The following theorem gives the weight enumerator of an extended code C(u) of a projective ‘two-weight code C in
terms of the dimension and the nonzero weights in C and the number of codewords of weight 2 in C(u)'.

Theorem 4. Let C be a g-ary projective two-weight code of length n and dimension m > 3 with nonzero weights wy and w. Let
u € I1(C). Then the nonzero weights of C(u) are from the set {w1, w1 + 1, wa, wy + 1}. Furthermore,

_ _ _o—1
@' = DHwy —q"2(q — Dn +q" %4,

Ay =
Wy — Wy
— q"1(q — Hwy — q"2(q — 1)%n — q" 27,
AW1+] = )
Wy — Wq
— @1 = Dywq — q"2(q — Dn + q"2A;
AW2 = )
Wi — W,
- " (g = Hwi —q"2(q — 1)*n — q" 24,
AW2+] = ’

w1 — w2
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where A; denotes the total number of codewords with Hamming weight i in C(u), and

ZL_ q—1 ifu+ae; e ¢t for somea € GF(q)* and 1 < j <n,
27 o otherwise.

Proof. Since C has only nonzero weights w; and wy, the nonzero weights of C(u) must belong to the set {wi, wi +
1, wa, wa + 1}. Let A; denote the total number of codewords with Hamming weight i in C. By assumption, d(C1) > 3. By
the first three Pless power moment identities, we get

AW1+AW2:qm_17 (1)
wiAw, + waAw, =¢"'(q— Dn, ()
W%Awl + W%AW2 =q"2(q—Dngn—n+1).

It is easily seen that

ZW] +ZW1+1 :AW1 (3)

and
ZW2 + ZW2+1 = AWz- (4)

Since d(C*) > 3, it follows from Lemma 2 that d(C(u)+) > 2. Let ZZL denote the total number of codewords with weight 2
in C(u)*. By Lemma 2, Zﬁ' €{0,q—1}, and Zzl =q—1if and only if u+ae;j € C* for some a € GF(q)* and 1 < j <n.
By the second Pless power moment identity, we have
wiAw, + (W1 + DAy, 41+ W2Ayw, + (Wa + 1) Ay, 11
= w1(Aw, + Awi+1) + W2 (Aw, + Awyt1) + A1 + Awyt1
= W1Aw, + W2Aw, + A1 + Aw, 41
=q""'(q—Dn+ Ay 41+ Awyia
=q¢" N q—-Dn+1D). (5)
It follows from (5) that
Awi+1+ Awyp1 =0"" g - 1. (6)
By the third Pless power moment identity, we get
Wi Aw; + W1+ 12 A, 1+ W Aw, + (W2 + 1) Aw, 1
= W%(Zw1 + Aw,+1) + W%(sz + Awy 1) +2(W1Aw, 41+ W2Aw,+1) + Aw 1 + Ayt
= W%Aw1 —+ W%sz +2(W1Aw 11 + W2Aw,1) + Awi41 + Awyt1
=q"2(@—Dn@n —n+1D+q"" @ =1 +2W1Aw, 41 + WaAw,11)
=q"2[(g—- D)+ D@n+1) — (+1)+1) + 24, ]. (7)
It follows from (7) that
WiAw 41+ Wahw,p1 =q"2(q— 1)*n+ quzgzl. (8)

Combining (6) and (8), we get

— _ _o—1
q" (g - Dwz —q"%(q — 1)*n — g" %A,

ZW1+‘l = W — Wy 5 (9)
— q"1(q — Hwy — q"2(q — 1)%n — q"2A;
Awysr = — : (10)

Combining (1) and (2), we have
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_ @ —Dwy—q" (@ Dn

Aw, (11)
W2 — Wq
@"—Dwi —¢"(@g—1n
Ap, =4 T 4 . (12)
w1 — W3

Combining (3), (9) and (11), we obtain

—1
@1 = Dwy — g™ 2(q — Dn+q" %A,

Aw, =
W2 — Wq

Combining (4), (10) and (12), we arrive at

— (@1 = Dwq — g"2(q — n + q" 27,
Aw, = .

w1 — wp

This completes the proof. O

Corollary 5. Let C be a g-ary projective two-weight code of length n and dimension m > 6. Suppose n # (q™ — q)/(q — 1) and
u e I1(C). Then d(C(u)) =d(C).

Proof. Let 0 < wq < w; be the two weights of C. By Theorem 4, to prove the desired result, we only need to prove
@' =Dwa—q" @ - D —e) #0
for € € {0, 1}. Suppose on the contrary that

@' —-1Dwy — g™ 2@ - 1)(n—e)=0.

It then follows that ¢"~2 | w;. Let wy = Aq™ 2 for some A. Then n = A(q";__]fl ) + €. On the other hand,
Aw1 +Aw2:qm_1v (13)
w1Aw, +w2Aw, =¢" (@ — Dn, (14)
wiAw, + WiAw, =q¢" (@ — Dn(gn —n+1). (15)

By (13) xwy — (14), we get

(w2 — wi)Aw, =q" (@ — D0 — ge). (16)
By (14) xw; — (15), we obtain

wi(wa —wi)Aw, =q" %@ — Dk —1— (g - Del. (17)
Combining (16) and (17), we have

_n[k—l—(q—l)s]
a A—qe ’

w1

If e =1, we have wi; =n, a contradiction. If £ =0, then w; = (A — l)(qm 1

_—1) Notice that 0 < wi < wy and n # (@™ —
]
q)/(q—1), we get 2 <1 <q— 1. By (16), we get !

A@—1q"2=0 (mod wy — wy). (18)
Notice that wy, — w1 = qmq7:;1 - k(%), we have gcd(wy — wq,q) =gcd(h —1,q) < q. By (18), we obtain
Wy — Wi
—— | X (g—1).
gedG—1.9 07

It then follows that wy — w1 < A(q@—1)gcd(A —1,q). Sincem>6 and A <q—1,
wy—wi>¢q >(@q—1)*q—2)=xq—1)ged(r —1,9),

a contradiction. This completes the proof. O

In the next three subsections, we will make use of Theorem 4 to study the extended codes of several infinite families of
projective two-weight codes.
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3.2. The extended codes of a family of constacyclic projective two-weight codes

Let g > 2 be a prime power and m = 2Is > 4, where [ and s are positive integers. Let h be a positive divisor of ¢° + 1 and
2<h < g + 1. Let o be a primitive element of GF(g™) and 8 = . Then B is a primitive (g™ — 1)/h-th root of unity. Let
n= hq(q—j) and A = g". Then A is a primitive element of GF(q). Since q > 2, A # 1. Let Mig(x) denote the minimal polynomial

of B over GF(q), and let C(B) be the g-ary A-constacyclic code of length n with check polynomial Mg (x). Let 6 = B~ 1. Then
C(B) has the following trace representation:

{e(@) = (Trgn/q(@), Trgm/q(@d), ..., Trgn/q(@d" ")) :a € GF(g™)} .
This family of constacyclic codes was investigated in [17]. In this subsection, we study the extended codes of this family of
constacyclic codes.
Theorem 6. [17] The A-constacyclic code C(B) has parameters [n, m] and weight enumerator

q" -1 quHfl)Iq(}:lfl)q’"/z N (h—1D(q™ - 1)qu+<—1;;*1qm/2 .
h h
The dual code C(B)~* has parameters [n,n —m,d > 3].

1+

Theorem 7. Let C(8) be the A-constacyclic code in Theorem 6 and u € TI(C(B)). Then d(C(B8)(w)) = d(C(B)).

_ "+ (=D'(h—1)q"?
= .

_1yl-1gm/2 .
Proof. Let wq and wy = w. According to Theorem 4, we deduce

Aw, = [q(mfz)/z +(_1)1] #(—1)1 _q<m72>/2(_1)122l, (19)
Ay, 1= qMm2 [M(q -1+ (—U’Zj], (20)
A, =q" 1 —1—[gm 224 (—1)’1#(_”1 +qM D2 (1) Ay, (21)
Awyi1 = g2/ [(h - qu,iz Dy (—1)’123] : (22)

where Kﬁ' denotes the total number of codewords with weight 2 in C(8)(u)® and Kﬁ' c{0,q—1).
Since m > 4, it follows from (19) that

. (—l)l m/2_l

Then Ay, > 0. Note that h < ¢™? 41 and Z;‘ € {0, q—1}. It then follows from (20) and (22) that Ay,+1 > 0 and Ay,+1 > 0.
When [ is even, it follows from (21) that

£0 (mod qM=2/?),

—_ _ _ qm/z_l _ L
szzqm 1_1_[q(m 2)/2+1]T+q(m 2)/2A2

2
S g1 [qm22 4 ]]qm/ -1
- 2
@™ + 1) (@M 22 —1)
= > 0.
2
When [ is odd, it follows from (21) that
" m/2 41 _
Ay, =q" 1 =1 [qm 22 T h+ —qm-2/2y
- - q"2 +1 _
zqm 1_1_[q(m 2)/2_—1] 2 _q(m 2)/2(q_1)

@™ + 1) (@Mm2/2 —1)
N 2
Consequently, d(C(B)(u)) =d(C(B)). This completes the proof. O

> 0.

6
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Theorem 7 has proved that d(C(8)(u)) = d(C(B)). The weight distribution of C(8)(u) depends on 8 and u in general.
Now we consider the weight distribution of the standardly extended code C(8)(—1).

Lemma 8. Let C(B) be the 1-constacyclic code in Theorem 6. Then d(C(8)(—1)1) > 2. Let Zzl denote the total number of codewords
with weight 2 in C(B)(—1)*. Then

) =

- _o ifo—1¢ (),
g—1 if6—1¢€(0),

where 6 = g~ 1.

Proof. Let M (x) be the minimal polynomial of # over GF(q). Then C(8)1 = (My(x)) is a g-ary A~ !-constacyclic code of
length n. Suppose —1 € C(8)+. Then

14x4+---+x"1=0 (mod M (x)).
It follows that

" —1 A7 1-1
140+ 0" 1=——— = =0,
HOh 6-1 " 6-1

a contradiction. By Theorem 2, d(C(8)(—1)1) > 2.
Suppose d(C(B)(—1)1) = 2. By Theorem 2, there are a € GF(q)* and e; such that —14-aej C(B)*. It follows that

14+x+-+x"1—ax) ' =0 (mod My (). (23)
It is clear that (23) is equivalent to

A1—1

— —api1'=0 & 6/ -9/ 1 =p,

14604 +06"1—api~1=

where b =a~1(A~1' — 1) € GF(q)*. Note that 6" is a primitive element of GF(q). If there is an integer j such that §/ — /=1 ¢
GF(q)*, then 6 — 1 € (). Therefore, if 6 — 1 ¢ (9), we have AL =0.

Suppose 6 — 1 € (9). Then there is a unique integer i with 0 <i <(q— 1)n — 1 such that # — 1 =6'. Suppose i = nig + i1,
where 0 <i; <n—1, 0<ig<q—2. Then § — 1 =6"0git, We claim 2 <i; <n—1.If iy =0, then § — 1 € GF(q), a
contradiction. If i1 = 1, then (1 —6™2)9 = 1. Note that 1 —6™°  GF(q)*, then 6 € GF(q)*, a contradiction. For any b € GF(q)*,
there is a unique integer ¢ with 0 < ¢ <q — 2 such that b = 6"¢. Consequently,

gl — i1 = p — gi—1 = gnt—io—D+n—i
<— j—1=n(f—ip—1)+n—i; (mod (q— 1)n)
< j—1=n-—ij,and¢=ig+1 (modq-—1).

Therefore, there is a unique pair (b, j) such that 6/ — /=1 =b. The desired value of Zzl follows from Lemma 2. This
completes the proof. O

Corollary 9. Let C(B) be the A-constacyclic code in Theorem 6. Then d(C(B)(—1)) = d(C(B)) and C(B)(—1) is a 4-weight code.
Proof. By Lemma 8, —1 ¢ C=. The desired results follow from Theorem 7. O

Corollary 9 proves that d(C(8)(—1)) =d(C(B)) and the weight distribution of the standardly extended code C(8)(—1) is
related to B in general. Let B’ = BY, where v is a positive integer with 2 <v < qu’l —1 and gcd(v, qu’]) =1.Then B’ is
also a primitive qu’]—th root of unity. It is easily verified that C(8’) is equivalent to C(8). However, the weight distribution

of C(8)(—1) and C(8')(—1) may be different, so C(8)(—1) and C(8")(—1) may not be equivalent. Two examples are given
to illustrate this.

Example 10. Let (q,l,s,h) =3,2,1,2). Then m=2ls=4 and n = % = 20. Let « be a primitive element of GF(g™) with
a* + 203 +2=0. The following hold.



Z. Sun, C. Ding and T. Chen Discrete Mathematics 347 (2024) 114080

1. Let p =aM. Then Mg (x) =x* +2x> +x* + 1. Let 0 = g~ 1. It is easily verified that 6 — 1 ¢ (9). Let C(B) be the nega-
cyclic code of length n with check polynomial Mg (x). Then C(B) has parameters [20, 4, 12] and weight enumerator
1+40z'%2 + 402", The dual code C(8)* has parameters [20, 16, 3]. The standardly extended code C(B8)(—1) has param-
eters [21, 4,12] and weight enumerator 1+ 10z'%2 + 30z'3 + 16z'> + 24z'6. The dual code C(8)(—1)' has parameters
[21,17, 3]. Moreover, C(8)(—1) and C(8)(—1)~+ are distance-optimal codes [21].

2. Let B =a’" Then Mg(x) =x* + x> +x*> + 1. Let § = ™1, It is easily verified that & — 1 € (6). Let C(8) be the nega-
cyclic code of length n with check polynomial Mig(x). Then C(8) has parameters [20,4,12] and weight enumerator
1+40z'2 + 402", The dual code C(B)+ has parameters [20, 16, 3. The standardly extended code C(B)(—1) has param-
eters [21, 4, 12] and weight enumerator 1 + 16z'% + 24z'3 + 10z'> + 30z16. The dual code C(8)(—1)1 has parameters
21,17, 2].

Example 11. Let (g,l,s,h) =(5,2,1,3). Then m=2ls=4 and n = 9"-1 _5) Let o bea primitive element of GF(g™) with

hg-1) —
a* + 402 4 4a + 2 = 0. The following hold.

1. Let B =a". Then Mg(x) = x* +2x> +3x% +3x + 3. Let 6 = 1. It is easily verified that  — 1 ¢ (9). Let C(8) be the
2-constacyclic code of length n with check polynomial Mig(x). Then C(8) has parameters [52, 4, 40] and weight enu-
merator 1+ 416z%° 4 208z%. The dual code C(8)+ has parameters [52, 48, 3]. The standardly extended code C(8)(—1)
has parameters [53, 4, 40] and weight enumerator 1+ 76z%0 + 340z*! 4 48z% + 1602%. The dual code C(8)(—1)* has
parameters [53, 49, 3]. Moreover, C(8)(—1) and C(B)(—1)* are distance-optimal codes [21].

2. Let B =a?'. Then Mg (x) = x* 4+ 3x> + 3x% + 2x + 3. Let 6 = B~ It is easily verified that 6 — 1 € (8). Let C(B) be the
2-constacyclic code of length n with check polynomial Mig(x). Then C(8) has parameters [52, 4, 40] and weight enu-
merator 1+ 41620 4+ 208z%. The dual code C(8)' has parameters [52, 48, 3]. The standardly extended code C(8)(—1)
has parameters [53, 4, 40] and weight enumerator 1+ 962z%° + 320z*! + 282z%° + 180z*6. The dual code C(B)(—1)* has
parameters [53, 29, 2].

It looks hard to completely determine the weight distribution of the standardly extended code C(8)(—1). When m =4
and h =q+ 1, it is easily seen that C(8) has parameters [q% + 1,4, g% — q]. The weight distribution of C(8)(—1) will be
determined in Theorem 20.

3.3. The extended codes of ovoid codes
Throughout this subsection, let ¢ > 2 be a prime power and let n =q? + 1.

3.3.1. Some extended codes of the elliptic quadric codes and Tits ovoid codes
An ovoid in the projective space PG(3, GF(q)) is a set of g2 + 1 points such that no three of them are colinear (i.e., on
the same line). A classical ovoid V can be defined as the set of all points given by

V= [(0,0,1,0)}U{(x, y. X 4+xy+ay? 1):x, yeGF(q)],

where a € GF(q) is such that the polynomial x*> 4+ x 4+ a has no root in GF(q). Such ovoid is called an elliptic quadric, as the
points come from a non-degenerate elliptic quadratic form. When q is odd, every ovoid in PG(3, GF(q)) is equivalent to the
elliptic quadric.

For q = 22¢t1 with e > 1, there is an ovoid which is not an elliptic quadric and is called the Tits ovoid. It is defined by

T =1{(0,0,1,0)} U {(x, Yo +xy+y°t2 )X ye GF(q)},

where o = 2¢t1, 1t is known that the Tits ovoid is not equivalent to the elliptic quadric.
Let S = {s1,82, -+, Sq241} be a subset of PG(3, GF(q)) with g% +1 elements, where q > 2. Let Cg be the g-ary linear code
with generator matrix

T T T
where sT denotes the transpose of s. It is known that S is an ovoid if and only if Cs has parameters [q% + 1,4, q* — q] (see

[13]). Therefore, any g-ary [q% + 1,4, q* — q] code is called an ovoid code. Every ovoid can be used to construct an ovoid
code and vice versa. The next theorem summarizes information on ovoid codes [18, Chapter 13].

Theorem 12. Let q > 2 be a prime power. Then the following statements are true.

e Every g-ary ovoid code must have parameters [q> + 1,4, g*> — q] and weight enumerator

1+ (@ - @+ D2+ -1+ 1.
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When q is odd, all g-ary ovoid codes are monomially-equivalent. When q is even, the q-ary elliptic quadric code and the q-ary Tits
ovoid code are not monomially-equivalent.

e The dual of every q-ary ovoid code must have parameters [q? + 1, q* — 3, 4].

o The minimum weight codewords in a g-ary ovoid code support a 3-(q% + 1, g% — q, (q — 2)(q®> — q — 1)) design and the comple-
mentary design of this design is a Steiner system S(3,1+q, 1+q2). When q is odd, all these 3-(q*> +1,¢* —q, (—2)(q¢* —q— 1))
designs are isomorphic. The minimum weight codewords in the dual of a q-ary ovoid code support a 3-(q> + 1, 4, g — 2) design.

The parameters of the extended codes of any g-ary ovoid codes are documented in the following theorem.

Theorem 13. Let q > 4 be a prime power. Let C be a g-ary ovoid code. Then C(u) has parameters [q> + 2, 4, q*> — q] and is distance-
optimal with respect to the Griesmer bound, for any u € GF(q)‘Zz“.

Proof. By definition, C has parameters [q% + 1,4, g2 — q]. It is easily verified that C meets the Griesmer bound. Note that

3 2
—q+1
Z[qi? —‘=q2+3.
q

i=0

There does not exit a g-ary [q% + 2, 4, d] linear code with d > g% — q. The desired conclusions follow. O
The parameters of the extended codes of the dual of a g-ary ovoid code are documented in the next theorem.

Theorem 14. Let q > 4 be a prime power. Let C be a g-ary ovoid code. Then CT(u) has parameters [q% + 2, g2 — 3, 4], and is distance-
optimal, for any u € GF(q)®"*.

Proof. It is clear that dim(CL(u)) = dim(C*) = ¢ — 3. Since d(C1) = 4, it follows that d(CL(u)) > 4. Suppose there exists a
g-ary [q2 +2,q? — 3,d > 5] linear code. By the sphere packing bound [30],

242 242
1+<q N )(q—1)+<q N )(q—l)zsqs.

It is easily verified that

2 2 6 5 4 3 2
+2 +2 —4¢5 +4q* —4Aq3 +3
1+<"l )(q—1)+(q2 >(q_1)2_q5:q IR

a contradiction. Therefore, a g-ary [q + 2, q* — 3,d > 5] linear code does not exist. The desired result follows. O

Theorem 14 shows that the extended codes of any g-ary [q + 1, g2 —3, 4] linear codes have parameters [q% +2, g2 —3, 4].
The parameters of the standardly extended codes of Cy, and Cy are documented in the next theorem.

Theorem 15. Let q > 2 be a prime power and S € {V, T}. Then the standardly extended code Cs (—1) has parameters [q*> + 2, 4, ¢*> —
q], and weight enumerator

1+4@ - D2 T+ 2@ - 1?27 1 4+ (@ - D2 +q>q— D,
The dual code Cs(—1)* has parameters [q + 2, g% — 2, 2].

Proof. It is easily verified that

2 2 X

xeGF(q) yeGF(q)
y
xeGF(q) yeGF(q)

1+ Y Y X+xy+ay?)
xeGF(q) yeGF(q)

Gy1T = =(0,0,1,0)"

1
xeGF(q) yeGF(q)

and G717 =(0,0,1,0)T. For S € {V, T}, it is easily verified that

9
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0
0
-1
0

G=| Gs

is a generator matrix of Cs(—1). Note that —(0,0, —1,0) € S, we have d(Cs(—1)*) < 2. It is clear that d(Cs(—1D*) > 2.
Hence, d(Cs(—1)1) = 2. The weight distribution of Cs(—1) follows from Theorem 4. This completes the proof. O

For each S € {V, T}, let

T T T
then there are integer i and j such that s; =(0,0,1,0) and s; =(0,0,0,1). If i =1 (resp. j =2), let w1 (resp. m») be the
identity permutation on the coordinate set {1,2,---,q%+1}. If i # 1 (resp. j # 2), let 77 (resp. 7») be the transposition (1, i)
(resp. (2, j)) on the coordinate set {1,2,---,q? + 1}. Let & = ;ymy. Then 7 is a special permutation of {1,2,---,q% + 1}
and 7! = 7. Define

T T T
Pr = (ena) €r@ eﬂ(q2+1)) ;
where e; denotes a row vector of length g2 + 1 with 1 in the i-th position and 0 in every other position. Let

u=(ug,uz1,..., )P,
where u; € GF(q)\{0, —1} and uy € GF(q)\{1}. The parameters of the extended code Cs(u) are documented in the next
theorem.

Lemma 16. ([4,9]) Let q > 2 be a prime power. Let C be a g-ary [n, n — 4, 4] linear code. Then n < g + 1.

Theorem 17. Let q > 2 be a prime power and S € {V, T}. Then the nonstandardly extended code Cs(u) has parameters [q* +
2,4, q* — q), and weight enumerator
2_ 2_ 2 2
1+¢°@—- D27 94+q@—- 1D — g+ D27 +(@* — DT +q@@— D27

The dual code Cs (w)* has parameters [q2 + 2, q*> — 2, 3] and is distance-optimal.

Proof. It is easily verified that

Gsu® =GsPL (ug,uz,1,...,1)T
=GsP, 1(u1,uz, 1,..., 17
=GsP;(ur,uz, 1,..., 1T
=U1Sp(1) T U2Sz2) + -+ Sy (g241)
=(0,0,uq,uz — DT,
It follows that

0

0

up
u; —1

Gs

is a generator matrix of Cg(u). Since d(Cé) =4, we get that s; # bs; for any i # j and b € GF(q)*. It is easily checked that
(0,0, uq,uy — 1) #bs; for any b € GF(q)* and 1 <i < q? + 1. It follows that d(Cs(u)!) > 3. Note that

(0,0,u1,u2 —1)=u1(0,0,1,0) + (u2 — 1)(0,0,0, 1),

we have d(Cs(uw)*) < 3. Therefore, d(Cs(u)!) = 3. By the sphere packing bound, a g-ary [q> 4+ 2, — 2,d > 5] linear code
does not exist. By Lemma 16, a g-ary [q® + 2, q* — 2, 4] linear code does not exist. Therefore, Cs(u)* is a distance-optimal
code. The weight distribution of Cs(u) follows from Theorem 4. This completes the proof. O

10
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For each S € {V, T}, although the extended codes Cs(u) in Theorem 17 and Cs(—1) in Theorem 15 have the same
parameters, Cs(u) and Cs(—1) are not equivalent, as they have different weight enumerators. The code Cs(u)! is a
distance-optimal code and d(Cs(u)t) = 3, while d(Cs(—1)+) = 2. Furthermore, the standardly extended code of Cg(u)
has the following results.

Theorem 18.Let S € {V, T}. Then the doubly extended code Cs(u)(—1) has parameters [q* + 3,4, q*> — ql. The dual code
Cs(u)(—1)* has parameters [q% + 3, > — 1, 3] and is distance-optimal.

Proof. Combining Theorems 15 and 17, we get
Gs(1, )T =Gs1T + (0,0, uq,u; — T
=(0,0,1,00" +(0,0,uy,uz — ¥
=(0,0,u; +1,u; — D7,

where 1 denotes the all-one vector over GF(q) with length g% + 1. It follows that

0 0
0 0
C=1C w —w+1)

up—1 1—uy

is a generator matrix of Cg(u)(—1). It is easily verified that (c,0) € Cs(u)(—1)* for any ¢ € C5(u). By Theorem 17,
d(Cs(u)1) = 3. Then d(Csu)(—1)1) < d(Cs(w)t) = 3. Similar to Theorem 17, we can prove that every two columns of
G are linearly independent. Then d(Cs(u)(—1)+) > 3. Therefore, d(Cs(u)(—1)1) = 3. Similar to Theorem 17, we can prove
that a g-ary [g% + 3,q% — 1,d > 4] linear code does not exist. Therefore, Cs(u)(—1)* is a distance-optimal code.

It is clear that d(Cs(u)(—1)) =q? — q or g% — q + 1. Consider the codeword ¢ = (c1, ¢2,0,0)G € Cs(u)(—1), where
(c1,¢2) # (0, 0). It is easily verified that

wt(€) ={(x, y) € GF(@)* : c1x+ c2y # 0} =q(q — 1).
Therefore, d(Cs (u)(—1)) = g2 — q. This completes the proof. O
3.3.2. The standardly extended codes of a family of constacyclic ovoid codes

When q is odd, no cyclic code can be used to construct an ovoid in PG(3, GF(g)). But there is a A-constacyclic construction
of any ovoid in PG(3, GF(q)) for odd q due to the following theorem, which is known in the literature.

Theorem 19. Let q > 2 be a prime power, m =4 and h = q + 1. Let C be the q-ary A-constacyclic code in Theorem 6. Then C is a g-ary
ovoid code, which is monomially equivalent to the elliptic quadric code.

Notice that the g in Theorem 19 could be even and odd, and the A defined in Theorem 19 is a generator of GF(q)*.
Hence, the code C is neither cyclic nor negacyclic.

Theorem 20. Let C be the A-constacyclic code in Theorem 19. Then C(—1) has parameters [q> + 2, 4, q* — q] and weight enumerator

14+2@— D 49— 1@ —q+ D27 4 (@ — 1) +q@g— 1)

The dual code C(—1)* has parameters [q> + 2, > — 2, 3] and is distance-optimal.

Proof. Let 9 = 8~ and My (x) be the minimal polynomial of # over GF(q). Then C+ = (Mg (x)) is a g-ary A~ !-constacyclic
code of length n. We claim 6 — 1 ¢ (9). Otherwise, suppose there are integers i and j such that 6 — 1 = #"*J, where
0<i<q—2and 0<j<n—1.It follows that 1 — x4 6"x/ € C*, which contradicts the fact that d(C1) = 4. By Lemma 8,
d(C(—=1)1) > 3. Then the weight distribution of C(—1) follows from Theorem 4.

By the fourth Pless power moment identity, we get

L _49q-1?

3 =——
2

Therefore, d(C(—1)1) = 3. This completes the proof. O

11



Z. Sun, C. Ding and T. Chen Discrete Mathematics 347 (2024) 114080

3.3.3. Some nonstandardly extended codes of a family of cyclic ovoid codes
When q is even, there is a cyclic-code construction of the elliptic quadric [18, Chapter 13]. In this subsection, we study
the nonstandardly extended codes of this family of cyclic ovoid codes.

Theorem 21.[18, Chapter 13] Let q = 25, where s > 2. Let B be a primitive (q% + 1)-th root of unity in GF(q*) and Mg (x) be the
minimal polynomial of B over GF(q). Let C be the q-ary cyclic code of length n with check polynomial Mg (x). Then the code C has

parameters [q + 1,4, g — q] and weight enumerator 1 + (g% — q)(q? + 1)z9° =9 + (q — 1)(¢* + 1)27".

Let n=q%+1 and # = ~1. Then C has the following trace representation:

C= {(Trq4/q(a), Trga;q(@9), ..., Trga g (@) : a e GF(q4)} .

It is clear that

n—1 n—1
D Trgasg(@d) =Trga (@) 6" =0.
i=0 i=0

Therefore, the standardly extended code C(—1) is trivial. Below we shall study a nonstandardly extended code of C.
Lemma22. Letu=(1,u,...,u™ "), where u € GF(q)\{0, 1}. Let C be the cyclic code in Theorem 21. Then d(C (u)*) > 3.
Proof. Let & = 8~1. Then C*+ = (Mly(x)) and has parameters [q% + 1, ¢ — 3, 4].
Suppose u e Ct. Then 1+ uf 4+ u?62 + .- +u"~19"=1 = 0. It is clear that u6 # 1. Consequently,
n—1

Z(ue)i_(ue)"—l_u"—l_uz—l_O
T oue—-1 " uwb—-1 ue—-1_

i=0

which contradicts the fact that u ¢ GF(q)\{0, 1}. Therefore, u ¢ C*. By Lemma 2, d(C(w)*) > 2.
Suppose d(C(u)*) = 2. By Lemma 2, there are a € GF(q)* and 1 < j <n such that u+ aej € C*. It is equivalent to

n—1
u? -1

0= 0) +agi~' = —— 1 api 1,
;(U)-i‘a o ta

It follows that au6’ — a6/~ + u% — 1 =0, which contradicts the fact that d(C1) = 4. Therefore, d(C(u)1) > 3. This completes
the proof. O

Theorem 23.Let u = (1, u, ..., u" 1), where u € GF(q)\{0, 1}. Let C be the cyclic code in Theorem 21. Then C(u) has parameters
[q + 2, 4, g* — q] and weight enumerator

14+2@— D 4q@q—1)(@* —q+ D27 4 (@ = 12T +q@g— 1>,

The dual code C(u)~* has parameters [q* 4 2, q* — 2, 3] and is distance-optimal.
Proof. The proof of theorem is similar to the proof of Theorem 20, so it is omitted. O

Although C(u) and C(—1) have the same parameters, C(u) and C(—1) are not equivalent. The code C(u)* is distance-
optimal and has minimum distance 3, while d(C(—1)1) = 1. Thus, some nonstandardly extended codes of some cyclic codes
are more interesting.

3.4. The extended codes of the Denniston maximal arc codes

A maximal (n, h)-arc A in the projective plane PG(2, GF(q)) is a subset of n = hq +h — q points such that every line meets
A in 0 or h points. A line is called a secant if it meets A, and external line otherwise. A line in PG(2, GF(q)) is said to be
external to a maximal arc A if it has no intersection with A. The set of lines external to .4 is a maximal (n’, h’)-arc A’ in
the dual plane, where " =h'q+h’ —q and h’ =q/h. A’ is called the dual of A.

Any point of PG(2, GF(q)) is a (1, 1)-arc. The complement of any line is a maximal (g2, q)-arc. These are called trivial
arcs. It has been proved that only trivial maximal arcs exist in PG(2, GF(q)) for odd q. For even g, we have the following
conclusion [26].

Theorem 24. Let q > 2 be even. A maximal (n, h)-arc A in PG(2, GF(q)) exists if and only if h divides q, where 2 <h < q.

12
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In 1969 Denniston employed a special set of conics to construct maximal arcs in the Desarguessian planes PG(2, GF(q))
for even q [12]. Below we introduce the Denniston arcs, and will assume that q > 2 is even.

Let X2+ BX + 1 be an irreducible polynomial over GF(q). It is known that the total number of such irreducible polyno-
mials over GF(q) is q/2 [26, Sec. 1.3]. Define

Fy = {(x,y,z) :Ax2+y2+ﬂy2+22=0}, 4 € GF(q) U {oo}.

Since X% + BX +1 is irreducible over GF(q), Fo has only the point (1,0, 0), and F is the line x = 0. Every other conic Fj
is non-degenerate and has nucleus Fg. Further, this pencil of conics {F; : A € GF(q) U {oo}} is a partition of the projective
plane.

Let A € GF(q)*. Then Ax% 4+ y2 + Byz+z2 =0 if and only if x = A=W/2[y + (Byz)¥/2 + z]. It then follows that

Fy = {(A—Wz), 1, 0)] U [(ﬂq/” (y + (B + 1) Y. 1) 1ye GF(q)}

for all A € GF(q)*.
The following theorem documents Denniston arcs [12].

Theorem 25. Let A be an additive subgroup of GF(q) of order h. Then the set of points of all conics F;, for A € A form a maximal
(n, h)-arc A, wheren=hq +h —q.

More families of maximal arcs were discovered and reported in [50], [60] and [61]. Their relations with the Denniston
arcs were discussed in [23].
Let A={0, X1, -, Ap—1} be an additive subgroup of GF(q) and GF(q) = {x1,x2, - - - , Xq}. Define

—(q/2 —(q/2 —(q/2 —(q/2
)\‘i (Q/ ) )\‘i (q/ )f(xl) )‘i (q/ )f(XZ) . )",‘ (Q/ )f(xq)
Gy = 1 X1 X2 Xq ,
0 1 1 e 1

where f(x) =x+ (8x)9/2 + 1. Denote

1
Ga=[06G,6, - Gy,
0

We use C 4 to denote the g-ary code spanned by the rows of the matrix G 4, which is called a maximal arc code. A proof of

the following theorem can be found in [18, Chapter 12].

Theorem 26. Let ¢ = 2™ for any m > 2 and h = 2! with 1 <i < m. Let A be a maximal (n, h)-arc in PG(2, GF(q)). Then the arc code
C 4 has parameters [n, 3, n — h] and weight enumerator

@-=bn .  @-Dh—(@-Dn_,
—7Z"" z",

h h
where n = hq + h — q. Further, d* =4 if h = 2 and d*+ = 3 otherwise.

1+ (24)

The parameters of the extended code of the g-ary arc code C 4 are documented in the next theorem.

Theorem 27. Let q = 2™ forany m > 2 and h = 20 with 1 <i <m. Let A be a maximal (n, h)-arc in PG(2, GF(q)). Let u € I1(C ).
Then C 4 (u) has parameters [hg +h —q+ 1,3, hq —q].

Proof. Recall that C4 has parameters [n, 3,n — h], where n=hq +h —q. It is clear that C_4(u) has length n + 1, dimension
3 and d(C4(u)) =d(C4) or d(C4(u)) =d(C4) + 1. Let wy =n —h and wy =n. It follows from Theorem 4 that

-1 —-L
@ —Dwa—q(@—Dn+gA;, _ (@—Dn+gh,

0
h h e

Au, =

where Zﬁ' € {0,g—1} and Ay, denotes the total number of codewords with weight i in C_4(u). Therefore, d(C4(u)) = d(C4).
This completes the proof. O

___In the rest of this subsection, we use A to denote the Denniston maximal arc and study the standardly extended code
CA(—1) of the Denniston maximal arc code C 4.

13
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Theorem 28. Let ¢ = 2™ with m > 2 and h = 2. Then the code C_4(—1) has weight enumerator

2 3 2 2 3 2
q +q—22q+q +4q —2q2q+1+q —d 02, 4 —30°+29 445

2 2 2 2
The dual code C(—1)" has parameters [q + 3, q, 3] and is distance-optimal. Hence, C 4(—1) is a [q + 3, 3, ] NMDS code.

1+

Proof. Let A ={0, 1}, where A € GF(q)*. It is easily checked that G 41T = (14 A~@/? 1,0)T. Then

1422
¢V=1¢ 1
A - A

0

is a generator matrix of C4(—1). It is easily seen that any two column vectors of Gil‘) are not linearly dependent.

Hence, d(C4(—1)1) > 3. Note that (1+A~@/? 1,0)=(1,0,0) + (A2 1,0), it follows that d(C4(—1)*) < 3. Therefore,
d(C4(~1)1) = 3. It follows from the definition of the second row of the generator matrix G 4 that 1 ¢Cj. Consequently,
1 e T1(C4). The weight distribution of C4(—1) then follows from Theorem 4.

Suppose there is a g-ary [q + 3, q,d > 4] linear code. By [30, Theorem 1.5.1], there exists a g-ary [q + 2, q,d > 3] linear
code. By the sphere packing bound, we get 1+ (q+2)(q—1) < g2, a contradiction. Therefore, C 4 (—1)* is a distance-optimal
code. This completes the proof. O

Theorem 29. Let q = 2m_with m>2and h =2, where i |mand 2 <i < m. Let A be a subfield of GF(q) with h elements and let
A ={F, : A € A}. Then C4(—1) has weight enumerator

@ =090 vy, A=D@ LI

where n = hq + h — q. The dual code C(—1)* has parameters [n +1,n — 2, 2].

1+ @ -+

Proof. Let A* = A\{0}, then |A*| =h — 1. It is easily verified that

1+ 3 [A—@/2 4 > A~ (y + (B)Y? +1)]
LeA* yeGF(q)

G417 = Y+ Xyl
LEA* yeGF(q)

2 21

reA* yeGF(q)
It is clear that ZyEGF(q) y = 0. Consequently,
Z )\*(Q/Z)(y + (ﬁy)<q/2) +1)

YeGF(q)
q/2

— 2~@/2 Z y+A‘(Q/2)ﬁq/2 Z y 2~ Z 1=0.
y€eGF(q) yeGF(q) yeGF(q)

Since A is a subfield of GF(q), it follows that

Z 2—@2 ( Z )L)Q/Z =0.

LEA* LEA*
Therefore, G 41T = (1, 1, 0)7. It then follows that
1
Gyl
0

is a generator matrix of C4(—1). Note that 1 € A, we have (1,1,0) € A. It follows that d(C4(—1)*) < 2. Clearly,
d(C4(—~1)1) = 2. Consequently, d(C4(—1)1) = 2. It follows from the definition of the second row of the generator matrix
G4 that 1 ¢Cj. Consequently, 1 € TT(C 4). The weight distribution of C 4(—1) then follows from Theorem 4. This completes
the proof. O

Now we consider a nonstandardly extended code of the Deniston arc code C 4.

14
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Lemma 30. Let g = 2™ for any m > 2 and h = 2!, where 2 < i < m. Let A be an additive subgroup of GF(q) of order h. Then Y a = 0.

acA

Proof. It is clear that any additive subgroup A of GF(q) is a vector space over GF(2). Consider the polynomial

Li=]]x-a.

acA
which is a 2-polynomial over GF(2) (see [37, Theorem 3.52]). That is to say,
La@) =" + ) ap,
j=0

for some a; € GF(2). It is clear that }_,_, a is the coefficient of x2=1 in the expansion of Ly (x). Therefore, > aeaa=0. This
completes the proof. O

Theorem 31.Let ¢ = 2™ for any m > 2 and h = 2!, where 2 <i < m. Let A be a maximal (n, h)-arc in PG(2, GF(q)). Let u =
(0,u1,uy, ..., up_q), whereu; = (0, 1,..., 1) € GF(@*" and w; = (A¥*1,...,1) € GF(Q)?* for2 <i <h — 1. Then C_4(u) has
weight enumerator

2 2 3 3 2 2 3 2 2
q°h—q +q—hzn_h+q h—q° +q —qhzn_h+1+q —dn, 94 h—q +qhzn+1

h h h h ’
where n = hq + h — q. The dual code C_4 (w)* has parameters [n + 1,n — 2, 3] and is distance-optimal.

1+

Proof. It is easy to check that G, u] = (0,0,0)" and G;,uf = (1, A?/Z, 0)T for each 2 <i <h — 1. Therefore,

h—1 h—1 h—1
G =) Gul=>"1.> 2 0.
i=1 i=2 i=2

It follows from Lemma 30 that Z?;ll A; = 0. Hence, Y 1~ A?/z = A‘ll/z. It then follows that

i=2

Gau” = (0,29%,0)".

Consequently,
0
¢ = [ G 297
0

is a generator matrix of C4(u). It is easily verified that any two column vectors of GS\) are not proportional. Hence,
d(C4(w)™h) > 3. Note that d(C4(w)*) <d(C}) = 3. Therefore, d(C.4(u)*) = 3. The weight distribution of C4(u) then fol-
lows from Theorem 4.

Suppose there is a g-ary [n+ 1,n — 2,d > 4] linear code. By [30, Theorem 1.5.1], there exists a g-ary [n,n —2,d > 3]
linear code. By the sphere packing bound, we get 1+ n(q — 1) < g2, which contradicts the fact that n > 3q + 4. Therefore,
C 4 (u)* is a distance-optimal code. This completes the proof. O

4. A summary of the contributions of this paper

In this paper, a fundamental result about the extended codes of the projective two-weight codes was derived in Theo-
rem 4, and the parameters of the extended codes of several families of the projective two-weight codes were presented. A
summary of the major specific contributions of this paper goes as follows.

e The weight distribution of a family of constacyclic projective two-weight codes was determined in Subsection 3.2.
e The extended codes of some ovoid codes C were studied in Subsection 3.3, and the following main results were ob-
tained:
- The extended code CL(u) is a g-ary [g% + 2, g% — 3, 4] linear code and is distance-optimal (see Theorem 14).
- The standardly extended code C(—1) is a g-ary [q% + 2,4, q* — q] linear code and d(C(—1)*) =2 (see Theorem 15).
Further, there is a vector u such that the following hold:
x The nonstandardly extended code C(u) is a g-ary [q2 + 2,4, q? — q] linear code. The dual code C(u)* is a g-ary
[q% + 2, g% — 2, 3] linear code and is distance-optimal (see Theorem 17).
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% The doubly extended code C(u)(—1) is a g-ary [q® + 3,4, q*> — q] linear code. The dual code C(u)(—1)* is a g-ary
[q2 + 3, g% — 1, 3] linear code and is distance-optimal (see Theorem 18).

e The standardly extended codes of a family of constacyclic ovoid codes C were studied in Subsection 3.3. The code
C(—1) is a g-ary [q% + 2,4, q? — q] linear code. The dual code C(—1)* is a g-ary [q% + 2, q% — 2, 3] linear code and is
distance-optimal (see Theorem 20).

e The extended codes of a family of cyclic ovoid codes C were studied in Subsection 3.3, and the following main results
were obtained:

- The standardly extended code C(—1) is trivial.
- There is a vector u such that C(u) is a g-ary [q°+2, 4, ¢* —q] linear code. The code C(u)* is a g-ary [q*>+2,q° —2, 3]
linear code and is distance-optimal (see Theorem 23).

e The extended codes of the Denniston maximal arc codes C were studied in Subsection 3.4, and the following main
results were obtained:

- The extended code C(u) is a g-ary [hg +h — q + 1,3, hq — q] linear code, where g =2™ and h =2 with 1 <i<m
(see Theorem 27).

- When h =2, the dual code C(—1)~ is a g-ary [q + 3, q, 3] linear code and is distance-optimal (see Theorem 28).

— When i |m and i > 2, the dual code C(—1)* has minimum distance 2 (see Theorem 29).

- There is a vector u such that C(u)' is a g-ary [hlg+h —q+1,hq+h —q —2,3] AMDS code for h > 4 and even q (see
Theorem 31).

In summary, six infinite families of distance-optimal were obtained in this paper via the extending technique.
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