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Obijectives of This Lecture

@ Introduce the O-notation and ©-notation.
@ Introduce computer algorithms.
@ Define the time and space complexity of algorithms.

@ Analyse the time complexity of some algorithms.
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The O-Notation

This lecture introduces the O-notation and ©-notation, which are fundamental
in algorithmics.

Definition 1

Let f and g be real-valued functions that are defined on the same set of
nonnegative real numbers. Then f is of order at most g, written

f(x) is O(g(x)), if and only if there exist a positive real number M and a real
number xq such that for all x in the common domain of f and g,

[f(x)| < M-]g(x)

The sentence “f(x) is O(g(x))” is also read “f of x is big-oh of g of x” or “g is a
big-oh approximation for f”.

, where x > xq

4
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The O-Notation

Example 2

17x® +20x% — x% + 8 is O(x®).

Proof.
Let x > 1. Then

[17x% 4-20x® — x2 + 8| < 17|x®| +20|x®| + |x®| + 8|x®| = 46|x°|
Let xo =1 and M =46. Then
[17x° +20x° — x® + 8| < M|x®| where x > xg

Hence by definition, 17x® +20x® — x + 8 is O(x®). O
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The ©-Notation

Definition 3

Let f and g be two functions defined on the same set of nonnegative real
numbers. Then f is of order g, written f(x) is ©(g(x)), if and only if

o f(x)is O(g(x)) and

@ g(x)is O(f(x)).
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The ©-Notation

Example 4
17x8 4-20x3 — x% + 8 is O(x5).

Proof.

It was proved in Example 2 that 17x8 4 20x3 — x% + 8 is O(x®).
Let x > 1. Note that

20x3 —x2+8>20x>—x*+8>19x°+8> 0.
Hence for any x > 1, we have
x® < 17x® < 17x8 +20x® — x® + 8.

By definition, x® is O(17x® + 20x® — x® + 8).
The desired conclusion then follows from the definition of the ©-notation.

DJ
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The Order of a Polynomial

Proposition 5

Ifag,ay,a,...,ap are real numbers and a, # 0, then

anX" +an 1 x" 14+ a;x+ ag is O(x").

Proof.
Let M = |ap| + |ap—1| + - - + |ao|- Define xo = 1. Then for x > xo,

n
|anX"+ an1 X"+ axt a| < Y aix'| < M|x"|
i=0

By definition, a,x"+ a,_1x"~' 4+ -+ a;x + a9 is O(x").
It is left as an exercise to prove that x” is
O(apx"+ap 1x" '+ +ax+a). O
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The Order of a Function of Integer Variable

Definition 6

Let f(n) and g(n) be functions defined on sets of integers. If there exist a
positive integer M and ng such that

[f(m)| < Mg(n)l, n>no

then f(n) is O(g(n)).

9/19
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Orders for Functions of Integral Variable

Definition 7

Let f(n) and g(n) be functions defined on sets of integers. Then f is of order g,
written f(n) is ©(g(n)), if and only if

@ f(n)is O(g(n)) and
@ g(n)is O(f(n)).
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The Order of a Function of Integer Variable

Example 8
Prove that 12 +22 +--- 4 n? is ©(n®).

Proof.
It is known that

el

n(n+1)(2n+1) Py
6 <
By definition, 12 +22+--- + n? is O(n®).
On the other hand,
n® < n(n+1)(2n+1) =612 +22 4+ r?).

By definition, n® is O(12 422 + - + n?). The desired conclusion follows. [

<
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The Order of a Function of Integer Variable
Proposition 9

Letf,g,fi,9y be functions from the set of natural numbers to the set of real
numbers.

@ IffisO(g), then f+gis O(g).
Q Iffis O(f;) and g is O(g1), then fg is O(fig1).

Proof.

We now prove only the first part. By definition, there is a positive integer ny and
M; such that
[f(n)| < My|g(n)| for all n> ny

Hence for all n > ny

[f(n)+g(n)| < [f(n)| +[g(n)] < (Ms +1)[g(n)].

By definition, f+ g is O(g). O

4
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The Order of a Function of Integer Variable

The Second Part of Proposition 9

Let f, 9, f;, 91 be functions from the set of natural numbers to the set of real
numbers. If fis O(f;) and g is O(g1), then fg is O(f;91).

Proof.
By definition, there are positive integers nq, n., M; and M» such that

[f(n)| < My|fi(n)| forall n> n

and
lg(n)| < Ma|gy(n)| forall n> n,

Define ng = max{ny,n,} and M = M; M,. Then we have for n > n,

f(mg(n)| < MiMy|fi(n)g1 (n)| = MIfy(n)gs (n)]

By definition, fg is O(f1g4).

O

<
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The Order of a Function of Integer Variable

Example 10
By Proposition 9
@ n+1is O(r?) implies that n®+ n+1is O(r?).

Q MP+n+1is O(r?)and (n+1)is O(n) implies that (n+1)(n® +n+1)

is O(rP).
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Algorithms

Definition 11
An algorithm is a procedure that is used to solve some problem.

Example 12

The following procedure is an algorithm for calculating the sum of n given
numbers aj, a, ..., an.

Step 1: Set S=0;
Step 2: Fori=1ton, replace S by S+ a;;
Step 3: Output S.

The value of S output at Step 3 is the desired sum.
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The Time and Space Complexity

Algorithms are used to solve problems and each algorithm takes time and
memory space.

Definition 13

The number of machine operations needed in an algorithm is the
time complexity of the algorithm, and amount of memory needed is the
space complexity of the algorithm.

Example 14

Consider the algorithm of Example 12. Step 1 and Step 3 take one machine
operation respectively. Step 2 takes 2n operations (n additions and n
replacements). So altogether this algorithm takes 2n+- 2 operations.
Note that 2(n+ 1) is O(n). So the time complexity of this algorithm is O(n).
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Horner’s Algorithm and Its Complexity

Example 15
Consider the evaluation of
f(x) =14 2x 4 3x2 + 4x3 Step 1: Set S = a,;

Step 2: Fori=1to n, replace S

Direct computation takes 3 additions > ) .

T . . by anfi + SX!

and 6 multiplications. Another way is:

Step 3: Output S.
f(x) =1+ x(2+ x(3+4x)) The final value of S output at Step 3 is

the desired value of
So it takes 3 additions and 3 ay+aix+ -+ apx",
multiplications. Generally, Horner’s The number of operations needed in
algorithm for evaluating a polynomial this algorithm is 1+3n+1=3n+2.

So the time complexity of this algorithm

DY n
at+aix—+---+anx o O(n)

can be formulated as follows:
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The Time and Space Complexity

Example 16 Solution
Determine the time complexity of the |4 the second loop, computing
following algorithm: a:=2-n+i-jtakes 4 operations (two

multiplications, one addition, and one
replacement). For each J, it takes

@l n x 4 = 4n operations to complete the
forj:=1ton second loop. So it takes n x 4n = 4n°
a:=2"n + i’ operations to complete the two loops.
next | Hence the time complexity of this
: algorithm is O(r?).
next i y
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The Time and Space Complexity

Example 17

Determine the time complexity of the
following algorithm:

S:=0
fori:=1ton
forj:=1toi
S:=S+i%
next |
next i
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Solution

Computing S := S+ -/ takes 3
operations. For each i, completing the
second loop takes 3/ operations. So
altogether it takes

n(n+1)

1+) 31 =143

n
i=1

operations. hence the complexity of
this algorithm is O(r?).
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