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Abstract—Viral marketing has attracted considerable concerns
in recent years due to its novel idea of leveraging the social
network to propagate the awareness of products. Specifically,
viral marketing is to first target a limited number of users
(seeds) in the social network by providing incentives, and these
targeted users would then initiate the process of awareness
spread by propagating the information to their friends via their
social relationships. Extensive studies have been conducted for
maximizing the awareness spread given the number of seeds.
However, all of them fail to consider the common scenario of viral
marketing where companies hope to use as few seeds as possible
yet influencing at least a certain number of users. In this paper,
we propose a new problem, calledJ-MIN-Seed, whose objective
is to minimize the number of seeds while at leastJ users are
influenced.J-MIN-Seed, unfortunately, is proved to be NP-hard
in this work. In such case, we develop a greedy algorithm that
can provide error guarantees forJ-MIN-Seed. Furthermore, for
the problem setting whereJ is equal to the number of all users
in the social network, denoted byFull-Coverage, we design other
efficient algorithms. Extensive experiments were conducted on
real datasets to verify our algorithm.

I. I NTRODUCTION

Viral marketing is an advertising strategy that takes the ad-
vantage of the effect of “word-of-mouth” among the relation-
ships of individuals to promote a product. Instead of covering
massiveusers directly as traditional advertising methods [1]
do, viral marketing targets alimited number of initial users
(by providingincentives) and utilizes their social relationships,
such as friends, families and co-workers, to further spreadthe
awareness of the product among individuals. Each individual
who gets the awareness of the product is said to beinfluenced.
The number of all influenced individuals corresponds to the
influence incurred by the initial users. According to some
recent research studies [2], people tend to trust the information
from their friends, relatives or families more than that from
general advertising media like TVs. Hence, it is believed
that viral marketing is one of the most effective marketing
strategies [3]. In fact, extensive commercial instances ofviral
marketing succeed in real life. For example,Nike Inc.used so-
cial networking websites such asorkut.comandfacebook.com
to market products successfully [4].

The propagation process of viral marketing within a social
network can be described in the following way. At the begin-
ning, the advertiser selects a set of initial users and provides
these users incentives so that they are willing to initiate
the awareness spread of the product in the social network.
We call these initial usersseeds. Once the propagation is
initiated, the information of the productdiffusesor spreads

.8

.9 .6

.7

.7

Ada

Bob

David

.6

Connie

Fig. 1. Social network (IC model)

1

1

1

n1

n2

n3
n4

Fig. 2. Counter example (α(·))

via the relationships among users in the social network. A
lot of models about how the above diffusion process works
have been proposed [5-10]. Among them, theIndependent
Cascade Model (IC model)[5, 6] and theLinear Threshold
Model (LT model)[7, 8] are the two that are widely used in
the literature. In the social network, the IC model simulates
the situation where for each influenced useru, each of its
neighbors has a probability to be influenced byu, while the LT
model captures the phenomenon where each user’s tendency
to become influenced increases when more of its neighbors
become influenced.

Consider the following scenario of viral marketing. A
company wants to advertise a new product via viral marketing
within a social network. Specifically, it hopes that at leasta
certain number of users, saysJ , in the social network must be
influenced yet the number of seeds for viral marketing should
be as small as possible. Clearly, the above problem can be
formalized as follows.Given a social networkG(V,E), we
want to find a set of seeds such that the size of the seed set
is minimized and at leastJ users are influenced at the end of
viral marketing.We call this problemJ-MIN-Seed.

We use Figure 1 to illustrate the main idea of theJ-MIN-
Seed problem. The four nodes shown in Figure 1 represent four
members in a family, namely Ada, Bob, Connie and David,
respectively. In the following, we use the terms “nodes” and
“users” interchangeably since they correspond to the same
concept. The directed edge(u, v) with the weight ofwu,v

indicates that nodeu has the probability ofwu,v to influence
nodev for the awareness of the product. Now, we want to
find the smallestseed set such thatat least 3 nodes can be
influenced by this seed set. It is easy to verify that the expected
influence incurred by seed set{Ada} is about3.571 under the
IC model and no smaller seed set can incur at least3 influenced
nodes. Hence, seed set{Ada} is our solution.
J-MIN-Seed can be applied to most (if not all) applica-

1The computation of the expected influence incurred by a seed is calculated
by considering all cascades from this seed. E.g., the expected influence on
Bob incurred by Ada is1− (1− 0.8) · (1 − 0.6 · 0.7) = 0.884.



tions of viral marketing. Intuitively,J-MIN-Seed asks for the
minimum cost (seeds) while satisfying an explicit requirement
of revenue (influenced nodes). Clearly, in the mechanism of
viral marketing, a seed and an influenced node correspond to
cost and potential revenue of a company, respectively, Because
the company has topay the seeds for incentives, while an
influenced node might bring revenue to the company. In many
cases, companies face the situation where the goal of revenue
has been set up explicitly and the cost should be minimized.
Thus,J-MIN-Seed meets these companies’ demands.

Another area whereJ-MIN-Seed can be widely used is
the “majority-decision rule” (e.g., the three-fifths majority
rule in the US Senate). By majority-decision rule, we mean
the principle under which the decision is determined by the
majority (or a certain portion) of participants. That is, inorder
to affect a group of people to make a decision, e.g., purchasing
our products, weonly need to convince a certain number of
members in this group, saysJ , which is the threshold of
the number of people to agree on the decision. Clearly, for
these kinds of applications,J-MIN-Seed could be used to
affect the decision of the whole group and yield the minimum
cost. In fact,J-MIN-Seed is particularly useful in the election
campaigns where the “majority-decision rule” is adopted.

No existing studies have been conducted forJ-MIN-Seed
even though it plays an essential role in the viral marketing
field. In fact, most existing studies related to viral marketing
focus on maximizing the influence incurred by a certain
number of seeds, saysk [11-16]. Specifically, they aim at
maximizing the number of influenced nodes when onlyk seeds
are available. We denote this problem byk-MAX-Influence.
Clearly, J-MIN-Seed andk-MAX-Influence have different
goalswith different givenresources.

Naı̈vely, we can solve theJ-MIN-Seed problem by adapting
an existing algorithm fork-MAX-Influence. Let k be the
number of seeds. We setk = 1 at the beginning and increment
k by 1 at the end of each iteration. For each iteration, we
use an existing algorithm fork-MAX-Influence to calculate
the maximum number of nodes, denoted byI, that can
be influenced by a seed set with the size equal tok. If
I ≥ J , we stop our process and return the current numberk.
Otherwise, we incrementk by 1 and perform the next iteration.
However, this naı̈ve method is very time-consuming since
it issues the existing algorithm fork-MAX-Influence many
times for solvingJ-MIN-Seed. Note thatk-MAX-Influence is
NP-hard [12]. Any existing algorithm fork-MAX-Influence
is computation-expensive, which results in this naı̈ve method
with a high computation cost. Hence, we should resort to other
more efficient solutions.

In this paper,J-MIN-Seed is, unfortunately, proved to
be NP-hard. Motivated by this, we design an approximate
(greedy) algorithm forJ-MIN-Seed. Specifically, our algo-
rithm iteratively adds into a seed set one node that generates
the greatest influence gain until the influence incurred by
the seed set is at leastJ . Besides, we work out an additive
error bound and a multiplicative error bound for this greedy
algorithm.

In some cases, the companies would set the parameterJ for
J-MIN-Seed to be thetotal number of users in the underlying
social network since they want to influence as many users as
possible. Motivated by this, we further discuss ourJ-MIN-
Seed problem under the special setting whereJ = |V | (the
total number of users). We call this special instance ofJ-MIN-
Seed asFull-Coveragefor which we design other efficient
algorithms.

We summarize our contributions as follows. Firstly, to the
best of our knowledge, we are the first to propose theJ-MIN-
Seed problem, which is a fundamental problem in viral market-
ing. Secondly, we prove thatJ-MIN-Seed is NP-hard in this
paper. Under such situation, we develop a greedy algorithm
framework forJ-MIN-Seed, which, fortunately, can provide
error guarantees for the approximation error. Thirdly, forthe
Full-Coverage problem (i.e.,J-MIN-Seed whereJ = |V |),
we observe some interesting properties and thus design some
other efficient algorithms. Finally, we conducted extensive
experiments which verified our algorithms.

The rest of the paper is organized as follows. Section II
covers the related work of our problem, while Section III
provides the formal definition of theJ-MIN-Seed problem and
some relevant properties. We show how to calculate the influ-
ence incurred by a seed set in Section IV, which is followed
by Section V discussing our greedy algorithm framework.
In Section VI, we discuss the Full-Coverage problem. We
conduct our empirical studies in Section VII and conclude
our paper in Section VIII.

II. RELATED WORK

In Section II-A, we discuss two widely useddiffusion
modelsin a social network, and in Section II-B, we give the
related work about theinfluence maximizationproblem.

A. Diffusion Models

Given a social network represented in a directed graphG,
we denoteV to be the set containing all the nodes inG each
of which corresponds to a user andE to be the set containing
all the directed edges inG. Each edgee ∈ E in form of (u, v)
is associated with a weightwu,v ∈ [0, 1]. Different diffusion
models have different meanings on weights. In the following,
we discuss the meanings for two popular diffusion models,
namely the Independent Cascade (IC) model and the Linear
Threshold (LT) model.

1) Independent Cascade (IC) Model [7, 8]:The first model
is the Independent Cascade (IC) model. In this model, the
influence is based on how a single node influences each
of its single neighbor. The weightwu,v of an edge(u, v)
corresponds to the probability that nodeu influences node
v. Let S0 be the initial set of influenced nodes (seeds in our
problem). The diffusion process involves a number ofsteps
where each step corresponds to the influence spread from
some influenced nodes to other non-influenced nodes. At step
t, all influenced nodes at stept − 1 remain influenced, and
each node that becomes influenced at stept − 1 for the first
time has one chance to influence its non-influenced neighbors.



Specifically, when an influenced nodeu attempts to influence
its non-influenced neighborv, the probability thatv becomes
influenced is equal towu,v. The propagation process halts at
stept if no nodes become influenced at stept−1. The running
example in Figure 1 is based on the IC model.

For a graph under the IC model, we say that the graph is
deterministicif all its edges have the probabilities equal to 1.
Otherwise, we say that it isprobabilistic.

2) Linear Threshold (LT) Model [5, 6]:The second model
is the Linear Threshold (LT) model. In this model, the in-
fluence is based on how a single node is influenced by its
multipleneighbors together. The weightwu,v of an edge(u, v)
corresponds to the relative strength that nodev is influenced
by its neighboru (among all ofv’s neighbors). Besides, for
eachv ∈ V , it holds that

∑
(u,v)∈E wu,v ≤ 1. The dynamics

of the process proceeds as follows. Each nodev selects a
threshold valueθv from range[0, 1] randomly. Same as the IC
model, letS0 be the set of initial influenced nodes. At step
t, the non-influenced nodev, for which the total weight of
the edges from itsinfluencedneighbors exceeds its threshold
(
∑

(u,v)∈E andu is influencedwu,v ≥ θv), becomes influenced.
The spread process terminates when no more influence spread
is possible.

For a graph under the LT model, we say that the graph is
deterministicif the thresholds of all its nodes have been set
before the process of influence spread. Otherwise, we say that
it is probabilistic.

B. Influence Maximization

Motivated by the fact that social network plays a funda-
mental role in spreading ideas, innovations and information,
Domingoes and Richardson proposed to use social networks
for marketing purpose, which is called viral marketing [11,
17]. By viral marketing, they aimed at selecting a limited
number of seeds such that the influence incurred by these
seeds is maximized. We call this fundamental problem as the
influence maximizationproblem.

In [12], Kempe et al. formalized the above influence max-
imization problem as a discrete optimization problem called
k-MAX-Influencefor the first time.Given a social network
G(V,E) and an integerk, find k seeds such that the incurred
influence is maximized.Kempe et al. proved thatk-MAX-
Influence is NP-hard for both the IC model and the LT
model. To achieve better efficiency, they provided a(1−1/e)-
approximation algorithm fork-MAX-Influence.

Recently, several studies have been conducted to solvek-
MAX-Influence in a more efficient and/or scalable way than
the aforementioned approximate algorithm in [12]. Specif-
ically, in [13], Leskovec et al. employed a “lazy-forward”
strategy to select seeds, which has been shown to be ef-
fective for reducing the cost of the influence propagation
of nodes. In [14], Kimura et al. proposed a new shortest-
path cascade model, based on which, they developed efficient
algorithms fork-MAX-Influence. Motivated by the drawback
of non-scalability of all aforementioned solutions fork-MAX-
Influence, Chen et al. proposed an arborescence-based heuris-

tic algorithm, which was verified to be quite scalable to large-
scale social networks [15].

The influence maximization problem has been extended into
the setting with multiple products instead of a single product.
Bharathi et al. solved the influence maximization problem for
multiple competitiveproducts using game-theoretical meth-
ods [18, 19], while Datta et al. proposed the influence maxi-
mization problem for multiplenon-competitiveproducts [16].
Apart from these studies aiming at maximizing the influence,
considerable efforts have been devoted to the diffusion models
in social networks [9, 10].

Clearly, most of the existing studies related to viral mar-
keting aim at maximizing the influence incurred by a limited
number of seeds (i.e.,k-MAX-Influence). While our problem,
J-MIN-Seed, is targeted to minimize the number of seeds
while satisfying the requirement of influencing at least a
certain number of users in the social network. As discussed
in Section I, a naı̈ve adaption of any existing algorithm for
k-MAX-Influence is time-consuming.

III. PROBLEM

We first formalizeJ-MIN-Seed in Section III-A. In Sec-
tion III-B, we provide several properties related toJ-MIN-
Seed.

A. Problem Definition

Given a setS of seeds, we define theinfluenceincurred
by the seed setS (or simply the influence ofS), denoted by
σ(S), to be the expected number of nodes influenced during
the diffusion process initiated byS. How to calculateσ(S)
under different diffusion models givenS will be discussed in
Section IV.

Problem 1 (J-MIN-Seed):Given a social networkG(V,E)
and an integerJ , find a setS of seeds such that the size of
the seed set is minimized andσ(S) ≥ J .

We say that nodeu is covered by seed setS if u is
influenced during the influence diffusion process initiatedby
S. It is easy to see thatJ-MIN-Seed aims at minimizing the
number of seeds while satisfying the requirement of covering
at leastJ nodes. Given a nodex in V and a subsetS of V ,
the marginal gainof insertingx into S, denoted byGx(S),
is defined to beσ(S ∪ {x})− σ(S).

We show the hardness ofJ-MIN-Seed with the following
theorem.

Theorem 1:TheJ-MIN-Seed problem is NP-hard for both
the IC model and the LT model.

B. Properties

Since the analysis of the error bounds of our approximate
algorithms to be discussed is based on the property that
function σ(·) is submodular, we first briefly introduce the
concept of submodular function, denoted byf(·). After that,
we provide several properties related to the influence diffusion
process in a social network.

Definition 1 (Submodularity):Let U be a universe set of
elements andS be a subset ofU . Functionf(·) which maps



S to a non-negative value is said to besubmodularif given any
S ⊆ U and anyT ⊆ U whereS ⊆ T , it holds for any element
x ∈ U −T thatf(S ∪ {x})− f(S) ≥ f(T ∪ {x})− f(T ).

In other words, we sayf(·) is submodularif it satisfies the
“diminishing marginal gain” property: the marginal gain of
inserting a new element into a setT is at most the marginal
gain of inserting the same element into a subset ofT .

According to [12], functionσ(·) is submodular for both the
IC model and the LT model. The main idea is as follows. When
we add a new nodex into a seed setS, the influence incurred
by the nodex (without considering the nodes inS) might
overlap with that incurred byS. The largerS is, the more
overlap might happen. Hence, the marginal gain is smaller
on a (larger) set compared to that on any of its subsets. We
formalize this statement with the following Property 1. The
proof can be found in [12].

Property 1: Function σ(·) is submodular for both the IC
model and the LT model.

To illustrate the concept of submodular functions, consider
Figure 1. Assume that a seed setT is {Ada}. Let a subsetS of
T be∅. We insert into seed setsT andS the same nodeBob.
In fact, it is easy to calculateσ(∅) = 0, σ({Ada}) = 3.57,
σ({Bob}) = 2.64 andσ({Ada,Bob}) = 3.83. Consequently,
we know themarginal gainof adding a new nodeBob into set
T , i.e., σ({Ada,Bob}) − σ({Ada}) = 0.26, is smaller than
that of addingBob into one of its subsetsS, i.e.,σ({Bob})−
σ(∅) = 2.64.

In the k-MAX-Influence problem, we have a submodular
functionσ(·) which takes a set of seeds as an input and returns
the expected number of influenced nodes incurred by the
seed set as an output. Similarly, in theJ-MIN-Seed problem,
we define a functionα(·) which takes a set of influenced
nodes as an input and returns the smallest number of seeds
needed to influence these nodes as an output. One may ask:
Is functionα(·) also submodular?Unfortunately, the answer
is “no” which is formalized with the following Property 2.

Property 2: Functionα(·) is not submodular for both the
IC model and the LT model.
Proof.We prove Property 2 by constructing a problem instance
whereα(·) does not satisfy the aforementioned conditions of
a submodular function. We first discuss the case for the IC
model. Consider the example as shown in Figure 2. In this
figure, there are four nodes, namelyn1, n2, n3 andn4. We
assume that each edge is associated with its weight equal to
1, which indicates that an influenced nodeu will influence a
non-influenced nodev definitelywhen there is an edge from
u to v. Let setT be {n1, n3, n4} and a subset ofT , saysS,
be {n3, n4}. Obviously, when noden1 is influenced, it will
further influence noden3 and noden4, i.e., all the nodes in
T will be influenced whenn1 is selected as a seed. Thus,
α(T ) = 1. Similarly, we know thatα(S) = 1. Now, we add
noden2 into bothT andS and then obtainα(T ∪ {n2}) = 2
(by the seed set{n1, n2}) andα(S ∪ {n2}) = 1 (by the seed
set{n2}). As a result, we know thatα(T ∪ {n2})− α(T ) =
1 > α(S ∪ {n2}) − α(S) = 0, which, however, violates the
conditions of a submodular function.

Next, we discuss the case for the LT model. Consider
the special case where each node’s threshold is equal to a
value slightly greater than0. Consequently, a node will be
influenced whenever one of its neighbors becomes influenced.
The resulting diffusion process is actually identical to the
special case for the IC model where the weights of all edges
are 1s. That is, the example in Figure 2 can also be applied
for the LT model. Hence, Property 2 also holds for the LT
model.

Property 2 suggests that we cannot directly adapt existing
techniques for thek-MAX-Influence problem (which involves
asubmodularfunction as an objective function) to ourJ-MIN-
Seed problem (which involves anon-submodularfunction as
an objective function).

IV. I NFLUENCE CALCULATION

We describe how we compute the influence of a given seed
set (i.e.,σ(·)) under the IC model (Section IV-A) and the LT
model (Section IV-B).

A. IC model

It has been proved in [15] that the process of calculating
the influence given a seed set for the IC model is#P-hard.
That is, computing theexactinfluence is hard. Thus, we have
to resort to approximate algorithms for efficiency.

Intuitively, the hardness of calculating the influence is due to
the fact that the edges in the social network under the IC model
areprobabilistic in the sense that the propagation of influence
via an edge happens with probability. In contrast, when the
social network isdeterministic, i.e., the probability associated
with each edge is exactly1, we only need totraversethe graph
from each seed in a breadth-first manner and return all visited
nodes as the influenced nodes incurred by the seed set, thus
resulting in a linear-time algorithm for influence calculation.

In view of the above discussion, we usesamplingto cal-
culate the (approximate) influence as follows. LetG(V,E) be
the original probabilistic social network andS be the seed set.
Instead of calculating the influence onG directly, we calculate
the influence on eachsampled graphfrom G using the same
seed setS and finally average the incurred influences on all
sampled graphs to obtain the approximate one for the original
probabilistic graph. To obtain the sampled graph ofG(V,E)
each time, we keep the node setV unchanged, remove the
edge(u, v) with the probability of1 − wu,v for each edge
(u, v) ∈ E and assign each remaining edge with the weight
equal to1. In this way, we can obtain that the probability that
an edge(u, v) remains in the resulting graph iswu,v. Note
that the resulting sampled graph isdeterministic. We call such
a process associal network sampling.

Conceptually, given a probabilistic graphG(V,E), eachG’s
sampled graph is generated with probability equal to a certain
value. As a result, the influence calculated based on eachG’s
sampled graph has one specific probability to be equal to the
exact influence on the original probabilistic graphG given
the same seed set. That is, theexact influencefor G is the
expected influencefor a sampled graph ofG. Based on this,



we can useHoeffding’s Inequalityto analyze the error incurred
by our sampling method. We state our result with the following
Lemma 1.

Lemma 1:Let c be a real number between 0 and 1. Given
a seed setS and a social networkG(V,E) under the IC
model, the sampling method stated above achieves a(1± ǫ)-
approximation of the influence incurred byS on G with the
confidence at leastc by performing the sampling process at
least (|V |−1)2ln(2/(1−c))

2ǫ2|S|2 times.

B. LT model

Similar to the case under the IC model, the influence
calculation for the LT model is much easier when the graph
is deterministic (i.e., the threshold of each node has been
specified before the process of influence spread). We illustrate
the main idea as follows. For an influenced nodeu, all we
need to do is to add the corresponding influence to each of its
non-influenced neighbors and check whether each of its non-
influenced neighbors, saysv, has received enough influence
(θv) to be influenced. If so, we change nodev to be influenced.
Otherwise, we leave nodev non-influenced. At the beginning,
we initialize the set of influenced nodes to be the seed setS.
Then, we perform the above process for each influenced node
until no new influenced nodes are generated.

With the view of the above discussion, we perform the influ-
ence calculation on a probabilistic graph for the LT model in
the same way as the IC model except for the sampling method.
Specifically, to sample a probabilistic graphG under the LT
model, we pick a real number from range[0, 1] uniformly
as the threshold of each node inG to form a deterministic
graph. We perform the sampling process multiple times, and
for each resulting deterministic graph, we run the algorithm
for a deterministic graph (just described above) to obtain the
incurred influence. Finally, we average the influences on all
sampled graphs to obtain the approximate influence.

Clearly, we can derive a similar lemma as Lemma 1 for the
LT model.

V. GREEDY ALGORITHM

We present in Section V-A the framework of our greedy
algorithm which finds a seed set by adding a seed into the
seed set iteratively. Section V-B provides the analysis of
this algorithm framework, while Section V-C discusses two
different implementations of this algorithm framework.

A. Algorithm Framework

As proved in Section III,J-MIN-Seed is NP-hard. It is
expected that there is no efficient exact algorithm forJ-MIN-
Seed. As discussed in Section I, if we want to solveJ-MIN-
Seed, a naı̈ve adaption of any existing algorithm originally
designed fork-MAX-Influence is time-consuming. The major
reason is that it executes an existing algorithm many times
and the execution of this existing algorithm for an iteration
is independentof the execution of the same algorithm for
the next iteration. Motivated by this observation, we propose
a greedy algorithm which solvesJ-MIN-Seed efficiently by

Algorithm 1 Greedy Algorithm Framework
Input: G(V,E): a social network.

J : the required number of nodes to be influenced
Output: S: a seed set.

1: S ← ∅
2: while σ(S) < J do
3: u← argmaxx∈V−S(σ(S ∪ {x})− σ(S))
4: S ← S ∪ {u}
5: return S

executing an iteration based on the results from its previous
iteration.

Specifically, we first initialize a seed setS to be an empty
set. Then, we select a non-seed nodeu such that the marginal
gain of insertingu into S is the greatest and then we insert
u into S. We repeat the above steps until at leastJ nodes
are influenced. Algorithm 1 presents this greedy algorithm
framework.

This greedy algorithm is similar to the algorithm from [12]
for k-MAX-Influence except the stopping criterion, but they
have different theoretical results. The stopping criterion in this
greedy algorithm isσ(S) ≥ J and the stopping criterion in the
algorithm from [12] is|S| ≥ k wherek is a user parameter
of k-MAX-Influence. Note that our greedy algorithm forJ-
MIN-Seed has theoretical results which guarantee the number
of seedsused while the algorithm fork-MAX-Influence has
theoretical results which guarantee the number ofinfluenced
nodes.

B. Theoretical Analysis

In this part, we show that the greedy algorithm framework
in Algorithm 1 can return the seed set with both an additive
error guarantee and a multiplicative error guarantee.

The greedy algorithm gives the following additive error
bound.

Lemma 2 (Additive Error Guarantee):Let h be the size of
the seed set returned by the greedy algorithm framework in
Algorithm 1 andt be the size of the optimal seed set forJ-
MIN-Seed. The greedy algorithm framework in Algorithm 1
gives an additive error bound equal to1/e · J + 1. That is,
h− t ≤ 1/e ·J+1. Here,e is the natural logarithmic base.

Before we give the multiplicative error bound of the greedy
algorithm, we first give some notations. Suppose that the
greedy algorithm terminates afterh iterations. We denoteSi

to be the seed set maintained by the greedy algorithm at the
end of iterationi where i = 1, 2, ...., h. Let S0 denote the
seed set maintained before the greedy algorithm starts (i.e., an
empty set). Note thatσ(Si) < J for i = 1, 2, ..., h − 1 and
σ(Sh) ≥ J .

In the following, we give the multiplicative error bound of
the greedy algorithm framework in Algorithm 1.

Lemma 3 (Multiplicative Error Guarantee):Let σ′(S) =
min{σ(S), J}. The greedy algorithm framework in Algo-
rithm 1 is a(1 + min{k1, k2, k3})-approximation ofJ-MIN-
Seed, wherek1 = ln J

J−σ′(Sh−1)
, k2 = ln σ′(S1)

σ′(Sh)−σ′(Sh−1)
, and



k3 = ln(max{ σ′({x})
σ′(Si∪{x})−σ′(Si)

|x ∈ V, 0 ≤ i ≤ h, σ′(Si ∪
{x})− σ′(Si) > 0}).

C. Implementations

As can be seen, the efficiency of Algorithm 1 relies on the
calculation of the influence of a given seed set (operatorσ(·)).
However, the influence calculation process for the IC model
is #P-hard [15]. Under such a circumstance, we adopt the
sampling method discussed in Section IV when using operator
σ(·). We denote this implementation byGreedy1.

In fact, we have an alternative implementation of Algo-
rithm 1 as follows. Instead of sampling the social network
to be deterministicwhen calculating the influence incurred
by a given seed set, we can sample the social network to
generate a certain number of deterministic graphsonly at the
beginning. Then, we solve theJ-MIN-Seed problem on each
such deterministic graph using Algorithm 1, where the cost of
operatorσ(·) simply becomes the time to traverse the graph.

At the end, we return the average of the sizes of the seed sets
returned by the algorithm based on all samples (deterministic
graphs). We call this alternative implementation asGreedy2.

VI. FULL -COVERAGE

In some applications, we are interested in influencing all
nodes in the social network. For example, a government wants
to promote some campaigns like an election and an awareness
of some infectious diseases. In these applications,J is set
to |V |. We call this special instance ofJ-MIN-Seed asFull-
Coverage. In Section VI-A, we give some interesting observa-
tions and present an efficient algorithm on deterministic graphs
for the IC model, while in Section VI-B, we develop our
probabilistic algorithm which can provide an arbitrarily small
error for the IC model.

A. Full-Coverage on Deterministic Graph (IC Model)

According to Theorem 1,in general, it is NP-hard to solve
the J-MIN-Seed problem on a graph (either probabilistic or
deterministic) for the IC model. However, on adeterministic
graph for the IC model, Full-Coverage is not NP-hard yet easy
to solve. In the following, we design an efficient algorithm to
handle Full-Coverage on a deterministic graphG(V,E).

Before illustrating our efficient method for Full-Coverage,
we first introduce the following two observations.

Observation 1:On a deterministic graph, if a node within
a strongly connected component(SCC) is influenced, then it
will influence all nodes in this SCC.

Observation 2:Any node with in-degree equal to0 must be
selected as a seed in order to be influenced. This is because
it cannot be influenced by other nodes.

Based on the above two observations, we design our method
calledDecompose-and-Pickas follows.

At the first step, we decompose the deterministic graph into
a number of strongly connected components (SCCs), namely
scc1, scc2, ..., sccm. This step can be achieved by adopting
some existing methods in the rich literature for finding all
SCCs in a graph. In our implementation for this step, we adopt

the SCC computation algorithm developed by Kosaraju et al
[20], which runs inO(|V |+ |E|) time.

For the second step, we construct a new graphG(V ′, E′)
based onG(V,E). Specifically, for constructingV ′, we create
a new nodevi for each SCCscci obtained in Step1. We
constructE′ as follows. Initially,E′ is set to an empty set.
For each(u, v) ∈ E, we find the SCC containingu (v)
in G(V,E), says scci (sccj). Then, we find the nodevi
(vj) representingscci (sccj) in G(V ′, E′). We check whether
(vi, vj) ∈ E′. If not, we insert(vi, vj) intoE′. Clearly, the cost
for constructingV ′ is O(|V |), while the cost for generating
E′ is O(|E| · Ccheck), whereCcheck indicates the cost for
checking whether a specific edge(vi, vj) has been constructed
before in E′. Ccheck depends on the structure for storing
G(V ′, E′). Specifically,Ccheck is O(1) when G(V ′, E′) is
stored in anadjacency matrix. With this data structure, the
overall cost for Step2 is O(|V |+ |E|). In case thatG(V ′, E′)
is maintained in anadjacency list, Ccheck becomesO(|E′|)
(bounded byO(|E|)), resulting in Step2’s complexity equal
to O(|V | + |E|2) in the worst case. To further reduce the
complexity of Step 2 in this case, we do not check the
existence of each newly formed edge in the new graph every
time we create a new edge. Instead, we create all newly formed
edges and perform sorting on all the newly formed edges to
filter out any redundant edges inE′, thus yielding the cost of
Step 2 equal toO(|V | + |E| · log |E|). Note that there exist
no SCCs in the constructed graphG′(V ′, E′).

For the last step, we simply pick the nodes with in-degree
equal to0 in G(V ′, E′) and for each such nodevi, we insert
into the seed setS a node randomly from its corresponding
scci in the originalG(V,E). Since there exist no SCCs in
G′(V ′, E′), it is possible to perform atopological sort on
G′(V ′, E′). Hence, the seed set consisting of all the nodes with
in-degree equal to0 in G′(V ′, E′) would influence all nodes
in G′(V ′, E′). Since each node inG′(V ′, E′) corresponds to
a SCC structure inG(V,E), according to Observation 2, we
conclude that the seed setS constructed at the last step would
influence |V | nodes inG(V,E) (deterministic). Clearly, the
cost of Step3 is O(|V ′|+ |E′|) (DFS/BFS), which is bounded
by O(|V |+ |E|).

In summary, the worst-case time complexity of Decompose-
and-Pick isO(|V | + |E|) and O(|V | + |E| · log |E|) when
the new graph is maintained in an adjacency matrix and an
adjacency list, respectively.

B. Full-Coverage on Probabilistic Graph (IC Model)

At this moment, it is quite straightforward to perform
our probabilistic algorithm for Full-Coverage based onsocial
network samplingand Decompose-and-Pickas follows. We
first use social network sampling to generate a certain number
of deterministic graphs. Then, on each such deterministic
graph, we run Decompose-and-Pick to obtain its corresponding
seed set which covers all the nodes in the social network and
the corresponding size of the seed set. At the end, we average
the sizes of the seed sets obtained for all samples (deterministic
graphs) to approximate the solution of Full-Coverage on a



general (probabilistic) social network. Again, usingHoeffd-
ing’s Inequality, for a real numberc between 0 and 1, we can
provide users with a(1 ± ǫ)-approximation solution for any
positive real numberǫ with confidence at leastc by performing
the sampling process at least(|V |−1)2ln(2/(1−c))

2ǫ2 times. The
proof is similar to that of Lemma 1.

VII. E MPIRICAL STUDY

We set up our experiments in Section VII-A and give the
corresponding experimental results in Section VII-B.

A. Experimental Setup

We conducted our experiments on a 2.26GHz machine with
4GB memory under a Linux platform. All algorithms were
implemented in C/C++.

1) Datasets:We used four real datasets for our empirical
study, namelyHEP-T, Epinions, AmazonandDBLP. HEP-T is
a collaboration network generated from “High Energy Physics-
Theory” section of the e-print arXiv (http://www.arXiv.org). In
this collaboration network, each node represents one specific
author and each edge indicates a co-author relationship be-
tween the two authors corresponding to the nodes incident to
the edge. The second one, Epinions, is awho-trust-whomnet-
work at Epinions.com, where each node represents a member
of the site and the link from memberu to memberv means that
u trustsv (i.e., v has a certain influence onu). The third real
dataset, Amazon, is a product co-purchasing network extracted
from Amazon.com with nodes and edges representing products
and co-purchasing relationships, respectively. We believe that
productu has an influence on productv if v is purchased often
with u. Both of Epinions and Amazon are maintained by Jure
Leskovec. Our last real dataset, DBLP, is another collaboration
network of computer science bibliography database maintained
by Michael Ley. We summarize the features of the above
real datasets in Table I. For efficiency, we ran our algorithms
on the samples of the aforementioned real datasets with the
sampling ratio equal to one percent. The sampling process is
done as follows. We randomly choose a node as the root and
then perform a breadth-first traversal (BFT) from this root.
If the BFT from one root cannot cover our targeted number
of nodes, we continue to pick more new roots randomly and
perform BFTs from them until we obtain our expected number
of nodes. Next, we construct the edges by keeping the original
edges between the nodes traversed.

2) Configurations:(1) Weight generation for the IC model:
We use the QUADRIVALENCY model to generate the
weights. Specifically, for each edge, we uniformly choose a
value from set{0.1, 0.25, 0.5, 0.75}, each of which represents
minor, low, medium and high influence, respectively. (2)
Weight generation for the LT model:For each nodeu, let du
denote its in-degree, we assign the weight of each edge tou as
1/du. In this case, each node obtains the equivalent influence
from each of its neighbors. (3)No. of Times for Sampling:
For each influence calculation under both the IC model and
the LT model, we perform the graph sampling process10000
times by default. (4)ParameterJ : In the following, we denote

TABLE I
STATISTICS OF REAL DATASETS

Dataset HEP-T Epinions Amazon DBLP
No. of Nodes 15233 75888 262111 654628
No. of Edges 58891 508837 1234877 1990259

parameterJ as a relative real number between 0 and 1
denoting the fraction of the influenced nodes among all nodes
in the social network (instead of anabsolutepositive integer
denoting the total number of influenced nodes) because a
relative measure is more meaningful than an absolute measure
in the experiments. We setJ to be 0.5 by default. Alternative
configurations considered are{0.1, 0.25, 0.5, 0.75, 1}.

3) Algorithms: We compare our greedy algorithm with
several other common heuristic algorithms. We list all the algo-
rithms studied in our experiments as follows. (1)Greedy1: We
denote our first implementation of Algorithm 1 by Greedy1.
As stated before, weonly conduct thegraph sampling pro-
cesswhen performing the influence calculation. (2)Greedy2:
Greedy2 corresponds to the alternative implementation of Al-
gorithm 1. (3)Degree-heuristic: We implemented this baseline
algorithm using the heuristic of nodes’ out-degree. Specifi-
cally, we repeatedly pick the node with the largest out-degree
yet un-covered and add it into the seed set until the incurred
influence exceeds the threshold. We denote this heuristic algo-
rithm asDegree-heuristic. (4) Centrality-heuristic: Centrality-
heuristic indicates another heuristic algorithm based on the
nodes’ distance centrality. In sociology, distance centrality
is a common measurement of nodes’ importance in a social
network based on the assumption that a node with short
distances to other nodes would probably have a higher chance
to influence them. InCentrality-heuristic, we select the seeds
in a decreasing order of nodes’ distance centralities untilthe
requirement of influencing at leastJ nodes is met. (5)Random:
Finally, we consider the method of selecting seeds from the
un-covered nodes at random as a baseline. Correspondingly,
we denote it byRandom.

In the experiment, we do not compare our algorithms with
the naı̈ve adaption of an existing algorithm fork-MAX-
Influence described in Section I because this naı̈ve adaption is
time-consuming as discussed in Section V.

B. Experiment Results

1) No. of Seeds:We measure the quality of the algorithm
for J-MIN-Seed by using the number of seeds returned by the
algorithm. Clearly, the fewer the seeds an algorithm returns,
the better it is.

For the IC model,we study the qualities of the five afore-
mentioned algorithms by comparing the number of seeds
returned by them. Specifically, we vary parameterJ from 0.1
to 1. The experimental results are shown in Figure 3. Consider
the results on HEP-T (Figure 3(a)) as an example. We find
algorithms Greedy1 and Greedy 2 are comparable in terms
of quality. Both of them outperform other heuristic algorithms
significantly. Similar results can be found in other real datasets.

For the LT model, we conducted the similar experiments,
whose results are shown in Figure 6. Same as the IC model,



Greedy1 and Greedy2 beat other algorithms by an order of
almost one magnitude in terms the number of returned seeds.

2) Running Time:We explore the efficiency of different
algorithms by comparing their running times. Again, we vary
J , and for each setting ofJ , we record the corresponding
running time of each algorithm.

For the IC model, according to the results shown in Figure 4,
we find that Greedy1 is the slowest algorithm. The reason is
that Greedy1 selects the seeds by calculating the marginal
gain of each non-seed at each iteration and then picking
the one with the largest marginal gain while other heuristic
algorithms simply choose the non-seed with the best heuristic
value (e.g., out-degree and centrality). However, the alternative
implementation of our greedy algorithm, i.e., Greedy2, shows
its advantage in terms of efficiency. Greedy2 is faster than
Greedy1 because the total cost of sampling in Greedy2 is much
smaller than that in Greedy1. Besides, Random is slower than
Greedy2, though the cost of choosing a seed in Random is
O(1). This is because Random usually has to select more seeds
than Greedy2 in order to incur the same amount of influence
and for each iteration, Random also needs to calculate the
influence incurred by the current seed set.

For the LT model, we show the experimental results in Fig-
ure 7. Again, Greedy1 requires the most running time. How-
ever, different from the results for the IC model, Greedy2’sef-
ficiency is comparable with that of other heuristic algorithms.

3) Memory: In order to evaluate the space utility of our
greedy algorithms, we conducted the experiments that take
the memory occupied by each algorithm as a measurement.

Same as the experiments for quality and efficiency testing,
we varyJ and the experimental results are shown in Figure 5
for the IC model and Figure 8 for the LT model. According
to these results, our greedy algorithms share the nice feature
of low space complexity with other heuristic algorithms (less
than2 MB for all experiments in this paper).

4) Error Analysis: To verify the error bounds derived in
this paper, we also conducted the experiments which compare
the number of seeds returned by our algorithms with the
optimal one on small datasets (0.5% of the HEP-T dataset).
We performed Brute-Force searching to obtain the optimal
solution.

For the IC model, the experimental results are shown
in Figure 9. According to these results,the additive errors
incurred by our algorithms are generally much smaller than
the theoretical error bounds on the real dataset. In Figure 9(b),
we find that the multiplicative error of our greedy algorithm
grows slowly whenJ increases. Besides, we discover that
k2 is the smallest amongk1, k2 and k3 in most cases of
our experiments. That is, the multiplicative bound becomes
(1 + k2) (i.e., (1 + ln σ′(S1)

σ′(Sh)−σ′(Sh−1)
)) in these cases. Based

on this, we can explain the phenomenon in Figure 9(b) that
the theoretical multiplicative error bound does not changetoo
much when we increaseJ from 0.75 to 1.

For the LT model, the results are shown in Figure 10.
According to these results, the additive errors of our greedy
algorithms are much smaller than the theoretical error bounds.
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Fig. 10. Error Analysis (LT Model)

For the multiplicative errors shown in Figure 10(b), we find
that the theorectical bounds are usually 1, i.e., the approximate
solution should be exactly the optimal one, which is verified
by our results.

5) Full Coverage Experiments:We conducted the experi-
mens on our four real datasets for the Full-Coverage problem
as follows. We denote byFC-alg our algorithm for Full-
Coverage, which is described in Section VI-B. In the exper-
iments, we compared FC-alg with Greedy1 and Greedy2 (J
is set to |V |) in terms of the number of seeds returned the
algorithm, the running time and the occupied memory.

The experimental results are shown in Figure 11. According
to the results in Figure 11(a), we find that FC-alg returns less
seeds than the greedy algorithms (i.e., Greedy1 and Greedy2).
Besides, we find that FC-alg runs faster than the greedy
algorithms, which is shown in Figure 11(b). In Figure 11(c),
we notice that FC-alg is as space-efficient as the greedy
algorithms.

Conclusion: Greedy1 and Greedy2 both give the smallest
seed set compared with other algorithms Degree-Heuristic,
Centrality-Heuristic and Random. In addition, the difference
between the size of a seed set returned by Greedy1 or Greedy2
and the minimum (optimal) seed size is significantly smaller
than the theoretical bound. Besides, Greedy2 performs faster
than Greedy1.

VIII. C ONCLUSION

In this paper, we propose a new viral marketing problem
called J-MIN-Seed, which has extensive applications in real
world. We then prove thatJ-MIN-Seed is NP-hard under
two popular diffusion models (i.e., the IC model and the LT
model). To solveJ-MIN-Seed effectively, we develop a greedy
algorithm, which can provide approximation guarantees. Be-
sides, for the special setting whereJ is equal to the number of
all users in the social network (i.e., Full-Coverage), we design
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Fig. 7. Running Time (LT Model)
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Fig. 11. Experiments for Full Coverage (Real datasets)

other efficient algorithms. Finally, we conducted extensive
experiments on real datasets, which verified the effectiveness
and efficiency of our greedy algorithm. For future work, we
plan to study the properties of our new problem under diffusion
models other than the IC model and the LT model. Finding
other solutions of Full-Coverage for the LT model is another
interesting direction.
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APPENDIX: PROOF OFLEMMAS/THEOREMS

Proof of Theorem 1.We first give theJ-MIN-Seed’s decision
problem as follows. Given a social networkG(V,E), an
integerJ and an integerl, we want to find a setS of seeds
such that|S| ≤ l andσ(S) ≥ J .

Next, we prove that this decision problem is NP-hard for
the IC model.

Consider an instance of the NP-complete problem,Maxi-
mum Cover. Given a ground setU = {u1, u2, . . . , un} and
a collection of its subsetsC = {S1, S2, . . . , Sm}. Let k and
B be two integers. We want to know whether there exists a
subsetC′ ⊆ C such that|C′| ≤ k and | ∪S∈C′ S| ≥ B.

We transform the aforementioned Maximum Cover problem
to our J-MIN-Seed’s decision problem as follows. We first
construct a setV of nodes and a setE of edges as follows.V
is constructed as follows. Initially,V is set to an empty set.
For each elementuj in U , we create a nodevuj

and insert it
into V . Besides, for each subsetSi in C, we create a node
vSi

and insert it intoV . Then, we constructE as follows.
Initially, E is set to an empty set. For each setSi in C and
each elementuj in Si, we construct an edge(vSi

, vuj
) and

insert it intoE. The weight of each edge inE is set to 1. At
the end, we obtain a graphG with a setV of nodes and a set
E of edges. We setl to bek andJ to beB + k. Clearly, the
above transformation step runs in polynomial time.

We show that the Maximum Cover problem is equivalent to
deciding whether there is a seed setS such that|S| ≤ k and
σ(S) ≥ B + k. If the Maximum Cover problem is solvable
(i.e., there exists a subsetC′ of C such that|C′| ≤ k and at
leastB elements inU are covered byC′), then the seed set
containing all the nodes corresponding to the subsets inC′

incurs at leastB + k influenced nodes. Hence, theJ-MIN-
Seed’s decision problem is also solvable. Similarly, we can
see that the reverse process also works. Thus,J-MIN-Seed is
NP-hard.

Now, we prove the analogous result for the LT model. We
construct a special case of theJ-MIN-Seed’s decision problem
for the LT model by specifying the thresholds of all nodes



to be 0s. Consequently, the influence propagation process is
identical to the aforementioned special instance defined for the
IC model (where the weight of each edge is 1). So, we can
draw the same conclusion for the LT model.
Proof of Lemma 1.Assume that we perform the social net-
work sampling process (onG) n times and thus obtainn
sampled graphs ofG. We denote these sampled graphs by
G1, G2, . . . , Gn. Let Ii be the influence incurred by the seed
set S on the sampled graphGi. Let E(I) be the expected
value ofIi and Ī =

∑n
i=1 Ii be the mean of theIi values on

the sampled graphs. According toHoeffding’s Inequality, for
any non-negative real numbert, we know

Pr(|Ī − E(I))| ≥ t) ≤ 2 exp(−
2t2n2

∑n
i=1(ui − li)2

)

whereui and li are the upper bound and the lower bound of
Ii, respectively.

ConsideringIi ≤ |V | andIi ≥ 1, i.e.,ui = |V | and li = 1,
for 1 ≤ i ≤ n, we have

Pr(|1 −
Ī

E(I)
| ≥

t

E(I)
) ≤ 2 exp(−

2t2n

(|V | − 1)2
)

Let ǫ = t/E(I). We obtain

Pr(|1 −
Ī

E(I)
| ≥ ǫ) ≤ 2 exp(−

2ǫ2E(I)2n

(|V | − 1)2
)

Hence, in order to obtain a(1± ǫ)-approximation algorithm
with the confidence at leastc, the following condition should
hold.

2 exp(−
2ǫ2E(I)2n

(|V | − 1)2
) ≤ 1− c

As a result, we obtain the requirement on the number of
times for sampling as follows.

n ≥
(|V | − 1)2ln( 2

1−c )

2ǫ2E(I)2

Since the seeds themselves would be influenced, we know
that E(I) ≥ |S|. As a result, we obtain the following
inequality.

n ≥
(|V | − 1)2ln( 2

1−c )

2ǫ2|S|2

Thus, we finish our proof.
Proof of Lemma 2.Firstly, we give the theoretical bound on the
influence fork-MAX-Influence. The problem of determining
the k-element setS ⊂ V that maximizes the value of
σ(·) is NP-hard. Fortunately, according to [21], a simple
greedy algorithm can solve this maximization problem with
the approximation factor of(1−1/e) by initializing an empty
setS and iteratively adding the node such that the marginal
gain of inserting this node into the current setS is the greatest
one untilk nodes have been added. We present this interesting
tractability property of maximizing a submodular functionin
Lemma 4 as follows.

Lemma 4 ([21]): For a non-negative, monotone submodu-
lar functionf , we obtain a setS of sizek by initializing set

S to be an empty set and then iteratively adding the nodeu
one at a time such that the marginal gain of insertingu into
the current setS is the greatest. Assume thatS∗ is the set
with k elements that maximizes functionf , i.e., the optimal
k-element set. Then,f(S) ≥ (1− 1/e) ·f(S∗), wheree is the
natural logarithmic base.

Secondly, we derive the additive error bound on the seed
set size forJ-MIN-Seed based on the aforementioned bound.

As discussed in Section III,σ(·) is submodular. Clearly,
σ(·) is also non-negative and monotone. The framework in
Algorithm 1 involves a number of iterations (lines 2-4) where
the size of the seed setS is incremented by one for each
iteration. We say that the framework in Algorithm 1 is at stage
j if the seed setS containsj seeds at the end of an iteration.
The seed setS at stagej is denoted bySj . Consequently,
according to Lemma 4, at each stagej, we conclude that

σ(Sj) ≥ (1− 1/e) · σ(S∗
j ) (1)

whereS∗
j is the set that provides the maximum value ofσ(·)

over all possible seed sets of sizej.
Note that the total number of stages for the greedy process

is equal toh (i.e., the size of the seed set returned by the
algorithm). That is, the greedy process stops at stageh. Thus,
we know thatσ(Sh) ≥ J and the greedy solution forJ-MIN-
Seed isSh. Consider the last two stages, namely stageh− 1
and stageh. We know thatσ(Sh−1) < J and σ(Sh) ≥ J .
Sinceσ(S∗

h) ≥ σ(Sh), we haveσ(S∗
h) ≥ J .

Now, we want to explore the relationship betweenh andt.
Note that the following inequality holds.

t ≤ h (2)

Consider two stages, stagei and stagei + 1, such that
σ(Si) < (1 − 1/e) · J while σ(Si+1) ≥ (1 − 1/e) · J .
According to Inequality (1), we knowσ(S∗

i ) < J . (This is
because ifσ(S∗

i ) ≥ J , then we haveσ(Si) ≥ (1 − 1/e) · J
with Inequality (1), which contradictsσ(Si) < (1− 1/e) · J).
As a result, we have the following inequality

t > i (3)

due to the monotonicity property ofσ(·).
According to Inequality (2) and Inequality (3), we obtain

t ∈ [i+1, h]. That is, the additive error of our greedy algorithm
(i.e.,h− t) is bounded by the number of stages between stage
i+1 and stageh. Sinceσ(Si+1) ≥ (1−1/e)·J andσ(Sh−1) <
J , the difference of the influence incurred between stagei+1
and stageh−1 is bounded byJ−(1−1/e)·J = 1/e·J . Since
each stage increases at least1 influenced node (seed itself), it
is easy to see that the number of stages between stagei + 1
and stageh− 1 is at most1/e · J . Consequently, the number
of stages between stagei+1 and stageh is at most1/e ·J+1.
As a result,h− t ≤ 1/e · J + 1.

Proof of Lemma 3.This proof involves four parts. In the
first part, we construct a new problemP ′ based on the
submodular functionσ′(·) (instead ofσ(·)). In the second
part, we show the multiplicative error bound of the greedy



algorithm in Algorithm 1 (usingσ′(·) instead ofσ(·)) for this
new problemP ′. We denote this adapted greedy algorithm by
A′. For simplicity, we denote the original greedy algorithm in
Algorithm 1 usingσ(·) by A. In the third part, we show that
this new problem is equivalent to theJ-MIN-Seed problem.
In the fourth part, we show that the multiplicative error bound
deduced in the second part can be used as the multiplicative
error bound of algorithmA for J-MIN-Seed.

Firstly, we construct a new problemP ′ as follows. Note that
σ′(S) = min{σ(S), J}. ProblemP ′ is formalized as follows.

argmin{|S| : σ′(S) = σ′(V ), S ⊆ V }. (4)

Secondly, we show the multiplicative error bound of algo-
rithmA′ for problemP ′ by using the following Lemma 5 [22].

Lemma 5 ([22]): Given problem argmin{
∑

x∈S g(x) :
f(S) = f(U), S ⊆ U} where f is a nondecreasing and
submodular function defined on subsets of a finite setU , and
g is a function defined onU . Consider the greedy algorithm
that selectsx in U −S such that(f(S∪{x})−f(S))/g(x) is
the greatest and adds it intoS at each iteration. The process
stops whenf(S) = f(U). Assume that the greedy algorithm
terminates afterh iterations and letSi denote the seed set
at iteration i (S0 = ∅). The greedy algorithm provides a
(1 + min{k1, k2, k3})-approximation of the above problem,
where k1 = ln f(U)−f(∅)

f(U)−f(Sh−1)
, k2 = ln f(S1)−f(∅)

f(Sh)−f(Sh−1)
, and

k3 = ln(max{ f({x})−f(∅)
f(Si∪{x})−f(Si)

|x ∈ U, 0 ≤ i ≤ h, f(Si ∪
{x})− f(Si) > 0}).

We apply the above lemma for problemP ′ as follows. It is
easy to verify thatσ′(·) is a non-decreasing and submodular
function defined on subsets of a finite setV . We setU to be
V and setf(·) to beσ′(·). We also defineg(x) to be 1 for
eachx ∈ V (or U ). Note that

∑
x∈S g(x) = |S|. We re-write

ProblemP ′ (4) as follows.

argmin{
∑

x∈S

g(x) : σ′(S) = σ′(V ), S ⊆ V }. (5)

The above form of problemP ′ is exactly the form of the
problem described in Lemma 5. Suppose that we adopt the
greedy algorithm in Algorithm 1 for problemP ′ by using
σ′(·) instead ofσ(·), i.e., algorithmA′. It is easy to verify
that algorithmA′ follows the steps of the greedy algorithm
described in Lemma 5 (i.e., selecting the nodex such that
(σ′(S ∪ {x}) − σ′(S))/g(x) is the greatest whereg(x) is
exactly equal to 1). By Lemma 5, the greedy algorithmA′

for problemP ′ gives(1 +min{k1, k2, k3})-approximation of
problemP ′, wherek1 = ln σ′(V )−σ′(∅)

σ′(V )−σ′(Sh−1)
= ln J

J−σ′(Sh−1)
,

k2 = ln σ′(S1)−σ′(∅)
σ′(Sh)−σ′(Sh−1)

= ln σ′(S1)
σ′(Sh)−σ′(Sh−1)

, and k3 =

ln(max{ σ′({x})
σ′(Si∪{x})−σ′(Si)

|x ∈ V, 0 ≤ i ≤ h, σ′(Si ∪ {x}) −
σ′(Si) > 0}).

Thirdly, we show that problemP ′ is equivalent to theJ-
MIN-Seed problem which can be formalized as follows (since∑

x∈S g(x) = |S|).

argmin{
∑

x∈S

g(x) : σ(S) ≥ J, S ⊆ V }. (6)

In the following, we show that the set of all possible solutions
for the problem in form of (6) (i.e., theJ-MIN-Seed problem)
is equivalent to the set of all possible solutions for the problem
in form of (5) (i.e., problemP ′). Note that the objective
functions in both problems are equal. The remaining issue
is to show that the constraints for one problem are the same
as those for the other problem.

Suppose thatS is a solution for the problem in form of
(6). We know thatσ(S) ≥ J and S ⊆ V . We derive that
σ′(S) = J . Sinceσ′(V ) = J , we haveσ′(S) = σ′(V ) and
S ⊆ V (which are the constraints for the problem in form of
(5)).

Suppose thatS is a solution for the problem in form of (5).
We know thatσ′(S) = σ′(V ) andS ⊆ V . Sinceσ′(V ) = J ,
we haveσ′(S) = J . Consideringσ′(S) = min{σ(S), J}, we
derive thatσ(S) ≥ J . So, we haveσ(S) ≥ J and S ⊆ V
(which are the constraints for the problem in form of (6)).

Fourthly, we show that the size of the solution (i.e.,|S|)
returned by algorithmA′ for the new problemP ′ is equal to
that returned by algorithmA for J-MIN-Seed. Sinceσ(Si) <
J for 1 ≤ i ≤ h − 1, we know thatσ′(Si) = σ(Si) for
1 ≤ i ≤ h− 1. We also know that the elementx in V −Si−1

that maximizesσ(Si−1 ∪ {x}) − σ(Si−1) (which is chosen
at iterationi by algorithmA) would also be the element that
maximizesσ′(Si−1 ∪ {x}) − σ′(Si−1) (which is chosen at
iteration i by algorithmA′) for i = 1, 2, ..., h − 1. That is,
algorithmA′ would proceed in the same way as algorithmA at
iterationi = 1, 2, ..., h−1. Consider iterationh of algorithmA.
We denote the element selected by algorithmA by xh. Then,
we know σ(Sh−1 ∪ {xh}) ≥ J since algorithmA stops at
iterationh. Consider iterationh of algorithmA′. This iteration
is also the last iteration ofA′. This is because there exists an
elementx in V −Sh−1 such thatσ′(Sh−1 ∪{x}) = σ′(V )(=
J) (sincex can be equal toxh whereσ′(Sh−1 ∪ {xh}) = J).
Note that this elementx maximizesσ′(Sh−1∪{x})−σ′(Sh−1)
and thus is selected byA′. We conclude that both algorithmsA
andA′ terminates at iterationh. Since the number of iterations
for an algorithm (A or A′) corresponds to the size of the
solution returned by the algorithm, we deduce that the size of
the solution returned by algorithmA′ is equal to that returned
by algorithmA.

In view of the above discussion, we know that problemP ′

is equivalent toJ-MIN-Seed and algorithmA′ for problemP ′

would proceed in the same way as algorithmA for J-MIN-
Seed. As a result, the multiplicative bound of algorithmA′

for problemP ′ in the second part also applies to algorithmA
(i.e., the greedy algorithm in Algorithm 1) forJ-MIN-Seed.


