Minimizing Seed Set for Viral Marketing

Cheng Long, Raymond Chi-Wing Wong
Department of Computer Science and Engineering
The Hong Kong University of Science and Technology

{clong, raywong@cse.ust.hk

Abstract—Viral marketing has attracted considerable concerns e
in recent years due to its novel idea of leveraging the social 8 5 MmN\
network to propagate the awareness of products. Specificgll Boby' .7 X Connie
viral marketing is to first target a limited number of users N N3 e ———e

(seeds) in the social network by providing incentives, andhiese 9 ! 6 4
targeted users would then initiate the process of awareness ny/ 1

spread by propagating the information to their friends via their
social relationships. Extensive studies have been condect for
maximizing the awareness spread given the number of seeds.

marketing where companies hope to use as few seeds as possibl . :
yet influencing at least a certain number of users. In this papr, lot of models about how the above diffusion process works

Wwe propose a hew problem, called/-MIN-Seed, whose objective Nave been proposed [5-10]. Among them, tinelependent
is to minimize the number of seeds while at least/ users are Cascade Model (IC mode[p, 6] and theLinear Threshold
influenced. J-MIN-Seed, unfortunately, is proved to be NP-hard Model (LT model)7, 8] are the two that are widely used in
in this work. In such case, we develop a greedy algorithm that the Jiterature. In the social network, the IC model simuate

can provide error guarantees for J-MIN-Seed. Furthermore, for : : : :
the problem setting where J is equal to the number of all users the situation where for each influenced usereach of its

in the social network, denoted byFull-Coverage, we design other Ne€ighbors has a probability to be influenceduoyvhile the LT
efficient algorithms. Extensive experiments were conducteon model captures the phenomenon where each user's tendency

David

Fig. 1. Social network (IC model) Fig. 2. Counter examplex(-))

real datasets to verify our algorithm. to become influenced increases when more of its neighbors
become influenced.
l. INTRODUCTION Consider the following scenario of viral marketing. A

Viral marketing is an advertising strategy that takes the a@ompany wants to advertise a new product via viral marketing
vantage of the effect of “word-of-mouth” among the relationwithin a social network. Specifically, it hopes that at least
ships of individuals to promote a product. Instead of cawgri Certain number of users, saysin the social network must be
massiveusers directly as traditional advertising methods [dfluenced yet the number of seeds for viral marketing should
do, viral marketing targets mited number ofinitial users be as small as possible. Clearly, the above problem can be
(by providingincentive3 and utilizes their social relationships,formalized as followsGiven a social networlG(V, E), we
such as friends’ families and Co_WorkerS’ to further Sptbad want to find a set of seeds such that the size of the seed set
awareness of the product among individuals. Each individd& Minimized and at least users are influenced at the end of
who gets the awareness of the product is said tmfseenced Viral marketing.We call this problem/-MIN-Seed
The number of all influenced individuals corresponds to the We use Figure 1 to illustrate the main idea of theviIN-
influenceincurred by the initial users. According to some>€ed problem. The four nodes shown in Figure 1 represent four
recent research studies [2], people tend to trust the irdiom Members in a family, namely Ada, Bob, Connie and David,
from their friends, relatives or families more than thatnfro respectively. In the following, we use the terms “nodes” and
general advertising media like TVs. Hence, it is believed!sers” interchangeably since they correspond to the same
that viral marketing is one of the most effective marketingoncept. The directed edge:,v) with the weight ofw.,,
strategies [3]. In fact, extensive commercial instancesiral Indicates that node has the probability ofv, ., to influence
marketing succeed in real life. For exampéke Inc.used so- hodew for the awareness of the product. Now, we want to
cial networking websites such askut.comandfacebook.com find the smallestseed set such that least3 nodes can be
to market products successfully [4]. influenced by this seed set. It is easy to verify that the etgquec

The propagation process of viral marketing within a socidifluence incurred by seed sgida} is about3.57* under the
network can be described in the following way. At the begidC model and no smaller seed set can incur at l2asluenced
ning, the advertiser selects a set of initial users and gesvi Nodes. Hence, seed sellda} is our solution.
these users incentives so that they are willing to initiate /-MIN-Seed can be applied to most (if not all) applica-
the awareness spread of the product in the social network, _ _ _ _

L . . The computation of the expected influence incurred by a seedl¢ulated
We call these initial userseeds Once the propagation Is by considering all cascades from this seed. E.g., the exgenfluence on
initiated, the information of the produdiffusesor spreads Bob incurred by Ada isl — (1 —0.8) - (1 — 0.6 - 0.7) = 0.884.



tions of viral marketing. Intuitively,/-MIN-Seed asks for the  In some cases, the companies would set the paramidter
minimum cost (seeds) while satisfying an explicit requiesin J-MIN-Seed to be théotal number of users in the underlying
of revenue (influenced nodes). Clearly, in the mechanism sfcial network since they want to influence as many users as
viral marketing, a seed and an influenced node correspondotissible. Motivated by this, we further discuss olHMIN-
cost and potential revenue of a company, respectively, lBecaSeed problem under the special setting whére- |V| (the
the company has tpay the seeds for incentives, while antotal number of users). We call this special instancé-ofIN-
influenced node might bring revenue to the company. In maBged asFull-Coveragefor which we design other efficient
cases, companies face the situation where the goal of revealgorithms.
has been set up explicitly and the cost should be minimizedWe summarize our contributions as follows. Firstly, to the
Thus, J-MIN-Seed meets these companies’ demands. best of our knowledge, we are the first to propose.thdIN-
Another area where/-MIN-Seed can be widely used isSeed problem, which is a fundamental problem in viral market
the “majority-decision rule” (e.g., the three-fifths mafgr ing. Secondly, we prove that-MIN-Seed is NP-hard in this
rule in the US Senate). By majority-decision rule, we megmaper. Under such situation, we develop a greedy algorithm
the principle under which the decision is determined by tHfeamework for J-MIN-Seed, which, fortunately, can provide
majority (or a certain portion) of participants. That is,drder error guarantees for the approximation error. Thirdly, thoe
to affect a group of people to make a decision, e.g., purnbasiull-Coverage problem (i.e.J-MIN-Seed whereJ = |V]),
our products, weonly need to convince a certain humber ofve observe some interesting properties and thus design some
members in this group, say$, which is the threshold of other efficient algorithms. Finally, we conducted exteasiv
the number of people to agree on the decision. Clearly, fexperiments which verified our algorithms.
these kinds of applications/-MIN-Seed could be used to The rest of the paper is organized as follows. Section Il
affect the decision of the whole group and yield the minimurovers the related work of our problem, while Section IlI
cost. In fact,/-MIN-Seed is particularly useful in the electionprovides the formal definition of thé-MIN-Seed problem and
campaigns where the “majority-decision rule” is adopted. some relevant properties. We show how to calculate the influ-
No existing studies have been conducted feMIN-Seed ence incurred by a seed set in Section 1V, which is followed
even though it plays an essential role in the viral marketifgy Section V discussing our greedy algorithm framework.
field. In fact, most existing studies related to viral mailkgt In Section VI, we discuss the Full-Coverage problem. We
focus on maximizing the influence incurred by a certaiconduct our empirical studies in Section VII and conclude
number of seeds, says [11-16]. Specifically, they aim at our paper in Section VIII.
maximizing the number of influenced nodes when dngeeds

are available. We denote this problem byMAX-Influence Il. RELATED WORK
Clearly, J-MIN-Seed andk-MAX-Influence have different In Section II-A, we discuss two widely usediffusion
goalswith different givenresources modelsin a social network, and in Section II-B, we give the

Naively, we can solve thé-MIN-Seed problem by adapting related work about thenfluence maximizatioproblem.
an existing algorithm fork-MAX-Influence. Let & be the o
number of seeds. We skt= 1 at the beginning and increment™- Diffusion Models
k by 1 at the end of each iteration. For each iteration, we Given a social network represented in a directed gr@ph
use an existing algorithm fok-MAX-Influence to calculate we denoteV to be the set containing all the nodesGheach
the maximum number of nodes, denoted By that can of which corresponds to a user afdto be the set containing
be influenced by a seed set with the size equaltolf all the directed edges i¥. Each edge € E in form of (u, v)
I > J, we stop our process and return the current nuniberis associated with a weight,, ., € [0, 1]. Different diffusion
Otherwise, we incremerttby 1 and perform the next iteration. models have different meanings on weights. In the following
However, this naive method is very time-consuming sineee discuss the meanings for two popular diffusion models,
it issues the existing algorithm fde-MAX-Influence many namely the Independent Cascade (IC) model and the Linear
times for solvingJ-MIN-Seed. Note thak-MAX-Influence is Threshold (LT) model.
NP-hard [12]. Any existing algorithm fok-MAX-Influence 1) Independent Cascade (IC) Model [7, 8The first model
is computation-expensive, which results in this naivehmét is the Independent Cascade (IC) model. In this model, the
with a high computation cost. Hence, we should resort torothiefluence is based on how a single node influences each
more efficient solutions. of its single neighbor. The weightv, , of an edge(u,v)

In this paper, J-MIN-Seed is, unfortunately, proved tocorresponds to the probability that nodeinfluences node
be NP-hard. Motivated by this, we design an approximate Let Sy be the initial set of influenced nodes (seeds in our
(greedy) algorithm forJ-MIN-Seed. Specifically, our algo- problem). The diffusion process involves a numberstdps
rithm iteratively adds into a seed set one node that gerserathere each step corresponds to the influence spread from
the greatest influence gain until the influence incurred t®pme influenced nodes to other non-influenced nodes. At step
the seed set is at least Besides, we work out an additivet, all influenced nodes at step— 1 remain influenced, and
error bound and a multiplicative error bound for this greedgach node that becomes influenced at stepl for the first
algorithm. time has one chance to influence its non-influenced neighbors



Specifically, when an influenced nodeattempts to influence tic algorithm, which was verified to be quite scalable to éarg
its non-influenced neighbar, the probability thaty becomes scale social networks [15].

influenced is equal tav, ,. The propagation process halts at The influence maximization problem has been extended into
stept if no nodes become influenced at stepl. The running the setting with multiple products instead of a single pidu
example in Figure 1 is based on the IC model. Bharathi et al. solved the influence maximization problem fo

For a graph under the IC model, we say that the graphnsultiple competitiveproducts using game-theoretical meth-
deterministicif all its edges have the probabilities equal to 1ods [18, 19], while Datta et al. proposed the influence maxi-
Otherwise, we say that it isrobabilistic mization problem for multiplenon-competitivgoroducts [16].

2) Linear Threshold (LT) Model [5, 6]The second model Apart from these studies aiming at maximizing the influence,
is the Linear Threshold (LT) model. In this model, the ineonsiderable efforts have been devoted to the diffusioneisod
fluence is based on how a single node is influenced by itssocial networks [9, 10].
multiple neighbors together. The weight, , of an edg€u, v) Clearly, most of the existing studies related to viral mar-
corresponds to the relative strength that neds influenced keting aim at maximizing the influence incurred by a limited
by its neighboru (among all ofv’s neighbors). Besides, for number of seeds (i.ek-MAX-Influence). While our problem,
eachv € V, it holds that}, , cpwu,» < 1. The dynamics J-MIN-Seed, is targeted to minimize the number of seeds
of the process proceeds as follows. Each nedselects a while satisfying the requirement of influencing at least a
threshold valué, from range[0, 1] randomly. Same as the ICcertain number of users in the social network. As discussed
model, letS, be the set of initial influenced nodes. At stepn Section I, a naive adaption of any existing algorithm for
t, the non-influenced node, for which the total weight of k-MAX-Influence is time-consuming.
the edges from iténfluencedneighbors exceeds its threshold
(O (uv)ez andu is influencedVu.» = 0v), becomes influenced.
The spread process terminates when no more influence spreadfe first formalize J-MIN-Seed in Section IlI-A. In Sec-
is possible. tion 1lI-B, we provide several properties related foMIN-

For a graph under the LT model, we say that the graph $ed.
deterministicif the thresholds of all its nhodes have been set
before the process of influence spread. Otherwise, we say a

Ill. PROBLEM

Problem Definition

it is probabilistic Given a setS of seeds, we define thiafluenceincurred
o by the seed se$ (or simply the influence oF), denoted by
B. Influence Maximization o(S), to be the expected number of nodes influenced during

Motivated by the fact that social network plays a fundahe diffusion process initiated bg. How to calculates(S)
mental role in spreading ideas, innovations and informmatiounder different diffusion models givesi will be discussed in
Domingoes and Richardson proposed to use social netwoSection V.
for marketing purpose, which is called viral marketing [11, Problem 1 (J-MIN-Seed):Given a social network:(V, E)
17]. By viral marketing, they aimed at selecting a limiteénd an integet/, find a setS of seeds such that the size of
number of seeds such that the influence incurred by thdbe seed set is minimized andS) > J. [ |
seeds is maximized. We call this fundamental problem as theNe say that node: is coveredby seed setS if u is
influence maximizatioproblem. influenced during the influence diffusion process initiabsd

In [12], Kempe et al. formalized the above influence maxs. It is easy to see that-MIN-Seed aims at minimizing the
imization problem as a discrete optimization problem chllenumber of seeds while satisfying the requirement of cogerin
k-MAX-Influencefor the first time.Given a social network at leastJ nodes. Given a node in V' and a subsef of V,
G(V, E) and an integerk, find k& seeds such that the incurredthe marginal gainof insertingz into S, denoted byG..(.5),
influence is maximizedkempe et al. proved that-MAX- s defined to bes(S U {z}) — o(95).

Influence is NP-hard for both the IC model and the LT We show the hardness of-MIN-Seed with the following
model. To achieve better efficiency, they provided a1/¢)- theorem.
approximation algorithm fok-MAX-Influence. Theorem 1:The J-MIN-Seed problem is NP-hard for both

Recently, several studies have been conducted to dolvethe IC model and the LT model. ]
MAX-Influence in a more efficient and/or scalable way than )
the aforementioned approximate algorithm in [12]. Specif: Properties
ically, in [13], Leskovec et al. employed a “lazy-forward” Since the analysis of the error bounds of our approximate
strategy to select seeds, which has been shown to be aforithms to be discussed is based on the property that
fective for reducing the cost of the influence propagatidnnction o(-) is submodular we first briefly introduce the
of nodes. In [14], Kimura et al. proposed a new shortestoncept of submodular function, denoted ff). After that,
path cascade model, based on which, they developed efficimet provide several properties related to the influence sitfu
algorithms fork-MAX-Influence. Motivated by the drawback process in a social network.
of non-scalability of all aforementioned solutions foMAX- Definition 1 (Submodularity)Let U be a universe set of
Influence, Chen et al. proposed an arborescence-based-heatements and’ be a subset ot/. Function f(-) which maps



S to a non-negative value is said to &igbmodulaif given any Next, we discuss the case for the LT model. Consider
S C U and anyl' C U whereS C T, it holds for any element the special case where each node’s threshold is equal to a
xeU—-Tthatf(SU{z})— f(S) > f(TU{z}) — f(T). m value slightly greater thaf. Consequently, a node will be

In other words, we say(-) is submodulaiif it satisfies the influenced whenever one of its neighbors becomes influenced.
“diminishing marginal gain” property: the marginal gain ofThe resulting diffusion process is actually identical te th
inserting a new element into a sétis at most the marginal special case for the IC model where the weights of all edges

gain of inserting the same element into a subset of are1s. That is, the example in Figure 2 can also be applied
According to [12], functiory(+) is submodular for both the for the LT model. Hence, Property 2 also holds for the LT
IC model and the LT model. The main idea is as follows. Whemodel. ]

we add a new node into a seed sef, the influence incurred  Property 2 suggests that we cannot directly adapt existing
by the nodex (without considering the nodes i) might techniques for thé&-MAX-Influence problem (which involves
overlap with that incurred bys. The larger$S is, the more asubmodulafunction as an objective function) to ourMIN-
overlap might happen. Hence, the marginal gain is smallBeed problem (which involves mon-submodulafunction as
on a (larger) set compared to that on any of its subsets. \Afe objective function).
formalize this statement with the following Property 1. The
proof can be found in [12].
Property 1: Functiono(-) is submodular for both the IC We describe how we compute the influence of a given seed
model and the LT model. B set (i.e.,0(-)) under the IC model (Section IV-A) and the LT
To illustrate the concept of submodular functions, considenodel (Section 1V-B).
Figure 1. Assume that a seed geéis { Ada}. Let a subsef of
T be ). We insert into seed sef and S the same nod@op. A |C model
In fact, it is easy to calculate(()) = 0, o({Ada}) = 3.57, It has been proved in [15] that the process of calculating
o({Bob}) = 2.64 ando({Ada, Bob}) = 3.83. Consequently, the influence given a seed set for the IC modeitishard
we know themarginal gainof adding a new nod®ob into set That is, computing thexactinfluence is hard. Thus, we have
T, i.e., 0({Ada, Bob}) — o({Ada}) = 0.26, is smaller than to resort to approximate algorithms for efficiency.
that of addingBob into one of its subsets, i.e.,o({Bob}) — Intuitively, the hardness of calculating the influence is ¢
o(0) =2.64. the fact that the edges in the social network under the IC inode
In the k-MAX-Influence problem, we have a submodulaareprobabilisticin the sense that the propagation of influence
functiono () which takes a set of seeds as an input and returvis. an edge happens with probability. In contrast, when the
the expected number of influenced nodes incurred by thecial network isdeterministic i.e., the probability associated
seed set as an output. Similarly, in tHeMIN-Seed problem, with each edge is exactly, we only need tdraversethe graph
we define a functiomy(-) which takes a set of influencedfrom each seed in a breadth-first manner and return all disite
nodes as an input and returns the smallest number of seeddes as the influenced nodes incurred by the seed set, thus
needed to influence these nodes as an output. One may aggulting in a linear-time algorithm for influence calcidat
Is functiona(-) also submodularMnfortunately, the answer In view of the above discussion, we usamplingto cal-
is “no” which is formalized with the following Property 2. culate the (approximate) influence as follows. (&Y, E') be
Property 2: Function«(-) is not submodular for both the the original probabilistic social network arftibe the seed set.
IC model and the LT model. B Instead of calculating the influence 6hdirectly, we calculate
Proof. We prove Property 2 by constructing a problem instandbe influence on eackampled grapHrom G using the same
wherea(-) does not satisfy the aforementioned conditions seed setS and finally average the incurred influences on all
a submodular function. We first discuss the case for the BEampled graphs to obtain the approximate one for the ofigina
model. Consider the example as shown in Figure 2. In thisobabilistic graph. To obtain the sampled graphcdf, E)
figure, there are four nodes, namely, no, ny andny. We each time, we keep the node Sétunchanged, remove the
assume that each edge is associated with its weight equaétge (u,v) with the probability ofl — w,,, for each edge
1, which indicates that an influenced nodewill influence a (u,v) € E and assign each remaining edge with the weight
non-influenced node definitelywhen there is an edge fromequal tol. In this way, we can obtain that the probability that
u to v. Let setT be {n1,ns,n4} and a subset of’, saysS, an edge(u,v) remains in the resulting graph is, ,. Note
be {ns3,n4}. Obviously, when node:; is influenced, it will that the resulting sampled graphdsterministic We call such
further influence noder; and nodeny, i.e., all the nodes in a process asocial network sampling
T will be influenced whemn; is selected as a seed. Thus, Conceptually, given a probabilistic graphV, E), eachG’s
a(T) = 1. Similarly, we know thain(S) = 1. Now, we add sampled graph is generated with probability equal to a iterta
nodens into both7T and S and then obtaim (T U {ns}) =2 value. As a result, the influence calculated based on &&h
(by the seed sefni,n2}) anda(S U{na}) =1 (by the seed sampled graph has one specific probability to be equal to the
set{nz2}). As a result, we know that(7T' U {n2}) — «(T) = exact influence on the original probabilistic graph given
1> a(SU{na}) — a(S) = 0, which, however, violates the the same seed set. That is, teeact influencdor G is the
conditions of a submodular function. expected influenctor a sampled graph ofi. Based on this,

IV. INFLUENCE CALCULATION



we can uséoeffding’s Inequalityo analyze the error incurred Algorithm 1 Greedy Algorithm Framework

by our sampling method. We state our result with the follayvinlnput: G(V, E): a social network.
Lemma 1. J: the required number of nodes to be influenced
S: a seed set.

Lemma 1:Let ¢ be a real number between 0 and 1. Givef‘?lqt%uf:_ 0

a seed setS and a social networlG(V, E) under the IC 5. \yhile o(S) < J do

model, the sampling method stated above achiev@siae)- 3.  u«+ argmax,cv_s(o(SU{z}) — o(9))
approximation of the influence incurred I§yon G with the 4 S+« SuU{u}

confidence at least by performing the sampling process at5: rewum S

least (‘Vl’léié%?‘{(l’c)) times. m

B. LT model executing an iteration based on the results from its previou
Similar to the case under the IC model, the influendteration.
calculation for the LT model is much easier when the graph Specifically, we first initialize a seed sgtto be an empty
is deterministic (i.e., the threshold of each node has beeset. Then, we select a non-seed nadgich that the marginal
specified before the process of influence spread). We #itestrgain of insertingu into S is the greatest and then we insert
the main idea as follows. For an influenced nadeall we w into S. We repeat the above steps until at ledshodes
need to do is to add the corresponding influence to each ofate influenced. Algorithm 1 presents this greedy algorithm
non-influenced neighbors and check whether each of its ndramework.
influenced neighbors, says has received enough influence This greedy algorithm is similar to the algorithm from [12]
(8,,) to be influenced. If so, we change nadto be influenced. for k-MAX-Influence except the stopping criterion, but they
Otherwise, we leave nodenon-influenced. At the beginning, have different theoretical results. The stopping critefiothis
we initialize the set of influenced nodes to be the seed'setgreedy algorithm igr(S) > J and the stopping criterion in the
Then, we perform the above process for each influenced nadgorithm from [12] is|S| > k wherek is a user parameter
until no new influenced nodes are generated. of k-MAX-Influence. Note that our greedy algorithm for
With the view of the above discussion, we perform the infliMIN-Seed has theoretical results which guarantee the numbe
ence calculation on a probabilistic graph for the LT model iof seedsused while the algorithm fok-MAX-Influence has
the same way as the IC model except for the sampling methtlteoretical results which guarantee the numbem#ifienced
Specifically, to sample a probabilistic graghunder the LT nodes
model, we pick a real number from rand@ 1] uniformly
as the threshold of each node @ to form a deterministic B. Theoretical Analysis
?J?%g'cxvfegs{é?]rm d?tzr?mpl!ng progess mulUpLe t|rr|1es,_ ‘;\mdln this part, we show that the greedy algorithm framework
uting |r1|st|c graph, we run the ago_mt in Algorithm 1 can return the seed set with both an additive
for a detgrm|n|stlc grgph (ust described abqve) to obthén teiror guarantee and a multiplicative error guarantee.
incurred influence. Finally, we average the influences on al . . ; "
. - . The greedy algorithm gives the following additive error
sampled graphs to obtain the approximate influence. bound
LTCr:1e:c;gI,. we can derive a similar lemma as Lemma 1 for the Lemma 2 (Additive Error Guarantee)et h be the size of
the seed set returned by the greedy algorithm framework in
V. GREEDY ALGORITHM Algorithm 1 andt be the size of the optimal seed set fbr
gAIN-Seed. The greedy algorithm framework in Algorithm 1

We present in Section V-A the framework of our greed L .
P d lves an additive error bound equal tge - J + 1. That is,

algorithm which finds a seed set by adding a seed into t “1/e-J+1. H < th wral | thmic b
seed set iteratively. Section V-B provides the analysis gf_t— fe-J +1. Here,e is the natural logarithmic basel

this algorithm framework, while Section V-C discusses two_ B€fore we give the multiplicative error bound of the greedy
different implementations of this algorithm framework. algorithm, we first give some notations. Suppose that the
greedy algorithm terminates aftériterations. We denoté);

A. Algorithm Framework to be the seed set maintained by the greedy algorithm at the
As proved in Section III,J-MIN-Seed is NP-hard. It is €nd Of iterationi wherei = 1,2,....,h. Let Sp denote the

expected that there is no efficient exact algorithm.fexIN- seed set maintained before the gree.dy algorithm startsgne

Seed. As discussed in Section I, if we want to solWdIN-  €MPty set). Note that(S;) < J fori = 1,2,...h —1 and

Seed, a naive adaption of any existing algorithm origjnaIP(Sh) > J. . ] o

designed fork-MAX-Influence is time-consuming. The major In the followmg, we give the multlpllcaFlve error bound of

reason is that it executes an existing algorithm many timd greedy algorithm framework in Algorithm 1.

and the execution of this existing algorithm for an iteratio Lemma 3 (Multiplicative Error Guarantee):et o'(S) =

is independentof the execution of the same algorithm fornin{c(S), J}. The greedy algorithm framework in Algo-

the next iteration. Motivated by this observation, we prago fithm 1 is a(1 + min{k1, k2, ks })-approximation of/-MIN-

a greedy algorithm which solveg-MIN-Seed efficiently by Seed, wheré; = In m k2 =In % and



ks = 1n(max{%|x € V,0 < < h,0o/'(S; U the SCC computation algorithm developed by Kosaraju et al

{z}) —d'(S:) > 0}). m [20], which runs inO(|V| + |E|) time.
_ For the second step, we construct a new gréfh’’, E')
C. Implementations based orG(V, E). Specifically, for constructingy’, we create

As can be seen, the efficiency of Algorithm 1 relies on th@ new nodev; for each SCCscc; obtained in Stepl. We
calculation of the influence of a given seed set (operafg). constructE’ as follows. Initially, £’ is set to an empty set.
However, the influence calculation process for the IC modebr each(u,v) € E, we find the SCC containing. (v)
is #P-hard [15]. Under such a circumstance, we adopt tire G(V, E), says scc; (scc;). Then, we find the node;
sampling method discussed in Section IV when using operafoy) representingcc; (scc;) in G(V', E'). We check whether
o(+). We denote this implementation liyreedyl (vi,v5) € E'. If not, we insert(v;, v;) into E’. Clearly, the cost

In fact, we have an alternative implementation of Algofor constructingl’” is O(|V|), while the cost for generating
rithm 1 as follows. Instead of sampling the social network’ is O(|E| - Cepeck), Where Ceper indicates the cost for
to be deterministiovhen calculating the influence incurredchecking whether a specific edge, v;) has been constructed
by a given seed set, we can sample the social networkkefore in E'. C.r.crr depends on the structure for storing
generate a certain number of deterministic graphly at the G(V’, E’). Specifically, Cepecr is O(1) when G(V', E') is
beginning. Then, we solve th&-MIN-Seed problem on each stored in anadjacency matrix With this data structure, the
such deterministic graph using Algorithm 1, where the cést overall cost for Steg is O(|V|+|E|). In case thatz(V', E’)
operatoro(-) simply becomes the time to traverse the graphs maintained in aradjacency list Cepecr, becomesO(|E’|)

At the end, we return the average of the sizes of the seed gbsunded byO(|E|)), resulting in Ste’'s complexity equal
returned by the algorithm based on all samples (deterriinisto O(|V'| + |E|?) in the worst case. To further reduce the
graphs). We call this alternative implementationGeedy2 complexity of Step 2 in this case, we do not check the
existence of each newly formed edge in the new graph every
time we create a new edge. Instead, we create all newly formed

In some applications, we are interested in influencing alddges and perform sorting on all the newly formed edges to
nodes in the social network. For example, a government wafiteer out any redundant edges i, thus yielding the cost of
to promote some campaigns like an election and an awaren8tp 2 equal ta)(|V| + |E| - log |E|). Note that there exist
of some infectious diseases. In these applicatiohss set no SCCs in the constructed graghi(V’, E’).
to |V|. We call this special instance oF-MIN-Seed asFull- For the last step, we simply pick the nodes with in-degree
CoverageIn Section VI-A, we give some interesting observaequal to0 in G(V', E’) and for each such nodg, we insert
tions and present an efficient algorithm on deterministipgs into the seed sef a node randomly from its corresponding
for the IC model, while in Section VI-B, we develop oursce; in the original G(V, E). Since there exist no SCCs in
probabilistic algorithm which can provide an arbitraritpall G’(V’, E’), it is possible to perform dopological sorton

VI. FuLL-COVERAGE

error for the 1IC model. G'(V', E'). Hence, the seed set consisting of all the nodes with
L in-degree equal t0 in G'(V’, E’) would influence all nodes
A. Full-Coverage on Deterministic Graph (IC Model) in G'(V', E'). Since each node it (V’, E') corresponds to

According to Theorem lin genera it is NP-hard to solve a SCC structure irG(V, E), according to Observation 2, we
the J-MIN-Seed problem on a graph (either probabilistic otonclude that the seed sgtconstructed at the last step would
deterministic) for the IC model. However, ondgterministic influence|V| nodes inG(V, E) (deterministic). Clearly, the
graph for the IC model, Full-Coverage is not NP-hard yet eaggst of Stes is O(|V'|+|E’|) (DFS/BFS), which is bounded
to solve. In the following, we design an efficient algorithon tby O(|V| + | E).

handle Full-Coverage on a deterministic grag{V, E). In summary, the worst-case time complexity of Decompose-
Before illustrating our efficient method for Full-Coverageand-Pick isO(|V| + |E|) and O(|V| + |E| - log |E|) when
we first introduce the following two observations. the new graph is maintained in an adjacency matrix and an

Observation 1:0n a deterministic graph, if a node withinadjacency list, respectively.
a strongly @nnected omponent(SCC) is influenced, then it o
will influence all nodes in this SCC. m B. Full-Coverage on Probabilistic Graph (IC Model)
Observation 2:Any node with in-degree equal tbmustbe At this moment, it is quite straightforward to perform
selected as a seed in order to be influenced. This is becaose probabilistic algorithm for Full-Coverage based sotial

it cannot be influenced by other nodes. B network samplingand Decompose-and-Picks follows. We
Based on the above two observations, we design our metHigt use social network sampling to generate a certain numbe
called Decompose-and-Picks follows. of deterministic graphs. Then, on each such deterministic

At the first step, we decompose the deterministic graph ingwaph, we run Decompose-and-Pick to obtain its correspondi
a number of strongly connected components (SCCs), namséed set which covers all the nodes in the social network and
sce, scea, ..., Scep. This step can be achieved by adoptinghe corresponding size of the seed set. At the end, we average
some existing methods in the rich literature for finding athe sizes of the seed sets obtained for all samples (detistinin
SCCs in a graph. In our implementation for this step, we adogtaphs) to approximate the solution of Full-Coverage on a



TABLE |

general (probabilistic) social network. Again, usiitpeffd- STATISTICS OF REAL DATASETS

ing’s Inequality for a real numbet between 0 and 1, we can

provide users with g1 + ¢)-approximation solution for any Dataset HEP-T | Epinions | Amazon | DBLP

positive real number with confidence at leastby performing mg 2}: Egggz égggi 575888857 526§j81717 f§;0622589

the sampling process at lea¥1=1n(2/(1=9)) times, The

proof is similar to that of Lemma 1. parameter./ as a relative real number between 0 and 1

denoting the fraction of the influenced nodes among all nodes
) . . ) in the social network (instead of absolutepositive integer

We set up our experiments in Section VII-A and give th§enoting the total number of influenced nodes) because a
corresponding experimental results in Section VII-B. relative measure is more meaningful than an absolute measur
in the experiments. We set to be 0.5 by default. Alternative

. . configurations considered afé.1,0.25,0.5,0.75,1}.
We conducted our experiments on a 2.26GHz machine Wlth3) Algorithms: We compare our greedy algorithm with

_4GB memory under a Linux platform. All algorithms WET€several other common heuristic algorithms. We list all th@a
implemented in C/C++. rithms studied in our experiments as follows. @jeedy1 We

1) Datasets: We used four real datasets for our empiricjenqte our first implementation of Algorithm 1 by Greedyl.
study, namelHEP-T, Epinions AmazorandDBLP. HEP-Tis - g stated before, wenly conduct thegraph sampling pro-

a collak’Jyoratl(_)n network ger_1eratec_1| from “High E”ergy Phs/SiCoesswhen performing the influence calculation. @Jeedy2
Theory sectpn of the e-print arXiv (http://www.arXivgy. !n Greedy?2 corresponds to the alternative implementationlof A
this collaboration network, gach node represents one prec orithm 1. (3)Degree-heuristicWe implemented this baseline
author and each edge indicates a co-author relationship Fg'orithm using the heuristic of nodes' out-degree. Specifi
tween the two authors corresp_or_lding_to the nodes incidentctéhy’ we repeatedly pick the node with the largest out-dlegr
the edge. The second one, Epinions, isfeo-trust-whomet- oy "\n_covered and add it into the seed set until the incurred

work at. Epinions.cpm, where each node represents a Mempi@l,ence exceeds the threshold. We denote this heurigfi: al
of the site and the link from memberto memben means that rithm asDegree-heuristic(4) Centrality-heuristic Centrality-

u trustsv (i.e., v has a certain influence ar). The third real | istic indicates another heuristic algorithm based on the
dataset, Amazon, is a product co-purchasing network eetlacy, jes' gistance centrality In sociology, distance centrality

from Amazon.cqm with r_lodes_and edges _representing produigt% common measurement of nodes’ importance in a social
and co-purchasmg relationships, res_pec_tlvely. We beliéat oqyork based on the assumption that a node with short
productu has an influence on productf v is purchased often iqiances to other nodes would probably have a higher chance

with u. Both of Epinions and Amazon are maintained by JUig jyquence them. IrCentrality-heuristic we select the seeds
Leskovec. Our last real dataset, DBLP, is another collatmra in a decreasing order of nodes’ distance centralities tinéil

network of computer science bibliography database maiathi requirement of influencing at leagtnodes is met. (SRandom

by Michael Ley. We summarize the features of the abo\t‘—qnally, we consider the method of selecting seeds from the

real datasets in Table 1. For efﬁmepcy, We ran our algor‘,mnﬂm-covered nodes at random as a baseline. Correspondingly,
on the samples of the aforementioned real datasets with Wg denote it byRandom

sampling ratio equal to one percent. The sampling process i§, the experiment, we do not compare our algorithms with

done as follows. We randomly choose a node as the root 3pd n5ive adaption of an existing algorithm férMAX-

then perform a breadth-first traversal (BFT) from this ro0fnf,ence described in Section | because this naive adajstio
If the BFT from one root cannot cover our targeted numbﬁFne-consuming as discussed in Section V.

of nodes, we continue to pick more new roots randomly and

perform BFTs from them until we obtain our expected numb&: Experiment Results

of nodes. Next, we construct the edges by keeping the otiginal) No. of SeedsWe measure the quality of the algorithm

edges between the nodes traversed. for J-MIN-Seed by using the number of seeds returned by the
2) Configurations:(1) Weight generation for the IC model: algorithm. Clearly, the fewer the seeds an algorithm return

We use the QUADRIVALENCY model to generate thehe better it is.

weights. Specifically, for each edge, we uniformly choose aFor the IC model,we study the qualities of the five afore-

value from sef{0.1,0.25,0.5,0.75}, each of which representsmentioned algorithms by comparing the number of seeds

minor, low, medium and high influence, respectively. (2eturned by them. Specifically, we vary parameferom 0.1

Weight generation for the LT modédtor each node, let d, to 1. The experimental results are shown in Figure 3. Consider

denote its in-degree, we assign the weight of each edgeto the results on HEP-T (Figure 3(a)) as an example. We find

1/d,. In this case, each node obtains the equivalent influeraigorithms Greedyl and Greedy 2 are comparable in terms

from each of its neighbors. (3)lo. of Times for Sampling: of quality. Both of them outperform other heuristic algbnits

For each influence calculation under both the IC model asgnificantly. Similar results can be found in other reabdats.

the LT model, we perform the graph sampling proces30 For the LT model, we conducted the similar experiments,

times by default. (4Parameter/: In the following, we denote whose results are shown in Figure 6. Same as the IC model,

VIlI. EMPIRICAL STUDY

A. Experimental Setup



Greedyl and Greedy2 beat other algorithms by an order of [ — " Greedyl —<—
Greedy2 —H—

. . 3 Multiplicative- -bound ——
almost one magnitude in terms the number of returned seeds. Addiive-erorbouns —o— | I

2) Running Time:We explore the efficiency of different all 4@

algorithms by comparing their running times. Again, we vary
& 0 : : :
0.1 0.25 0.5 0.75 1 0.1 0.25 0.5 0.75 1

Greed)) —x—

20 |

N

J, and for each setting of, we record the corresponding
running time of each algorithm.
For the IC model, according to the results shown in Figure 4,

Error (Ratio of No. of Seeds)

Error (Number of

J J
we find that Greedy1 is the slowest algorithm. The reason is (&) Additive Error (b) Multiplicative Error
that Greedyl selects the seeds by calculating the marginal Fig. 9. Error Analysis (IC Model)
gain of each non-seed at each iteration and then picking ‘ T 6 T—
the one with the largest marginal gain while other heuristic§ Addiivo.on SeE2 —E— Muliplicative-error-bound —&—

algorithms simply choose the non-seed with the best h@urist 5 <
value (e.g., out-degree and centrality). However, theradtid/e

implementation of our greedy algorithm, i.e., Greedy2 veho 20

ror (Number of S

Error (Ratio of No. of Seeds)

its advantage in terms of efficiency. Greedy2 is faster thans o~ R 0. ‘ ‘
Greedy1 because the total cost of sampling in Greedy2 is much ot 0 05 = o7 1 oroozo s 0l
smaller than that in Greedyl. Besides, Random is slower than (a) Additive Error (b) Multiplicative Error

Greedy2, though the cost of choosing a seed in Random is
O(1). This is because Random usually has to select more seeds
than Greedy?2 in order to incur the same amount of influence

and for each iteration, Random also needs to calculate
influence incurred by the current seed set.

Fig. 10. Error Analysis (LT Model)

?Bc?r the multiplicative errors shown in Figure 10(b), we find

) . _.that the theorectical bounds are usually 1, i.e., the ajiprabte
For the L.T model, we sh0\_/v the expenmental_ resglts in I:'%'olution should be exactly the optimal one, which is verified
ure 7. Again, Greedyl requires the most running time. Ho

by our results.
ever, different from the results for the IC model, Greedyt's . ! -
ficiency is comparable with that of other heuristic algarith 5) Full Coverage Experimentswe conducted the experi

. mens on our four real datasets for the Full-Coverage problem
3) Memory: In order to evaluate the space utility of our ge p

greedy algorithms, we conducted the experiments that ta%s follows. We denote byC-alg our algorithm for Full-

i . 8verage, which is described in Section VI-B. In the exper-
the memory occupied by each algorithm as a measuremen

Same as the experiments for quality and efficiency testin'mems’ we compared FC-alg with Greedyl and Greedy? (

) L IS’'set to|V|) in terms of the number of seeds returned the
we varyJ and the experimental results are shown in Figure . L )
algorithm, the running time and the occupied memory.

Igrt;]r:aes;cierz&?sel :Srd Il%l:jrefl fgrritthhn(:sl_lh;nrc;dt?:éﬁ?gg:g;g? The experimental results are shown in Figure 11. According
' 9 y aig {0 the results in Figure 11(a), we find that FC-alg returns les

of low space complexrt_y with (_)ther_ heuristic algorithmssge seeds than the greedy algorithms (i.e., Greedyl and Griedy?2
than2 MB for all experiments in this paper). ; ,
T . . . Besides, we find that FC-alg runs faster than the greedy
4) Error Analysis: To verify the error bounds derived in : S - .
, . . alr%onthms, which is shown in Figure 11(b). In Figure 11(c),
this paper, we also conducted the experiments which compa . . g
. i we notice that FC-alg is as space-efficient as the greedy
the number of seeds returned by our algorithms with th orithms
optimal one on small datasets (0.5% of the HEP-T dataseggg ) _
We performed Brute-Force searching to obtain the optimal Conclusion: Greedyl and Greedy2 both give the smallest
solution. seed set compared with other algorithms Degree-Heuristic,
For the IC model, the experimental results are showientrality-Heuristic and Random. In addition, the diffece
in Figure 9. According to these results,the additive erroRgtween the size of a seed set returned by Greedy1 or Greedy2
incurred by our algorithms are generally much smaller th&nd the minimum (optimal) seed size is significantly smaller
the theoretical error bounds on the real dataset. In Fig{e 9 than the theoretical bound. Besides, Greedy2 performerfast
we find that the multiplicative error of our greedy algorithnthan Greedyl.
grows slowly whenJ increases. Besides, we discover that
ko is the smallest among;, k. and k3 in most cases of
our experiments. That is,/the multiplicative bound becomesin this paper, we propose a new viral marketing problem
(1+ks) (e, (14+1n m» in these cases. Basedcalled J-MIN-Seed, which has extensive applications in real
on this, we can explain the phenomenon in Figure 9(b) thabrld. We then prove that/-MIN-Seed is NP-hard under
the theoretical multiplicative error bound does not charoge two popular diffusion models (i.e., the IC model and the LT
much when we increasé from 0.75 to 1. model). To solve/-MIN-Seed effectively, we develop a greedy
For the LT model, the results are shown in Figure 1l@lgorithm, which can provide approximation guarantees. Be
According to these results, the additive errors of our gyeedides, for the special setting whefas equal to the number of
algorithms are much smaller than the theoretical error deunall users in the social network (i.e., Full-Coverage), weigle

VIII. CONCLUSION
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commerce ACM, 2007, pp. 351-360. for the LT model by specifying the thresholds of all nodes



to be 0s. Consequently, the influence propagation processSsto be an empty set and then iteratively adding the nede
identical to the aforementioned special instance definethfd one at a time such that the marginal gain of insertingnto

IC model (where the weight of each edge is 1). So, we céime current setS is the greatest. Assume th&t is the set
draw the same conclusion for the LT model. B with £ elements that maximizes functiofy i.e., the optimal
Proof of Lemma 1Assume that we perform the social netk-element set. Thery;(S) > (1 —1/e)- f(S*), wheree is the
work sampling process (od/) n times and thus obtaim natural logarithmic base. [ ]
sampled graphs ofs. We denote these sampled graphs by Secondly, we derive the additive error bound on the seed
G1,Go,...,G,. Let I; be the influence incurred by the seedet size forJ-MIN-Seed based on the aforementioned bound.
set S on the sampled grapty;. Let E(I) be the expected As discussed in Section lllg(-) is submodular. Clearly,
value of I; and] = >i, I; be the mean of thé; values on o(-) is also non-negative and monotone. The framework in
the sampled graphs. According ktoeffding’s Inequalityfor  Algorithm 1 involves a number of iterations (lines 2-4) wer

any non-negative real numbgrwe know the size of the seed se&t is incremented by one for each
B 2422 iteration. We say that the framework in Algorithm 1 is at gtag
Pr(ll —E(I))| >t) <2exp(-=n—F——53) j if the seed sef containsj seeds at the end of an iteration.
2 i (i = i) The seed sefS at stagej is denoted byS;. Consequently,
wherewu; andl; are the upper bound and the lower bound afccording to Lemma 4, at each stagjeve conclude that
I;, respectively. .
Consideringl; < |V| andI; > 1, i.e.,u; = |V| andl; = 1, o(55) =z (1 =1/e)-a(55) 1)
for 1 <1i <n, we have whereS? is the set that provides the maximum valueogf)
T " 2%2n, over all possible seed sets of size
Pr(l — —==I|2 +) < 2exp(—77—v3) Note that the total number of stages for the greedy process
E(I) E(I) (IVI-1) _ ) .
is equal toh (i.e., the size of the seed set returned by the
Let e =¢/E(I). We obtain algorithm). That is, the greedy process stops at stagehus,
I 22 E(I)2n we know thato(S},) > J and the greedy solution fof-MIN-
Pr(|1 - ml >e€) < 2eXp(—m) Seed isS;,. Consider the last two stages, namely stage 1

and stageh. We know thato(S,—1) < J ando(Sy) > J.
Hence, in order to obtain @ + €)-approximation algorithm Sinceo(S;) > o(S), we haves(S;) > J.
with the confidence at least the following condition should  Now, we want to explore the relationship betwéeandt.

hold. ) ) Note that the following inequality holds.
2 ex (_W) 1—c

-1 t<h .
As a result, we obtain the requirement on the number of Consider two stages, stageand stagei + 1, such that
times for sampling as follows. o(S;)) < (1 —1/e) - J while ¢(Si+1) > (1 —1/e) - J.
(V] = 1)%n(-2) According to Inequality (1), we knowr(S;) < J. (This is

l—c because ifo(S}) > J, then we haver(S;) > (1 —1/e) - J

T 2¢E(I)? with Inequality (1), which contradicts(S;) < (1 — 1/e) - J).

Since the seeds themselves would be influenced, we kné a result, we have the following inequality
that E£(I) > |S|. As a result, we obtain the following

inequality. t> ®)
(V] = 1)2In(%) due to the monotonicity property of(-).
nz 2¢2| 5|2 According to Inequality (2) and Inequality (3), we obtain
Thus, we finish our proof. m L€ [i+1, h]. Thatis, the additive error of our greedy algorithm

Proof of Lemma 2Firstly, we give the theoretical bound on the(l'e" 1) is bounded by the number of stages between stage

influence fork-MAX-Influence. The problem of determiningH—1 and_stagéz. Smceo(_SiH) = (1_—1/e)~Jando(Sh,1.) <
- J, the difference of the influence incurred between stagé
the k-element setS C V that maximizes the value of

o(-) is NP-hard. Fortunately, according to [21], a simplt‘;flnd stage: — 1 is bounded by — (1 —1/c)-J =1/ J. Since

greedy algorithm can solve this maximization problem witﬁach stage increases at leastfluenced node (seed itself), it

o B o IS easy to see that the number of stages between stage
co1 5 and forathely ading the node Such that he mrgi ' S9! — LS at most . J. Consequenty, the number
y 9 9 stages between stage 1 and stagé: is at mostl /e- J+1.

gain of inserting this node into the current seis the greatest °
one untilk nodes have been added. We present this interestf?ﬁ% aresulth—t<1/e-J+1. -
tractability property of maximizing a submodular function Proof of Lemma 3This proof involves four parts. In the
Lemma 4 as follows. first part, we construct a new problel® based on the
Lemma 4 ([21]): For a non-negative, monotone submodusubmodular functions’(-) (instead ofo(-)). In the second

lar function f, we obtain a sef of size k by initializing set part, we show the multiplicative error bound of the greedy



algorithm in Algorithm 1 (usings’(-) instead ofo(-)) for this In the following, we show that the set of all possible soloio
new problemP’. We denote this adapted greedy algorithm bfor the problem in form of (6) (i.e., thé-MIN-Seed problem)
A’. For simplicity, we denote the original greedy algorithm ifis equivalent to the set of all possible solutions for thebpem
Algorithm 1 usingo(-) by A. In the third part, we show thatin form of (5) (i.e., problemP’). Note that the objective
this new problem is equivalent to th&MIN-Seed problem. functions in both problems are equal. The remaining issue
In the fourth part, we show that the multiplicative error bdu is to show that the constraints for one problem are the same
deduced in the second part can be used as the multiplicatagethose for the other problem.
error bound of algorithn¥ for J-MIN-Seed. Suppose thafS is a solution for the problem in form of

Firstly, we construct a new problef as follows. Note that (6). We know thats(S) > J and S C V. We derive that
0'(S) = min{o(S), J}. ProblemP’ is formalized as follows. ¢'(S) = J. Sinced’(V) = J, we haves’(S) = ¢'(V) and

S C V (which are the constraints for the problem in form of
arg min{|S| : ¢/(S) =o' (V),S C V}. 4) (5).

L Suppose tha$ is a solution for the problem in form of (5).
Secondly, we show the multiplicative error bound of algcvve know thato (S) — o’ (V) and S C V. Sinceo’ (V) = J
rithm A’ for problemP’ by using the following Lemma 5 [22]. , Ui o) o . 7 o
o~ : we haveo’(S) = J. Considerings’(S) = min{c(5), J}, we
Lemma 5 ([22]): Given problem.argmm{zmesg(.x) derive thato(S) > J. So, we haves(S) > J andS C V
f(8) = f(U), S S U} _Where fis a nondegrgasmg and(which are the constraints for the problem in form of (6)).
submodular function defined on subsets of a finitelsgand Fourthly, we show that the size of the solution (i.6])
g is a function defined oi/. Consider the greedy algorithmreturned b,y algorithmd’ for the new problem?” is equ-al to
that selects: in U — S such that f(SU{z}) — f(S))/g(x) is : N . .
g . . that returned by algorithmt for J-MIN-Seed. Sincer(S;) <
the greatest and adds it into at each iteration. The Process, . 1 i < L _ 1. we know thato (S;) = o(S;) for
stops whenf(S) = f(U). Assume that the greedy algorithm1 ci<h-1 We also' know that the elemzemtin v —151;1

terminates afterh iterations and letS; denote the seed setthat maximizess(S;_1 U {z}) — o(S_1) (which is chosen

?{ J':e;"itl'l?;’ IgSOk :})-g)bpl—:fin?a:ggr?yoflt%znggvgr%\:f;:n?at iterationi by algorithm A) would also be the element that
1, K2, K3 'maximizeso’(S;—1 U {z}) — ¢/(S;—1) (which is chosen at

_ fFO)—-£(0) _ f(S1)—f(0)
where k; = In TG’ k2 = In5g 5 s and Geration by algorithm 4’) for i = 1,2,....h — 1. That is,

-
ks = 1n(max{$};;gp()si)|x € U,0 <i < h,f(SiU algorithmA’ would proceed in the same way as algoritdat
{z}) — f(S:) > 0}). B jterationi = 1,2, ..., h—1. Consider iteratio of algorithmA.
We apply the above lemma for probleRf as follows. Itis We denote the element selected by algoritrby z;,. Then,
easy to verify that’(-) is a non-decreasing and submodulaie know o(S),_; U {x,}) > J since algorithmA stops at
function defined on subsets of a finite 3&t We setU to be iterationk. Consider iteratiork of algorithmA’. This iteration
V and setf(-) to beo’(-). We also defingy(x) to be 1 for s also the last iteration afi’. This is because there exists an
eachz € V (or U). Note thaty | s g(z) = [S|. We re-write elementz in V — S;,_; such thato’ (S, U{z}) = o/ (V)(=
ProblemP’ (4) as follows. J) (sincez can be equal ta;, whereo’(S),_1 U {z}) = J).
. CoQy Note that this element maximizeso’ (Sy,—1U{z})—0'(Sh-1)
e mln{Zg(x) 1o/ (8) = o'(V), S €V} ®) and thus is selected by'. We conclude that both algorithras
) and A’ terminates at iteratioh. Since the number of iterations
The above form of problen®’ is exactly the form of the for an algorithm @ or A’) corresponds to the size of the
problem described in Lemma 5. Suppose that we adopt ©8§yion returned by the algorithm, we deduce that the size o
greedy algorithm in Algorithm 1 for problen®’ by using he solution returned by algorithet’ is equal to that returned
o'(+) instead ofo(-), i.e., algorithmA’. It is easy to verify by algorithm A.
that algorithmA’ follows the steps of the greedy algorithm “, view of the above discussion, we know that problétn
described in Lemma 5 (i.e., selecting the nodeuch that g equivalent to/-MIN-Seed and algorithm’ for problemP”
(0'(S U {z}) — 0'(5))/g(x) is the greatest wherg(x) IS \ould proceed in the same way as algoritbirfor J-MIN-
exactly equal to 1). By Lemma 5, the greedy algoritith geeq As a result, the multiplicative bound of algorithth
for problem P* gives (1 + min{k,, k2, ks })-approximation of ¢4 hroblemP” in the second part also applies to algorithim
problem P/, wherek, = In .22 0 — 1 Tt5  (i.e., the greedy algorithm in Algorithm 1) fof-MIN-Seed.

_ o' (81)—=a' () _ o’ (S1) _
k2 = In U’(Sh,)]*g/(sh,—l) =In U'(Sh,)*gg(sh,fl)' and k3 = -

In(max{ g S o € V,0 < i < hyo!(S; U {z}) -
a’'(S;) > 0}).

Thirdly, we show that problenf’ is equivalent to theJ-
MIN-Seed problem which can be formalized as follows (since

Yzes 9(x) = |S))-

argmin{z gx):0(S)>J,5CV}. (6)
€S
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