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Abstract—Non-negative matrix factorization (NMF) decomposes any non-negative matrix into the product of two low
dimensional non-negative matrices. Since NMF learns effective
parts-based representation, it has been widely applied in computer vision and data mining. However, traditional NMF has the
risk learning rank-deﬁcient basis on high-dimensional dataset
with few examples especially when some examples are heavily
corrupted by outliers. In this paper, we propose a Logdet
divergence based sparse NMF method (LDS-NMF) to deal with
the rank-deﬁciency problem. In particular, LDS-NMF reduces
the risk of rank deﬁciency by minimizing the Logdet divergence
between the product of basis matrix with its transpose and
the identity matrix, meanwhile penalizing the density of the
coefﬁcients. Since the objective function of LDS-NMF is nonconvex, it is difﬁcult to optimize. In this paper, we develop a
multiplicative update rule to optimize LDS-NMF in the frame of
block coordinate descent, and theoretically prove its convergence.
Experimental results on popular datasets show that LDS-NMF
can learn more stable representations than those learned by
representative NMF methods.

Fig. 1. The basis learned by (a) PCA and (b) our method on the YaleB
dataset. PCA learns the holistic representation while our method induces the
parts-based representation consistent with human intuition, i.e., the whole face
consists of the components.

applied in data representation. Figure 1 shows that our method
can learn parts-based representation on the YaleB[9] dataset
while PCA cannot. Recently, many NMF-based methods are
developed by incorporating various regularization or constraints to enhance the representation capacity of the basis. For
example, Hoyer [10] proposed NMF with sparseness constraint
(NMFsc) to learn sparse representation of data. Cai et al.
[11] proposed graph regularized NMF (GNMF) to enhance
the image representation capacity by incorporating the data
geometric structure regularization into NMF. Moreover, Chen
et al. [12] proposed non-negative local coordinate factorization
(NLCF) which adds a local coordinate into NMF to impose
the basis to be close to the original data.

Keywords—Non-negative matrix factorization, robust matrix
decomposition, Logdet divergence.

I.

I NTRODUCTION

Many practical tasks confront the so-called “curse of dimensionality challenge” [1], and thus require effective methods
to reduce the dimensionality of data at the preprocessing
stage. Several dimension reduction methods aim to project
high-dimensional data onto a lower-dimensional space, and
boost subsequent processing. Among them, principle component analysis (PCA, [2]) and non-negative matrix factorization
(NMF, [3] [4]) are two most popular unsupervised generative
methods. PCA learns a group of orthogonal axes by maximizing variance of examples in the low-dimensional space,
and NMF projects the high-dimensional data onto a positive
low-dimensional orthant. Since many practical data, e.g., pixel
values and video frames, are non-negative, it is natural to
preserve such non-negativity property in the low-dimensional
space.

Although many NMF methods have succeeded in practical
applications, they cannot perform well enough on some noisy
datasets because their loss functions, i.e., Frobenius norm
or Kullback-Leibler (KL) divergence, cannot handle outliers.
To avoid this shortcoming, several works [13][14][15][16]
incorporates additional knowledge into NMF. For example, Du
et al. [13] proposed the correntropy induced metric based NMF
method (CIM-NMF) which assumes that noise obeys nonGaussian distribution. CIM-NMF signiﬁcantly boosts NMF
in terms of the subsequent classiﬁcation or clustering performance. Yang et al. [14] integrated the Lasso regularization over
data noises and Laplacian regularization over the coefﬁcients
into NMF, and proposed the robust NMF via joint sparse and
graph regularization (RSGNMF) method. Kong et al. [15][16]
proposed the L2,1 -NMF which utilizes L2,1 -norm to penalize
the reconstruction loss meanwhile removing outliers from data.
However, both traditional NMF and its variants cannot theoretically guarantee the rank of the learned basis to be equivalent

In recent decades, NMF has been widely used in many data
mining and computer vision tasks because its non-negativity
constraint yields natural parts-based representation [5]. In particular, NMF [3][4] represents the examples as a combination
of several non-negative bases, and allows only additive or nonsubtractive coefﬁcients. Since the non-negativity constraints
over both basis and coefﬁcients avoid cancellation of energies, NMF can learn parts-based representation. Since such
parts-based representation is consistent with the psychological
evidence in human brain [6][7][8], NMF has been widely
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A. The LDS-NMF Model
NMF [3][4] represents each example as a combination of
several non-negative bases. It allows only additive or nonsubtractive coefﬁcients and avoids cancellation of energies,
and thus can induce parts-based representation. Since such
representation is in line with human intuition [6][7][8], NMF
has been widely applied in data representation. Thus, the
quality of the learned basis plays a key role for representing
data. But rank deﬁcient basis indicates one or several of bases
to be linear combinations of the remaining bases so that the
learned basis loses ability to represent some examples, and thus
signiﬁcantly undermines the representation ability [17][18].
The rank-deﬁciency problem of NMF implies the learned
basis matrix to be not a full rank one, and might lead to a
trivial solution in some situations. For example, in the extreme
case, all the learned bases are identical when the given training
set contains several copies of one example in scales. In the
real world, the rank-deﬁciency problem of basis brings a big
challenge in the clustering or classiﬁcation tasks, because the
centroid of multiple clusters are in the same position. It is
hard to decide data samples belong to which clusters in this
situation, because the centroids of clusters are identical.

Fig. 2. Motivating example. (a) NMF obtains perfect factorization without
any loss, but the rank-deﬁcient basis may cause redundant representation, and
(b) LDS-NMF obtains an approximate factorization with a small loss 8.28,
but it can yield full column-rank basis.

to the predeﬁned reduced dimensionality. This induces the socalled rank-deﬁciency problem, and prohibits them from stably
representing limited high dimensional examples.
This paper proposes a Logdet divergence based sparse
NMF method (LDS-NMF) to overcome the above drawbacks.
Particularly, LDS-NMF reduces the risk of learning rankdeﬁcient basis matrix by minimizing the Logdet divergence
between the product of basis matrix with its transpose and
the identity matrix. For example, to factorize the matrix given
in Figure 2, the original NMF obtains a rank-deﬁcient basis
without any loss. Although LDS-NMF encourages a small
loss, it can obtain more stable representation, i.e., the basis
is full column-rank. To better represent a high-dimensional
example in the learned low dimensional space, LDS-NMF
simultaneously penalizes the density of its coefﬁcient by
minimizing its L1 -norm. Since sparse coefﬁcients encourage
to distribute energies over whole subspace, the incorporated
Logdet divergence based regularization over the basis matrix
and the L1 -norm regularization over the coefﬁcients enhance
each other. To take off the effect of outliers in the dataset,
inspired by [15][16], LDS-NMF penalizes the reconstruction
loss by L2,1 -norm due to its nice mathematical property. LDSNMF is difﬁcult to optimize because the objective function
is jointly non-convex with respect to both basis matrix and
coefﬁcients. In this paper, we developed a multiplicative update
rule to optimize LDS-NMF and proved its convergence. Experiments of both classiﬁcation and clustering on popular image
datasets suggest that LDS-NMF can learn more stable data
representation than the representative NMF methods. The main
contributions of this work are two-folds: 1) We incorporate
the Logdet divergence regularization into NMF to reduce the
risk of the rank-deﬁciency problem, and 2) We develop a
multiplicative update rule (MUR) to optimize LDS-NMF and
prove that the MUR converges theoretically.
II.

To overcome this deﬁciency, we incorporated a Logdet
divergence regularization over the basis matrix and proposed
a novel Logdet divergence regularized sparse NMF method.
The Logdet divergence [19][20][21][22] is deﬁned based on
the Bregman vector divergence [23] to measure the discrepancy between two multivariate Gaussian distributions under
certain constraints such as the linear constraint [20]. Given
any two positive deﬁnite matrices, namely and with the same
dimensionality, their Logdet divergence is deﬁned by:
Dϕ (A, A0 ) = ϕ(A) − ϕ(A0 ) − ∇ϕ(A), A − A0  ,

(1)

where ϕ(A) = − log det(A), and the operator B, C =
tr(B T C) denotes the inner product. By simple algebra, the
formula (1) can be written as:
−1
Dld (A, A0 ) = tr(AA−1
0 ) − log det(AA0 ) − m,

(2)

where m denotes the dimensionality of A . The Logdet
divergence has various properties [22][24] including: 1) scale
invariance, i.e., Dld (αA, αA0 ) = Dld (A, A0 ) for any positive α; 2) translation invariance, i.e., Dld (SAS T , SA0 S T ) =
Dld (A, A0 ) for any invertible matrix S; and 3) range space
preservation, i.e., range(A) = range(A0 ) if and only if
Dld (A, A0 ) is ﬁnite.
Based on the third property of Logdet divergence, it
is easy to verify the following observation: for any matrix
W ∈ Rm×r , range(W T W ) = r if and only if Dld (W T W, Ir )
is ﬁnite, where Ir signiﬁes the r-dimensional identity matrix.
According to [22], we note that there is a feasible W with
a ﬁnite Dld (W T W, Ir ) when minimizing Dld (W T W, Ir ).
Therefore, we can preserve the range space of W by minimizing Dld (W T W, Ir ) according to the following Lemma 1.

L OG D ET D IVERGENCE BASED S PARSE NMF

Lemma 1: Given two positives m and r which satisfy
r ≤ m, if the matrix W  ∈ Rm×r minimizes the following
objective:
(3)
W  = arg min Dld (W T W, Ir ),

This section, we proposed a Logdet divergence based
sparse NMF (LDS-NMF) method to overcome the rankdeﬁciency problem of NMF as well as its variants based on
the regularization theory.

W



then range(W ) = r.
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Algorithm 1 The MUR algorithm for LDS-NMF
Input: Examples X ∈ Rm×n , positive constant γ > 1, penalty
parameter λ > 0
Output: W and H
1: Initialize: W and H.
2: repeat
3:
Update W as follows:


−1
XDH T + λW (W T W )
+
 .

W ←W ⊗
−1
T
T
W HDH + λW + λW (W W )
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Fig. 3. Average accuracy versus reduced dimensionality when (a) 5, (b) 7,
and (d) 9 images of each subject were randomly selected for training on the
AR dataset.

T

4:
5:

W XD
.
Update H as follows: H ← H ⊗ T
W
 W HD + γ
m

Update D as follows: Dii ← 1/
(X − W H)2ji .

TABLE I.
T HE H IGHEST FACE -R ECOGNITION ACCURACY AND
C ORRESPONDING R EDUCED D IMENSIONALITY ( IN B RACKET ) ON THE AR
DATASET.

j=1

6:

until {Converged.}

Method
LDS-NMF
L2,1 -NMF [15]
CIM-NMF [13]
NMF [4]
PCA [2]

We leave the proof in Appendix A.
According to Lemma 1, the Logdet divergence based can
reduce the risk of NMF to suffer from the rank-deﬁciency
problem, i.e., minimizing Dld (W T W, Ir ) enforces that there
exist at least r independent bases, in NMF. Based on the
regularization theory, we have the following objective:
min

W ≥0,H≥0

D(X|W H) +

λ
Dld (W T W, Ir ),
2

W ≥0,H≥0

D(X|W H) +

n

λ
Dld (W T W, Ir ) + γ
H·j
2
j=1

P7(NN/SVM)
0.6836(0.8983)
0.6052(0.8838)
0.5815(0.8680)
0.5817(0.8369)
0.3290(0.8391)

P9(NN/SVM)
0.7384(0.9283)
0.6646(0.9139)
0.6361(0.9034)
0.6383(0.8717)
0.3781(0.8815)

optimize LDS-NMF by alternating updating W and H with
multiplicative rules. Based on the auxiliary function technique,
we can establish the following Theorem 1, where we denote
the inverse operator of a matrix by (·)−1 , and denote the
positive and negative components of a matrix by · + and
· − , respectively.

(4)

where D(·|·) signiﬁes the loss function of NMF, e.g., Frobenius
norm and KL-divergence, H denotes the coefﬁcients, and λ
signiﬁes a positive tradeoff parameter. Although (4) preserves
the range space of W , it still cannot prohibit W from a
trivial solution, e.g., the resultant W contains a zero column.
We therefore expected the energy to be distributed over all
the low dimensions to overcome this deﬁciency. To this end,
we incorporated sparsity regularization over coefﬁcients H by
minimizing the L1 -norm of each column of H. We have the
objective of Logdet divergence regularized sparse NMF, i.e.,
min

P5(NN/SVM)
0.6085(0.8377)
0.5251(0.8346)
0.5064(0.8128)
0.5137(0.7797)
0.2733(0.7684)

Theorem 1: The objective function (5) is non-increasing
under updating W , H, and D with steps 3, 4, and 5 in
Algorithm 1.
We leave the proof in Appendix B.
Based on Theorem 1, we can summarize the optimization procedure of LDS-NMF in Algorithm 1. The major
computation of Algorithm 1 is cost by steps 3, 4 and 5.
They correspond to the updating rules for W , H and D,
respectively. Step 3 requires computing the matrix inverse of
a r × r matrix, which takes time of O(r3 ), and meanwhile
involves a few matrix multiplications and lement-wise product
and division operations that cost O(mr2 + n2 r + nmr +
mr + r2 n). Thus, the total time complexity of Step 3 is
O(r3 + mr2 + n2 r + nmr + mr + r2 n). Step 4 executes
the same matrix operations with ordinary MUR including a
few matrix multiplications, and then the total running time is
O(rmn+rn2 +mr2 +rn). For Step 5, the matrix multiplication
and subtraction costs time of O(mnr) and O(mn), respectively. Therefore, the total time complexity for Algorithm 1 equals
to O(r3 + mr2 + n2 r + nmr + mr + r2 n + rn).

1,

(5)
where H·j represents the j-th column of H, and γ denotes the
penalty parameter.
As analyzed in Section I, NMF often suffers from the
rank-deﬁciency problem on the corrupted dataset, i.e., some
coordinates of data matrix are contaminated by outliers. Therefore, to ﬁlter out the effect of outliers in LDS-NMF, we
choose the L2,1 -norm to measure the reconstruction error
in (5) due to its nice mathematical property [15][16], i.e.,
D(X|W H) = X − W H 2,1 .

III.

E XPERIMENTS

A. Face Recognition
B. Optimization Algorithm

We ﬁrst evaluates the effectiveness and efﬁciency of LDSNMF compared to the representative NMF [4], L2,1 -NMF
[15], CIM-NMF [13] and PCA [2] on two face image datasets
including YaleB [9] and AR [25]. All algorithms are implemented in Matlab 7.10.0 on a workstation which contains four
3.4GHz Intel (R) Core (TM) processor and an 8 GB RAM.

Although both the second and the third terms of (5)
are convex, the objective function of LDS-NMF is jointly
non-convex because the loss function in the ﬁrst term are
jointly non-convex with respect to both W and H. Here
we developed a block coordinate descent based algorithm to
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Fig. 5. Average accuracy (a) and averaged NMI (b) of LDS-NMF, L2,1 -NMF,
CIM-NMF and NMF on the COIL20 dataset.

TABLE II.
T HE H IGHEST R ECOGNITION ACCURACY AND
C ORRESPONDING R EDUCED D IMENSIONALITY ( IN B RACKET ) ON THE
YALE B DATASET.
Method
LDS-NMF
L2,1 -NMF [15]
CIM-NMF [13]
NMF [4]
PCA [2]

2,1

LDS − NMF
CIM − NMF

0.4
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Fig. 4. Average accuracy versus reduced dimensionality when (a) 5, (b) 7,
and (d) 9 images of each subject were randomly selected for training on the
YaleB dataset.
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2) YaleB Dataset: The YaleB database [9] is an extension
of the Yale face Database. There are totally 2424 face images
of 38 individuals. Each individual has 59 images at least and
64 images at most under different illumination conditions.
In our experiment, we randomly select ﬁve, seven and nine
images for per individual as three train datasets termed P5, P7
and P9, respectively. The remainder is divided equally into
the validation and test dataset. Figure 4 shows that LDSNMF is superior to the compared methods under varying
dimensionalities in terms of average recognition accuracy.
Table II also shows that LDS-NMF method also achieves the
highest recognition accuracy compared with the representative
methods in both classiﬁers.

P9
0.7382(0.8264)
0.7367(0.8193)
0.7235(0.7868)
0.7348(0.7801)
0.4242(0.7695)

For each dataset, we aligned all frontal face images according to the eye position and randomly selected different
numbers of images from each individual as the training set,
and the remainder is divided into the validation set and the
testing set. All compared methods adopt the raw pixel values
of images as features to learn a non-negative basis on the same
training set, select the parameter on the same validation set,
and are subsequently evaluated on the identical testing set.

B. Image Clustering
To evaluate the clustering performance of LDS-NMF, we
compare LDS-NMF with NMF, L2,1 -NMF and CIM-NMF on
COIL [26] and JAFFE [27] datasets with clustering accuracy
and normalized mutual information (NMI) [28]. In clustering
tasks, we adopt the raw pixels to learn the coefﬁcients of
examples and then utilize the K-means method to cluster the
learned coefﬁcients. Note that the number of the clusters as
a prior knowledge is set to the number of selected objects.
For NMF, L2,1 -NMF and CIM-NMF, they do not involve any
parameter tuning. For LDS-NMF, the parameter selection will
be introduced in the next subsection.

To quantify the performance of all compared methods, we
choose two well-known classiﬁers: the nearest neighbor (NN)
and SVM to calculate the percentage of correctly classiﬁed
testing images as the accuracy of face recognition. For fair
comparison, each experiment was independently conducted 50
times to remove the inﬂuence of randomness. For NMF, L2,1 NMF and CIM-NMF, they do not involve any parameter tuning. For LDS-NMF, the parameter selection will be introduced
in the next subsection.
1) AR Dataset: The AR Database [25] consists of 2600
face images totally of 100 subjects. Each subject has 26 images
with more varying facial expressions, different illumination
conditions and more outliers, such as glasses, sunglasses and
mufﬂers. In the experiment, we randomly select ﬁve, seven
and nine images for per subject as three train datasets termed
P5, P7 and P9, respectively. The rest of images are divided
equally into validation dataset and test dataset. Figure 3 shows
that LDS-NMF signiﬁcantly outperforms other three methods
under different conﬁgurations based on nearest neighbor classiﬁer. More important, LDS-NMF achieves 10.03%, 9.80% and
9.45% relative improvement against the second best method in
P5, P7 and P9, respectively. Figure 3 indicates that LDS-NMF
achieves more improvements when the reduced dimensionality
is higher. Moreover, Table I reports the highest recognition
accuracy of the compared methods by two classiﬁers including
nearest neighbor (NN) and support vector machine(SVM). It
also implies the effectiveness of LDS-NMF in term of face
recognition accuracy.

1) COIL20 Dataset: The COIL20 dataset contains 1,440
images with the uniform black background for 20 objects.
Each object has 72 images under different angles. Each image
is cropped to 32 × 32 pixels. We randomly select different
numbers of objects to evaluate the clustering performance,
and meanwhile each trail is independently conducted 50 times
to remove the inﬂuence of randomness for fair comparison.
Figure 5 shows that LDS-NMF is superior to the compared
methods under different number of classes in terms of average
accuracy and NMI.
2) JAFFE Dataset: The JAFFE dataset contains 213 face
images belong on 10 Japanese females. Each person has
around 20-23 images with varying facial expressions. Each
image is cropped to 256 × 256 pixels. We randomly select
different numbers of individuals as the training subsets. Figure
6 shows that LDS-NMF outperforms the compared methods
under varying number of classed in terms of average accuracy
and NMI.
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Fig. 6. Average accuracy (a) and averaged NMI (b) of LDS-NMF, L2,1 -NMF,
CIM-NMF and NMF on the JAFFE dataset.

B. Proof of Theorem 1
We prove by utilizing the majorization minimization technique. According to [15][16], we have




X − W H t+1  − X − W H t 
2,1
2,1
1
T
t+1
tr(X − W H )D(X − W H t ) ,
≤
(7)
2
where Dii = 1/ xi − W hti , t is the iteration counter.

C. Parameter Settings
Firstly, we show how to select proper parameters λ and
γ for LDS-NMF in face recognition. It is time-consuming
to select the value of parameters based on the grid search.
Another alternative to this problem is to select a feasible
range for them, because the proper range has little effect
on the performance of LDS-NMF. Due to the symmetric
property of both parameters, we merely introduce the procedure to select the parameter λ with γ ﬁxed as follows:
a) solve the basis and the coefﬁcients with setting both
parameters to zero on the training set, b) calculate both
parameters using λ0 = 
2 X − W H 2,1 /Dld (W T W, Ir ) and
n
γ0 = X − W H 2,1 / j=1 H·j1 , and c) collect all the
average accuracy on the validation set based on the leaned
basis when we ﬁx γ = γ0 and adapt varying values of λ
from 10d1 to 10d2 , wherein the integral d1 gradually increases
with one step until no larger than d2 . To this end, we keep the
parameter value corresponding to the highest average accuracy
as the resultant parameter value. In the empirical studies, we
set the range of λ from 10−5 to 10, and range of γ from 10−3
to 103 on YaleB and AR datasets. For parameter selection in
image clustering, we adopt the identical strategy used in image
classiﬁcation for this purpose.
IV.

Since tr(Z T AZB) ≤



ik (AZ



B)ik

2
Zik
 , let A = I, Z =
Zik

W , and B = HDH T , we have:
 (W  HDH T )ik W 2
ik
.
tr(W HDH T W T ) ≤

Wik

(8)

ik

Thus, auxiliary function of tr(X − W H)D(X − W H)T is:
 (W  HDH T ) W 2
ik ik
tr(XDX T − 2H T W T XD) +
. (9)

Wik
ik

Combining (7)-(9), we have the following auxiliary function
of X − W H 2,1 :
1
2

C ONCLUSION

tr(XDX T − 2H T W T XD) +

 (W  HDH T ) W 2
ik ik
.

Wik
ik
(10)

Likewise, we use the matrix inequality tr(Z T AZB) ≤
2
Zik

ik (AZ B)ik  , and let the left term A = I, Z = W , and
Zik
B = I, and thus there holds:

2
Wik
λ
λ  Wik
tr(W T W ) ≤
.
(11)

2
2
Wik



This paper proposes a Logdet divergence based sparse
NMF method to solve the rank-deﬁciency problem of the
learned lower dimensional basis. Particularly, LDS-NMF incorporates the Logdet divergence based regularization over the
basis matrix into NMF together with an L1 -norm based regularization over the coefﬁcients. Since these two regularizations
positively effect each other, LDS-NMF reduces the risk of
rank-deﬁciency problem and enhance the representation ability
of NMF. Experimental results of face recognition on popular
face image datasets verify that LDS-NMF outperforms NMF,
L2,1 -NMF and CIM-NMF in quantities.Based on the effective
Logdet divergence based regularization, our future works will
further integrate it into NMF variants for other vision tasks.

ik

Besides, the auxiliary function of

λ
log det(W T W ) is:
2

λ
log det(W T W  )
2

Wik

(W  (W T W  )−1
+λ
+ )ik Wik (1 + log
 )
Wik
ik
2
2

Wik
+ Wik
−λ
(W  (W T W  )−1
+ 2r.
− )ik

2Wik
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(12)

ik

Based on the ﬁrst-order Taylor series expansion,
we can expand log det(W T W ) as: log det(W T W ) ≈
log det(W T W  ) + 2tr(W  (W T W  )−1 (W − W  )T ) + 2r.
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[6]

Then we can obtain the upper bound of log det(W T W ) as
follows:

[7]

− log det(W T W  ) − 2tr(W T W  (W T W  )−1
+ )
T
+ 2tr(W T W  (W T W  )−1
)
−
2r
≤
−
log
det(W
W )
−

Wik

−2
(W  (W T W  )−1
+ )ik Wik (1 + log
 )
Wik
ik
2
2

Wik
+ Wik
+2
(W  (W T W  )−1
− 2r.
(13)
− )ik

2Wik

[10]

According to (10)-(13), we can construct the auxiliary
function G(W, W  ) of J(W, H) as follows:

[11]

[8]

[9]

ik

1
2

tr(XDX T − 2H T W T XD) +

 (W  HDH T ) W 2
ik ik

Wik

[12]

ik


2
Wik
λ  Wik
λ
+
− log det(W T W  )

2
Wik
2
ik

Wik

(W  (W T W  )−1
−λ
+ )ik Wik (1 + log
 )
Wik
ik
2
2

Wik
+ Wik
+λ
(W  (W T W  )−1
− 2r.
− )ik

2Wik

[13]
[14]

[15]

(14)

ik

Then we can obtain the derivative of G(W, W  ) as follows:

[16]

(W  HDH T )ik Wik
∂
G(W, W  ) = −(XDH T )ik +
∂W
Wik


Wik
Wik
Wik

T
 −1
+λ
− λ(W (W W )+ )ik

Wik
Wik
Wik

T
 −1
− λ(W (W W )+ )ik  .
(15)
Wik

[17]

[18]
[19]

By (15), we derive the update rule for W (cf. Step 3 in
Algorithm 1). Likewise, we can yield the update rule for H
(cf. Step 4 in Algorithm 1). The auxiliary function can help
the objective function to get the following inequality:
J(W t+1 , H t+1 ) ≤ J(W t , H t+1 ) ≤ J(W t , H t ),

[20]

[21]

(16)

where J(W, H) is the objective function. Since the objective
(5) has the lower bound, we know that the sequences generated
by Algorithm 1 converge to a local saddle point, according to
(16). Moreover, the derivatives equal to zero when the equality
of (16) holds. Thus, such saddle point is still a local solution
as well. This completes the proof. 

[22]

[23]

[24]
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