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Abstra
tMarkov de
ision pro
ess is usually used as an underlying model for de
ision-theoreti
 planning. It models the world as a number of states and represents theun
ertainty in e�e
ts of a
tions by transition probabilities. It also in
orporatesthe idea of utility by spe
ifying the reward or 
ost of taking an a
tion at a 
ertainstate. Partially observable Markov de
ision pro
ess (POMDP) extends this modeland allows modeling in
omplete information about the 
urrent state.POMDP is 
omputationally more 
omplex due to the un
ertainty of the 
ur-rent state. Exa
t algorithms have been proposed, but they are 
apable of solvingPOMDPs with only small number of states. Resear
h e�orts have been put intoalleviating this situation mainly using two approa
hes: (1) using heuristi
 algo-rithms to �nd approximate solutions, and (2) fa
torizing the state spa
e into amore 
ompa
t representation.This thesis fo
uses on the �rst approa
h and proposes a fast heuristi
 algo-rithm, 
alled point-based update approximation (PBUA). Experimental resultsshow that PBUA allows solving POMDPs in mu
h shorter time than exa
t al-gorithms, without 
ompromising the quality of the solution mu
h. With thexiv



addition of an expansion me
hanism, it gives poli
ies that are of similar qual-ity as the optimal poli
ies found by exa
t algorithms in the smaller POMDPproblems. In the larger problems, whi
h are out of the 
apability of the exa
talgorithms, PBUA 
omputes poli
ies among the best found in the literature, withsolving times not worse than most of the other heuristi
 algorithms.
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Chapter 1Introdu
tion
1.1 Thesis OverviewPlanning refers to �nding a sequen
e of a
tions to a
hieve a 
ertain goal. In
lassi
al AI planning resear
h, the e�e
ts of a
tions are deterministi
 and thede
ision making agent has 
omplete knowledge of the world. However, in manyreal-world problems the e�e
ts of a
tions are un
ertain. This leads to the resear
hof de
ision-theoreti
 planning, in whi
h probability theory is used to represent theun
ertainty and utility theory is used to represent the preferen
e between di�erentworld states.Markov de
ision pro
ess (MDP) is usually used as an underlying model inde
ision-theoreti
 planning [14, 1℄. It models the world as a number of statesand represents the un
ertainty in e�e
ts of a
tions by transition probabilities. Italso in
orporates the idea of utility by spe
ifying the reward or 
ost of taking ana
tion at a 
ertain state. One important assumption is that the probability ofthe out
omes of an a
tion depends only on the 
urrent state but not the path tothat state. This simpli�es the solution of the model and is one of the reason whythis model is usually used.An extension to MDP is the introdu
tion of partial observability. The ex-tended model is named partially observable Markov de
ision (POMDP), in whi
hthe agent does not have 
omplete information about the 
urrent state. The agentasso
iates a probability to ea
h of the state and makes de
ision based on theseprobabilities.POMDP is 
omputationally more 
omplex than the MDP, due to the un-
ertainty of the 
urrent state. Exa
t algorithms has been proposed to solve thisproblem, but they 
an be applied to POMDPs with only a small number of states.For example, a 12-state POMDP takes about 27,000 se
onds to solve using one ofthe fastest exa
t algorithm on an UltraSpar
 II ma
hine [19℄. Therefore, POMDP1



is still not widely applied in real-world problems despite of its ability to modelthe problems well.To make POMDP pra
ti
al, the solving time must be dramati
ally redu
ed.Two approa
hes are mainly used. One approa
h is to use fast heuristi
 approxi-mations to �nd a solution that is not exa
t but 
an perform well in pra
ti
e [8℄.Another approa
h is to fa
torize the state spa
e into a more 
ompa
t represen-tation [2℄.We fo
us on the �rst approa
h and propose a fast heuristi
 algorithm, 
alledPoint-Based Update Approximation (PBUA). The main 
on
erns in 
onsideringwhether a heuristi
 algorithm is good or not are its running time and the quality ofthe poli
y it �nds. We will show that PBUA redu
es the running time signi�
antlywithout 
ompromising the quality of poli
y and allows us to �nd good solutionsfor POMDPs that are too large for traditional exa
t algorithms.1.2 Thesis OutlineIn 
hapter 2, we brie
y review the basi
s of MDP and POMDP. In parti
ular, wepoint out the limitations of the algorithms for POMDP.Chapter 3 exhibits the basi
 version of a fast heuristi
 algorithm and showswhy it is better than exa
t algorithms. Experimental results are presented to
on�rm that this heuristi
 algorithm is more eÆ
ient than exa
t algorithms, andit 
an solve larger problems than exa
t algorithms.The next 
hapter extends the basi
 version of our algorithm by in
orporatingan expansion me
hanism. It also suggests some heuristi
s that 
an be used forthe expansion me
hanism. Experimental results are given to show that the in
or-poration of the expansion me
hanism improves the proposed heuristi
 algorithm.Di�erent expansion heuristi
 methods are also 
ompared.Chapter 5 dis
usses some possible enhan
ements to the proposed heuristi
algorithm. It also in
ludes some experimental results to see whether these sug-gested enhan
ements are useful.The following 
hapter surveys some related works. The �nal 
hapter 
on
ludesthe thesis and suggests a few future resear
h dire
tions.Appendix A is in
luded to show to the details of some of the experimentsdis
ussed in this thesis. A des
ription of the experiment setup generally used
an also be found there. Some of the best results in the literature is listed for2




omparing the performan
e of the proposed heuristi
 algorithm along the thesis.
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Chapter 2Ba
kgroundIn this 
hapter, the MDP model is �rst reviewed. Our dis
ussion is then extendedto the POMDP model. Basi
 ideas behind the algorithms for those models arealso explained along with dis
ussions. This lays the foundation for dis
ussions inthe subsequent 
hapters.2.1 Markov De
ision Pro
essesIn a Markov de
ision pro
ess (MDP), the world is represented by a number ofstates. The agent in this MDP 
an take a number of a
tions, after whi
h the worldstate may 
hange from one to another. Di�erent a
tions may lead to di�erentstate transitions, and these transitions are non-deterministi
. This un
ertaintyis modeled by probability distributions over the possible next states of takinga
tions from the 
urrent state. Reward values are asso
iated to the transitions,to represent di�erent preferen
e over the out
omes.A main feature of MDP is its Markov property, whi
h holds if the transitionprobabilities from any states to other states depend only on the 
urrent stateand not on the previous history. This property simpli�es the de
ision pro
essby allowing one to make de
ision based on only the 
urrent state, without the
onsideration of the previous history. In addition to that MDP ni
ely models theun
ertainty of the e�e
ts and preferen
e over the out
omes, the simpli�
ation bythe Markov property makes MDP an usual underlying model in de
ision-theoreti
planning [14, 2℄ and reinfor
ement learning [10, 17℄.2.1.1 Model FormulationA MDP model 
an be des
ribed by four 
omponents:� a �nite set S of world states; 4



� a �nite set A of possible a
tions;� a state transition fun
tion T : S � A ! �(S) whi
h maps a state-a
tionpair to a probability distribution over the entire state spa
e; and� a reward fun
tion R : S�A�S ! < whi
h maps a state-a
tion-state tupleto a real number that represents the immediate reward/
ost.The transition probability of resulting in state s0 2 S after taking a
tion a 2 Ain the 
urrent state s 2 S is denoted as P (s0js; a) or T (s; a; s0). Also, R(s; a; s0)denotes the immediate reward r of resulting in state s0 2 S after taking a
tiona 2 A in state s 2 S. Note that 
osts are represented by negative rewards.When 
omputing the solution, the expe
ted reward �(s; a) of taking a
tiona 2 A in state s 2 S is usually used. �(s; a) 
an be 
omputed by�(s; a) = Xs02SR(s; a; s0)P (s0js; a): (2.1)As mentioned before, the Markov property holds in MDP models. This meansthat the reward and state transition do not depend on the history. This propertyis put formally here:De�nition 2.1 (Markov property) Markov property holds ifP (st+1; rt+1jst; at; rt; st�1; at�1; rt�1; : : : ; s0; a0; r0) = P (st+1; rt+1jst; at); (2.2)where st, at, rt are the state, a
tion taken, and immediate reward re
eived at timet.We 
an see that sin
e the next state st+1 and the immediate reward rt+1 dependsonly on the 
urrent state st and the a
tion to be taken at. Therefore when wehave to 
hoose the a
tion a 2 A, we only have to 
onsider whi
h state s we arein, without 
onsidering the history that leads us to s.2.1.2 Optimality CriteriaTo evaluate the performan
e of an agent, we need a 
riterion of optimality thatthe agent tries to a
hieve. Three 
riteria of optimality are 
ommonly used.5



The �rst 
riterion is usually used in a �nite-horizon model, in whi
h the op-timality is measured by the expe
ted 
umulative rewards after a
ting a �nitenumber of steps T , E " TXt=0 rt# ; (2.3)where rt is the immediate reward re
eived at time step t. The �nite-horizonmodel is not very pra
ti
al, be
ause the number of steps T are seldom knownexa
tly beforehand.The se
ond 
riterion measures the expe
ted future dis
ounted reward, meaningthat the optimality is measured by the expe
ted dis
ounted 
umulative rewardsover the remaining steps. In a �nite-horizon problem, the optimality is measuredby E " TXt=0 
trt# ; (2.4)where a dis
ount fa
tor 0 � 
 � 1 is used to indi
ate the trade-o� between thenearer rewards and more distant rewards. As mentioned before, T may not beknown usually. We 
an use an in�nite-horizon to model problems with unknownT . The optimality be
omes to be measured as T !1,E " 1Xt=0 
trt# ; (2.5)where 0 � 
 < 1. The dis
ount fa
tor is essential for the existen
e of the abovelimit. It 
an also be used to model a pro
ess that terminates with probability1� 
 that at any step t.The �nal 
riterion 
ommonly used measures the average reward, whi
h meansthe optimality is measured by the expe
ted long-run average reward,limT!1E " 1T TXt=0 rt# (2.6)In this thesis, the 
riterion measuring the expe
ted future dis
ounted rewardis used to evaluate the optimality of the a poli
y.
6



2.1.3 Poli
iesA poli
y pres
ribes what a
tion an agent should take. Thanks to the Markovproperty, the poli
y depends on only the 
urrent state and not history of states.Therefore, a poli
y � : S ! A tells the agent to take an a
tion a 2 A given the
urrent state s 2 S.However, a poli
y may depend on the number of remaining time step t or not.In a �nite-horizon problem, the total number of time steps T is �nite. Obviously,a good poli
y should depend t, sin
e the agent should 
hoose an a
tion that leadsto a faster but maybe smaller reward when t is smaller, while it should 
hoosean a
tion that leads to a larger but maybe slower reward when t is larger. Thus,poli
ies used in this model usually depend on t. In an in�nite-horizon problem,T is unknown and is assumed to be in�nite. The optimal balan
e between theamount of reward to be re
eived and the amount of time to get the reward isrepresented by the dis
ounted fa
tor 
. As 
 is 
onstant, poli
ies used in thismodel usually do not depend on t, whi
h is assumed to be in�nite and is �xedanyway.A stationary poli
y � is a poli
y that does not depend on the number ofremaining steps t. The same poli
y is used over time and is usually used inproblems with in�nite horizon. In 
ontrast, a non-stationary poli
y, �t, is apoli
y that depends on t. It pres
ribes an a
tion based on the 
urrent state,with the 
onsideration that there are t steps remaining. Non-stationary poli
y isusually used in problems with �nite horizon.2.1.4 Value Fun
tionsThe agent usually prefers some world states over the others, sin
e some stateslikely lead to greater rewards while some do not. A value fun
tion represents thispreferen
e and shows the value of being in a 
ertain state. This value fun
tionmay help to �nd a better poli
y by 
hoosing an a
tion that likely results in astate with a higher value over an a
tion that likely results a lower value . It mayalso be used to evaluate a poli
y by 
omparing the values of the states given byone poli
y to those given by another poli
y.Formally, a value fun
tion V : S ! < maps a state s 2 S to a real numbervalue. Given a poli
y �, the value V�(s) is the expe
ted 
umulative rewards ofstarting from state s and exe
uting �. 7



Finite HorizonIn a �nite-horizon problem, non-stationary poli
y is usually used. Given a non-stationary poli
y �t, the value V�;t(s) of state s, whi
h is the expe
ted 
umulativerewards re
eived from exe
uting �t for the remaining t steps and starting fromstate s, 
an be 
omputed re
ursively byV�;t(s) = �(s; �t(s)) + 
 Xs02S P (s0js; �t(s))V�;t�1(s0); (2.7)where V�;0 is de�ned to be 0, meaning that V�;1(s) = �(s; �1(s)). This t-step valueof being in state s and exe
uting poli
y �t is the sum of the expe
ted immediatereward and the dis
ounted expe
ted (t� 1)-step value of the next state s0.In�nite HorizonIn an in�nite-horizon problem, the number of time steps remaining is in�nite.Consider the subs
ript t in equation 2.7. Sin
e limt!1 t � 1 = limt!1 t, thesesubs
ripts 
an be dropped. This shows the the value fun
tion does not depend ontime t, and explains why a stationary poli
y is usually used in the in�nite-horizonproblem. Similarly to equation 2.7, the value fun
tion V�(s) of a stationary poli
y� is 
omputed re
ursively byV�(s) = �(s; �(s)) + 
 Xs02S P (s0js; �(s))V�(s0): (2.8)Optimal Value Fun
tionsIn de
ision-theoreti
 planning, we would like to �nd the best poli
y in a problem.A poli
y � is de�ned to be better than or equal to another poli
y �0 if it hasan expe
ted reward greater than or equal to that of �0 for all states. In otherwords, � � �0 if and only if V�(s) � V�0(s) for all s 2 S. An optimal poli
yis the one that is better than or equal to all other poli
ies. The optimal poli
yand its 
orresponding value fun
tion are denoted as �� and V � respe
tively. Theoptimal poli
y should 
hoose the a
tion that gives the best expe
ted value of thesubsequent state. Thus, the optimal value of a state is the maximum value that
8



any a
tion 
an gives. The optimal value fun
tion 
an then be found byV �t (s) = maxa2A 8<:�(s; a) + 
 Xs02S P (s0js; a)V �t�1(s0)9=; (2.9)in a �nite-horizon problem and byV �(s) = maxa2A 8<:�(s; a) + 
 Xs02S P (s0js; a)V �(s0)9=; (2.10)in an in�nite-horizon problem.Q-Value Fun
tionsA Q-value fun
tion, Q : S � A ! <, maps a state-a
tion pair to a real number.This Q-value fun
tion is also 
alled a
tion-value fun
tion. As the latter nameshows, it gives the expe
ted 
umulative rewards of taking an a
tion a 2 A instate s 2 S and exe
uting a poli
y � afterwards. The Q-value of this state-a
tionpair (s; a) is denoted as Q�(s; a). The Q-fun
tion in a �nite-horizon problem 
anbe 
omputed by Q�;t(s; a) = �(s; a) + 
 Xs02S P (s0js; a)V�;t�1(s0): (2.11)The 
ounterparts of it in an in�nite-horizon problem and for the optimal 
aseare Q�(s; a) = �(s; a) + 
 Xs02S P (s0js; a)V�(s0) (2.12)and Q�(s; a) = �(s; a) + 
 Xs02S P (s0js; a)V �(s0): (2.13)2.1.5 Value IterationThe optimal value fun
tion 
an be obtained by using dynami
 programming andequation 2.10. The algorithm using this approa
h is shown in table 2.1. Thismethod is 
alled value iteration, sin
e it 
omputes the optimal value fun
tioniteratively by improving an sub-optimal value fun
tion 
ontinuously. This pro-
edure stops until the maximum di�eren
e among all states in S between valuefun
tions obtained in two 
onse
utive steps is smaller than a threshold �. This9



Value Iteration(�)Input: A stopping threshold �Output: An approximate to optimal value fun
tion V � with Bell-man error less than �Set V (s) = 0 for all s 2 SrepeatV 0(s) V (s) for all s 2 Sforea
h s 2 SV (s) maxa2A f�(s; a) + 
Ps02S P (s0js; a)V (s0)guntil maxs jV 0(s)� V (s)j � �return VTable 2.1: Value Iteration for MDP (Value Iteration)di�eren
e is known as Bellman residual.On
e the optimal value fun
tion is given, the optimal poli
y �� 
an be foundby sele
tion the a
tion that gives the best expe
ted value averaging over the nextstate. In other words,��(s) = argmaxa2A 8<:�(s; a) + 
 Xs02S P (s0js; a)V �(s0)9=; (2.14)2.1.6 Poli
y IterationThe optimal poli
y and its value fun
tion 
an also be found by improving thepoli
y iteratively instead of the value fun
tion. A poli
y is evaluated by a valuefun
tion using equation 2.8, and the poli
y is then improved by sele
ting thea
tions whi
h gives the best values a

ording to that value fun
tion. The pro
essstops until the poli
y remains un
hanged for two 
onse
utive steps. The 
ompletepro
edure is shown in table 2.2.2.2 Partially Observable MDPsThe model we dis
ussed in the last se
tion 
an also be 
alled fully observableMarkov de
ision pro
ess (FOMDP), be
ause it assumes that the state informa-tion is fully a

essible. However, in many 
ases, there is un
ertainty in the state10



Poli
y Iteration()Input: A stopping threshold �Output: An optimal poli
y �� and its value fun
tion V �Set V (s) = 0 and �(s) to an arbitrary a 2 A for all s 2 S1. Evaluate poli
y �.repeatV 0(s) V (s)forea
h s 2 SV (s) �(s; �(s)) + 
Ps02S P (s0js; �(s))V (s0)until sups jV (s0)� V (s)j � �2. Improve poli
y ��0(s) �(s) for all s 2 Sforea
h s 2 S�(s) argmaxa2S f�(s; a) +Ps02S P (s0js; a)V (s0)g3. Che
k if optimalif �0(s) 6= �(s) for any s 2 Sgoto step 1elsereturn � and VTable 2.2: Poli
y iteration for MDP (Poli
y Iteration)
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information. For example, the agent is not told the exa
t position in a maze, orit may a
quire a wrong per
eption with a small probability. In
omplete observ-ability is modelled in a partially observable Markov de
ision pro
ess (POMDP).In a POMDP, the agent does not know its 
urrent state exa
tly. However, it
an estimate its 
urrent state by taking observation after taking an a
tion. Itmaintains an internal state, whi
h is a probability distribution over the possible
urrent states, and updates this internal state after re
eiving an observation. Itthen makes de
ision based on this internal state.2.2.1 Model FormulationRe
all that as dis
ussed previously, four 
omponents | a state spa
e S, an a
tionspa
e A, a state transition fun
tion T , and a reward fun
tion R | are requiredto des
ribe an MDP. In addition to these four 
omponents, two more 
omponentsare required for a POMDP:� a �nite set Z of possible observations; and� an observation fun
tion O : S �A ! �(Z), whi
h maps a state-a
tion pairto a probability distribution over the observation spa
e.We denote the probability of getting observation z 2 Z after taking a
tion a 2 Aand resulting in state s0 2 S as P (zjs0; a). Note that this probability does notdepend on the 
urrent state s in our model.2.2.2 Belief StatesAs in FOMDP, the agent in POMDP does not maintain the whole history whenit 
hooses an a
tion. This history is summarized by a probability distributionover the state spa
e S, where a probability value is used to indi
ate the degreeof belief that the state s 2 S is the 
urrent state. As this distribution shows theagent's belief, it is 
alled belief state, and is denoted as b. It is represented by ave
tor of length jSj, with ea
h element b(s), for any s 2 S, a probability that sis the 
urrent state. Sin
e b is a probability distribution over the state spa
e S,Ps2S b(s) = 1 and 0 � b(s) � 1 for any s 2 S. These two 
onditions are 
alledthe simplex 
onstraints. The belief state spa
e the spa
e of all belief states andis denoted as B. 12



In a POMDP, the agent is not told of the 
urrent state. It 
an estimate thelikelihood of the next state using only the observation re
eived, and then updateits belief state a

ording to the a
tion taken and the previous belief state. Givena 
urrent belief state b, the resulting belief state bza after taking a
tion a andre
eiving z is updated bybza(s0) = Ps2S P (z; s0js; a)b(s)P (zjb; a) ; (2.15)where P (z; s0js; a) = P (zjs0; a)P (s0js; a) and P (zjb; a) is a normalizing fa
torgiven by P (zjb; a) = Ps2SPs02S P (z; s0js; a)b(s). The update belief state bza isalso denoted as �(b; a; z) in the literature.P (zjb; a) 
an be treated as the probability of observing z after taking a
tiona in belief state b, as its notation suggests. It 
an be 
omputed more eÆ
ientlyby P (zjb; a) = Xs02S P (zjs0; a)Xs2S P (s0js; a) (2.16)For 
onvenien
e, the expe
ted reward fun
tion �(b; a) is often expressed interms of the 
urrent belief state b, as the expe
ted reward of taking an a
tion ain belief state b. In fa
t, the belief state is only an internal state of the agent,but not of the model. Therefore, the transition of the belief states does not giveany reward, but only does the transition of the a
tual states. However, we 
anaverage the expe
ted reward �(s; a) over the probability of the 
urrent state s tode�ne �(b; a) as �(b; a) =Xs b(s)�(s; a): (2.17)2.2.3 Value IterationSuppose V �t is the optimal value fun
tion when there are t steps left. V �t 
an be
omputed using dynami
 programming similar to equation 2.9. However, sin
ewe do know the exa
t next state, we estimate the value that we have in the nextstep a

ording to the observation that we re
eive after the 
urrent step. V �t istherefore 
omputed byV �t (b) = maxa2A (�(b; a) + 
Xz2Z P (zjb; a)V �t�1(bza)) ; (2.18)where V �0 = 0, bza and P (zjb; a) are given by equations 2.15 and 2.16 respe
tively.13



Similarly in an in�nite-horizon problem, V � is 
omputed byV �(b) = maxa2A (�(b; a) + 
Xz2Z P (zjb; a)V �(bza)) : (2.19)Let � be a set of real-valued fun
tions V : B ! <. De�ne an operatorH : �! � as HV (b) = maxa2A (�(b; a) + 
Xz2Z P (zjb; a)V (bza)) : (2.20)We 
an see that this de�nition makes V � = HV �. It is well known that H isan isotone mapping and a 
ontra
tion under the supremum norm, where themeaning of these two properties is given by the following de�nitions.De�nition 2.2 Let U and V belong to the set of fun
tions �. An isotone map-ping H implies that if U � V , HU � HV .De�nition 2.3 Assume jj�jj is a supremum norm. A mapping H is a 
ontra
tionunder the supremum norm, if jjHV � HU jj � kjjV � U jj for all U , V and forsome 0 � k < 1.These two properties are suÆ
ient to show the existen
e of limn!1HnV , whereHnV means applying an operator H to V for n times. It 
an be shown that thislimit 
onverges to V �. Therefore, we 
an use dynami
 programming to 
omputeV � by applying H iteratively to the 
urrent value fun
tion V . The algorithm forvalue iteration for POMDP is given in table 2.3. The Bellman error � in the valueiteration 
an be used to estimate the pre
ision, denoted as Æ, of the 
urrent valuefun
tion V by the following theorem.Theorem 2.1 Let � = supb2B jV (b)� V 0(b)j, where V 0 is the previous-step valuefun
tion of V . Then supb2B jV (b)� V �(b)j � 
�1� 
 (2.21)and supb2B jV 0(b)� V �(b)j � �1� 
 (2.22)hold.Noti
e that this value iteration algorithm 
annot be used in pra
ti
e, sin
e thebelief state spa
e B is 
ontinuous and all belief states b 2 B 
annot be enumerated14



Value Iteration(�)Input: A stopping threshold �Output: An optimal value fun
tion V � with Bellman error lessthan �Initialize V (b) for all b 2 BrepeatV 0  VUpdate V  HV 0 for all b 2 Buntil supb jV 0(b)� V (b)j � �return VTable 2.3: Value Iteration for POMDP (Value Iteration)�nitely. However, it shows the framework of value iteration and more details onhow to handle this 
ontinuous belief spa
e are dis
ussed later.2.2.4 Pie
ewise-Linearity and ConvexityAs we 
an see the belief state spa
e B is 
ontinuous, the value fun
tion in POMDP
annot be represented �nitely as that in MDP. Along with the fa
t that the beliefstate b 2 B 
annot be enumerated �nitely, this makes the value iteration algorithmgiven in table 2.3 impra
ti
able.Fortunately, Sondik shows that the optimal value fun
tion over a �nite horizon
an be represented by a pie
ewise-linear and 
onvex (PWLC) fun
tion[16℄. Thismeans the value fun
tion of a POMDP 
an be represented by a �nite number ofve
tors.To explain why a t-step optimal value fun
tion V �t , is PWLC we �rst 
onsiderthe 
ase of t equal to 1. Assume we know the 
urrent state s 2 S, the value Va;1of taking a
tion a 2 A in s is equal to the expe
ted reward �(s; a). Sin
e thebelief state b is a probability distribution over S, we 
an average Va;1(s) over Sto give the value Va;1(b) for taking a
tion a at the 
urrent belief state b. In otherwords, Va;1(b) = Ps2S Va;1(s) � b(s). We 
an then de�ne a ve
tor �a;1 with lengthjSj, su
h that Va;1(b) is given by the inner produ
t of �a;1 and b. This means,Va;1(b) = �a;1 � b, where the elements of �a;1 is given by �a;1(s) = �(s; a) for alls 2 S.After showing the 
on
ept of a ve
tor �, we now dis
uss how the V �1 
anbe 
onstru
ted. An optimal 1-step poli
y ��1 
hooses the a
tion that gives the15



maximum value at the 
urrent belief state, and the optimal value V �1 (b) equalsthat maximum value. Put it in another way, ��1(b) = argmaxa2A �a;1 � b andV �1 (b) = maxa2A �a;1 � b. We 
an now see that, V �1 
an be represented as a ve
torset V�1 = f�a;1ja 2 Ag, where the value of a belief state is given by the maximuminner produ
t with the ve
tors. The fa
t that the 1-step optimal value fun
tionV �1 is represented by a set of linear ve
tors and the value is given by the uppersurfa
e of these ve
tors explains the pie
ewise-linearity and 
onvexity of V �1 .An example of V �1 for a 2-state POMDP problem is shown in �gure 2.1. ThisPOMDP problem is referred as Tiger problem and is given by Cassandra[5℄. Inthis problem, a tiger is behind either the left or right door. There are 3 a
tions,to open the left door, to open the right door, and to listen and make observation.More detailed des
riptions of this problem 
an be found in appendix A. Sin
ethere are two states we 
an represent the value fun
tion against the belief ofonly one of the states s, where the belief b(s0) of the other state s0 is given byb(s0) = 1 � b(s). We 
an see there are three ve
tors in the �gure, representingthe value of taking the three di�erent a
tions. For the a
tion open-left, the
orresponding ve
tor shows that the expe
ted reward is 10 when b(tiger-left) = 0(the tiger is behind the right door), and is -100 when b(tiger-left) = 1 (the tigeris behind the left door). V �1 is the upper surfa
e of the three ve
tors.Now 
onsider a general t-step optimal value fun
tion. Equations 2.18 and2.20 shows that V �t = HV �t�1. It 
an be proved that the operator H preserves thepie
ewise-linearity and 
onvexity of V �t�1. Sin
e the optimal value fun
tion of the�rst time step V �1 is PWLC, the optimal value fun
tion of V �t of any subsequenttime step t is also PWLC. Suppose V�t is the set of ve
tors representing V �t .A ve
tor � 2 V�t represents the state values of exe
uting a t-step poli
y, whi
hpres
ribes an a
tion based on the belief state over a t-step horizon, in this general
ase.In an in�nite-horizon problem, the number of time steps T is in�nite, we 
anuse the fa
t that limt!1 V �t = limt!1H t�1V �1 = V � to �nd the optimal valuefun
tion V �. Although the optimal value fun
tion V �t in a �nite horizon problemfor any time step t is pie
ewise linear, V � is not pie
ewise linear in many in�nite-horizon problems. However, given a suÆ
iently large t, we 
an use the pie
ewiselinear fun
tion V �t to approximate any non-linear value fun
tion as 
losely asdesired. 16
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Figure 2.1: 1-step Optimal Value Fun
tion for the Tiger Problem2.2.5 Parsimonious RepresentationsAssume the V �t�1 is represented by a �nite set of linear ve
tors Vt�1. After applyingthe operator H to V �t�1, the total number of ve
tors in Vt be
omes jAjjVt�1jjZj inthe worst 
ase. However, some ve
tors generated 
an be pruned without 
hangingthe value fun
tion sin
e they are dominated by the other ve
tors, meaning thatthey are lo
ated under the upper surfa
e graphi
ally. Those ve
tors that 
an beremoved without a�e
ting the resulting value fun
tion is extraneous, while theothers are useful. A set of ve
tors is parsimonious if it does not 
ontain anyextraneous ve
tor.Further we 
an de�ne the ideas of witness region and witness point. Given aset V and a ve
tor � 2 V, the witness region R(�;V) is de�ned byR(�;V) = fb 2 Bj� � b > ~� � b; 8~� 2 V n f�gg: (2.23)This means the witness region R(�;V) for a ve
tor � is where it appears at thetop of the set of ve
tors V. For example, [0; 0:1) is the witness region for theve
tor 
orresponding to a
tion open-left in �gure 2.1. This witness region thustesti�es that � is useful in V. Any belief state that is inside R(�;V) is 
alled a17



witness point for �.2.2.6 Poli
iesAs the previous dis
ussion shows, V �t (b) 
an be 
omputed by �nding the bestve
tor �0 in V�t that gives the maximum inner produ
t with belief state b. Inother words, V �t (b) = max�2V�t � � b (2.24)The asso
iated a
tion of �0 is used as the a
tion pres
ribed by the optimal poli
yfor the t-th step.2.2.7 An Overview on Exa
t AlgorithmsAn exa
t algorithm �nds the optimal value fun
tion in an in�nite-horizon problemby approximating it using t-step optimal value fun
tion V �t over a �nite horizonwith large t.1 It 
omputes V �t by using the operatorH as in table 2.3. However, asshown previously, the number of ve
tors 
an in
rease exponentially in an updatestep of H. Therefore, using all the ve
tors to represent the value fun
tion maymake an algorithm intra
table. Fortunately, many of those possible ve
tors areextraneous and 
an be pruned without a�e
ting the value fun
tion. Thus, themain problem of the exa
t algorithms is how to update the value fun
tion usingH only with the useful ve
tors to improve the time 
omplexity.Two approa
hes are usually used to in
rease 
omputational eÆ
ien
y. The�rst one is based on a generate-and-test paradigm [16, 13℄. It enumerates allthe possible ve
tors and then test their usefulness. Those extraneous ve
torsare then pruned. An extension to this is to interleave the generate and teststages, and do the pruning before the ve
tors are 
ompletely 
onstru
ted [4℄. These
ond approa
h is based on a sear
h-and-generate paradigm. It sear
hes for thewitness points before 
onstru
ting the ve
tors. It then uses those witness pointsto generate the ve
tors, so that only useful ve
tors are generated [9℄.1The exa
t solution for a POMDP is the one that gives zero Bellman error in value iteration.However, it is usually impossible to have zero Bellman error, as it may take in�nite numberof iteration steps. Therefore, an exa
t algorithm usually stops when the Bellman error fallsunder a 
ertain threshold, and this is why the solution given by an exa
t algorithm is usuallyan approximation. 18



Chapter 3A Heuristi
 Algorithm for SolvingPOMDP
3.1 Introdu
tionThe previous 
hapter reviews the MDP and POMDP, and gives an overview onthe exa
t algorithms. The exa
t algorithms use a t-step optimal value fun
tion V �tto approximate the optimal value fun
tion V �. Theoreti
ally, we 
an approximatethis optimal value fun
tion as 
losely as possible, using the pie
ewise linear and
onvex V �t . However, it is pra
ti
able for POMDP problems with only small statespa
es, due to the high 
omputational 
omplexity of the exa
t algorithms.The main obsta
le for exa
t algorithms is the exponential in
rease in numberof ve
tors after ea
h update 
y
le in value iteration. The number jV�t j of ve
torsused for representing V �t may be
ome O(jAjjZjt�1) in the worst 
ase, after applyingthe operator H for t�1 times by starting from V �1 . This imposes not only a spa
eburden but also a time burden, be
ause after ignoring all other time needed to
onstru
t the value fun
tion, we still need at leastO(AjZjt�1) time for enumeratingthe ve
tors and store them. Although in pra
ti
e, jV�t j 
ould be mu
h smallerafter pruning, it 
ould still be large enough to make an exa
t algorithm infeasiblefor larger problems. For example, using probably the fastest algorithm, it tookmore than 7 hours to solve a 12-state POMDP problem on an UltraSpar
 IIma
hine[19℄. And whether it is possible to solve a larger problem, su
h as onewith 20 states, is still questionable. This limitation in the size of POMDP thusmakes POMDP not widely applied in pra
ti
e.To over
ome this obsta
le, we need some other ways to solve the POMDPproblem, instead of exa
t algorithms. Re
ent resear
h has been 
ondu
ted inmainly two dire
tions. The �rst dire
tion is to use some other representationsto approximate V �, instead of using the 
omplex V �t . The algorithms going inthis dire
tion are referred in thesis as heuristi
 algorithms, or approximation19



algorithms. For example, Lovejoy[12℄, Brafman[3℄, Hauskre
ht[7, 8℄, and Zhouand Hansen[20℄ use grid-value pairs to approximate the optimal value fun
tionV �. These algorithms update and improve the value of the grid points using valueiteration. Then the values of the non-grid belief states are interpolated with thegrid-value pairs, so that the value fun
tions bV approximate to V � are properlyde�ned for the entire belief state spa
e B.Another dire
tion is to abstra
t the state spa
e into a more 
ompa
t represen-tation. For instan
e, Boutilier and Poole[2℄ shows how to use tree-like stru
tureto represent the state spa
e. Then an exa
t algorithm is applied to solve thePOMDP by exploiting this 
ompa
t tree representation.This thesis fo
uses on the �rst dire
tion, that is, using heuristi
 algorithms tosolve POMDP.3.2 Point-Based Update Approximation3.2.1 OverviewAs mentioned in the previous se
tion, alternative ways to exa
t algorithms shouldbe explored to solve POMDP problems with large state spa
e. Based on thisidea, this se
tion proposes a fast heuristi
 algorithm, namely point-based updateapproximation (PBUA).PBUA is a grid-based heuristi
 algorithm, meaning that it uses a grid G ofbelief points bG in the update steps of value iteration. However, unlike some ofthe heuristi
 algorithms listed in the previous se
tion, PBUA uses a ve
tor setV instead of grid-value pairs to represent an approximate value fun
tion bV . Itupdates the V based on the sear
h-and-generate paradigm as of exa
t algorithms.PBUA redu
es the time 
omplexity of the exa
t algorithms in two aspe
ts.First, in the sear
h-and-generate paradigm used by exa
t algorithms, witnesspoints are lo
ated, usually by linear programming, before the generate stage.This sear
h 
an be 
omputationally very expensive. PBUA eliminates the needof doing this sear
h by using a �xed grid G of belief points. It treats these gridpoints as the witness points and generates ve
tors for the updated value fun
tionusing them.Se
ond, PBUA updates the value fun
tion in a di�erent way. This di�erentupdate method allows only one ve
tor per grid point to be added to the updated20



value fun
tion. Thus, PBUA over
omes the O(jAjjZjt�1) obsta
le in exa
t algo-rithms by limiting jVtj to only the number of grid points jGj, whi
h is usuallyonly a small multiple of the size of the state spa
e jSj. Obviously the grid pointsshould have missed many witness regions, due to the relatively small number ofjGj. However, experimental results show that PBUA is able to use the resultingvalue fun
tion bV to obtain good poli
ies for the POMDP problems in pra
ti
e.The basi
 version of PBUA is based on two ideas found in the literature.First, the use of grid-based update for 
onstru
ting a ve
tor set to approximate anoptimal value fun
tion 
an be tra
ed its root ba
k to Lovejoy[12℄. The se
ond, andmore 
ru
ial, idea of using the modi�ed update 
omes from Zhang and Zhang[18,19℄.3.2.2 Ba
kup OperatorBefore des
ribing the whole algorithm, we �rst need to see how a ve
tor is gener-ated with a given witness point. We de�ne ba
kup operator as an operator thatgenerates a new useful ve
tor given a belief state and a ve
tor set.Re
all the operator H de�ned in equation 2.19. V = HV 0 
an be written interms of V 0 as follows:V (b) = maxa2A 8<:Xs2S �(s; a)b(s) + 
Xz2Zmax�2V 0 Xs2S Xs02S P (z; s0js; a)�(s0)b(s)9=; (3.1)The ve
tor � 2 V = HV 0 that gives the maximum value with belief state b
an be found in three steps:1. For ea
h a and z, �nd the ve
tor �za whi
h gives the maximum inner produ
twith next step belief state bza given a 
urrent belief state b, a
tion taken a,and observation re
eived z. This 
an be found by�za = argmax�2V 0 � � bza: (3.2)2. For ea
h a
tion a, 
ompute ve
tor �a by,�a(s) = r(s; a) + 
Xz2Z Xs02S P (z; s0js; a)�za(s): (3.3)
21



Ba
kup(b,V)Input: b is the belief point where the this ba
kup is perform at;and V is the set of ve
tors on whi
h this ba
kup is performedOutput: � = ba
kup(b;V)va;max  �1 and �  nilforea
h a 2 Aforea
h z 2 Z�za  argmax�2V � � bforea
h s 2 S�a(s) r(s; a) + 
Pz2ZPs02S P (z; s0js; a)�za(s)if �a � b > va;maxva;max  �a � b�  �areturn �Table 3.1: Pro
edure for the Ba
kup Operator (Ba
kup)3. Find the ve
tor � that gives the maximum inner produ
t with b among �'s� = argmax�a �a � b: (3.4)Break ties lexi
ographi
ally if there exists more than one su
h ve
tor.Now de�ne ba
kup(b;V) as the ve
tor �. The pro
edure for �nding ba
kup(b;V)is given in table 3.1.It 
an be shown that � = ba
kup(b;V) is a useful member of HV[19℄.3.2.3 Point-Based UpdateAs dis
ussed before, PBUA improves the time 
omplexity in two aspe
ts. It savesthe time spent on sear
hing the witness points and limits the number of ve
torsto the number of grid points. More te
hni
al des
riptions on how PBUA a
hievesthese are given here.Let G be a set of belief points bG 2 B. Suppose there is a set V 0 of ve
torsrepresenting the 
urrent approximate value fun
tion bV 0, with jV 0j � jGj. Weasso
iate a ve
tor �0i to ea
h grid point bGi 2 G, su
h that �i gives the maximum22



inner produ
t with bGi . In other words,�0i = arg max�02V 0 �0 � bGi (3.5)Note that for two di�erent grid points bGi , bGj , where i 6= j, �0i may be equal to�0j. In our implementation, we store only one ve
tor for both bGi and bGj , andasso
iate this ve
tor with both of them. However, for 
onvenien
e, we use twodi�erent notations �0i and �0j to refer to this same ve
tor during the dis
ussion.PBUA treats the grid points bGi as the witness points to perform update. Theve
tors for the updated ve
tor set V are generated by performing ba
kup(bGi ;V 0)at all grid points bGi 2 G. As ea
h grid point bGi leads to only one ba
kup ve
tor�i, the number of ba
kup ve
tors is upper bounded by jGj.1 Therefore, we 
anuse all the ba
kup ve
tors �i to 
onstru
t the updated ve
tor set V, su
h that we
an keep jVj � jGj. However, the value fun
tion updated in this way does not
onverge in value iteration[12℄.To make it 
onverge, PBUA 
onstru
ts V in a di�erent way. Instead of using�i immediately, it 
ompares the inner produ
ts �i � bGi and �0i � bGi , and uses theve
tor that gives a larger inner produ
t. In other words,�i = 8<: �0i if �0i � bGi � �i � bGi�i otherwisewhere �i 2 V is the ve
tor asso
iated with bGi after update. This update methodis referred as point-based update.3.2.4 Convergen
eOne question about using point-based update is whether this update leads to a
onverging value iteration. The following proof gives an aÆrmative answer.Suppose Vn is value fun
tion, represented by a set Vn of ve
tors, obtained byPBUA at the n-th update. De�ne operator T as the update operator used inPBUA su
h that Vn = TVn�1 and Vn = TVn�1.Proposition 3.1 If Vn�1 � V �, Vn = TVn�1 � V �.1The numbers are not ne
essarily equal be
ause two grid points may lead to the same ba
kupve
tor, so the number of ba
kup ve
tors may be smaller than jGj23



Proof: Assume H is the operator de�ned by equation 2.20. Also, suppose thatWn = f�ij�i = ba
kup(bGi ;Vn�1); 8bGi 2 Ggis the set of all ba
kup ve
tors generated at the n-th update step. Sin
e�i = ba
kup(bGi ;Vn�1) 2 HVn�1;it follows that Wn � HVn�1. The operator T sele
ts either �i 2 Vn�1 or �i to
onstru
t Vn = TVn�1. Therefore,Vn � (Vn�1 [Wn) � (Vn�1 [HVn�1):Be
ause Vn(b) = max�2Vn � � b,Vn(b) � max fVn�1(b); HVn�1(b)g ; (3.6)for any belief state b 2 B.Re
all that H is isotone, whi
h means if Vn�1 � V �, HVn�1 � HV �. Nowassume Vn�1 � V �, this impliesHVn�1 � HV � = V �. Sin
e both Vn�1 and HVn�1in equation 3.6 are less than V �, Vn � V � and the proposition follows. 2Proposition 3.2 The operator T maintains monotoni
ity (in
reasing) of thevalue fun
tion over the grid points. In other words,Vn(bGi ) = TVn�1(bGi ) � Vn�1(bGi )for all bGi 2 G.Proof: For ea
h grid point bGi , the operator T 
hooses among �i and �i 2 Vn�1the ve
tor that gives the larger inner produ
t with bGi to 
onstru
t Vn = TVn�1.Moreover, due to equation 3.5, Vn�1(bGi ) = �i � bGi . Therefore,Vn(bGi ) = maxf(�i � bGi ); (�i � bGi )g= maxfVn�1(bGi ); (�i � bGi )g� Vn�1(bGi );24



and the proposition follows. 2Proposition 3.3 Given a �xed grid G and an initial value fun
tion V0 � V �, thevalue fun
tion updated by operator T in ea
h step of value iteration 
onverges onthe grid points. Moreover, the value fun
tion remains the same during the valueiteration after a suÆ
iently large number of iteration steps.Proof: From propositions 3.1 and 3.2 and a �xed grid G, it is obvious thatvalues at the grid points 
onverge, as follows:limn!1Vn(bGi ) = limn!1T nV0(bGi ) = �V (bGi );for all bGi 2 G, where �V (bGi ) is a value fun
tion with values at grid point 
onverged.Sin
e point-based update sele
ts a ba
kup (new) ve
tor �i over the original ve
tor�i only when �i � bGi > �i � bGi , no �i are sele
ted after the values at the gridpoints have 
onverged. Therefore, point-based update does not 
hange the valuefun
tion in the subsequent steps and the proposition follows. 2Other than the 
onvergen
e question in value iteration for PBUA, there isstill another question of whether the updated value fun
tion leads to a betterpoli
y after ea
h step. Proposition 3.2 shows that the values of the grid pointsare improving during the value iteration, but it does not guarantee the samething for the non-grid points. Moreover, PBUA may not be able to �nd a ba
kupve
tor that gives a greater inner produ
t with a grid point. Thus the valueiteration may stop too early and the resulting value fun
tion may not be goodenough. Fortunately, the experimental results 
lear these 
on
erns. Althoughwe have not measured the quality of the lower bounds imposed by the resultingvalue fun
tions, we 
an see that these value fun
tions lead to satisfa
tory poli
ies.Moreover dis
ussions 
an be found in a later se
tion when the experimental resultsare presented.3.2.5 Initial Ve
tor SetProposition 3.3 is based on an assumption that the initial value fun
tion V0 is alower bound to the optimal value fun
tion V �. We now show how we obtain thisV0. 25



Re
all that the value of a state is the expe
ted future 
umulative reward itre
eives by starting from that state and exe
uting the optimal poli
y. Therefore,if all the expe
ted rewards in the POMDP are greater than zero, these statevalues must be non-negative. As a result, we 
an use a set f0g 
onsisting of onlya zero ve
tor as the initial ve
tor set V0, su
h that V0 � V �.When some of the expe
ted rewards in a POMDP are negative, we applythe idea shown in Zhang and Zhang[19℄. Let m = mins;a �(s; a) be the minimalexpe
ted reward, 
 = m=(1�
) be the dis
ounted sum of re
eiving m for in�nitesteps, and �
 be a ve
tor of whi
h the 
omponents are all 
. We 
an use thesingleton set f�
g as the initial ve
tor set V0, su
h that V0 � V �.The 
hoi
e of initial ve
tor set V0 is summarized by as follows,V0 = 8<: f0g if mins;a �(s; a) >= 0f�
g otherwise ; (3.7)where 
 = mins;a �(s; a)=(1� 
).3.2.6 Stopping CriterionWe see that the value fun
tion remains the same when the values at the gridpoints 
onverge. This means the value iteration 
an stop when the values at thegrid points 
onverge. Therefore, we use a stopping 
riterion that measures themaximum di�eren
e of the values among the grid points that are given by thevalue fun
tions in two 
onse
utive steps. In parti
ular, the value iteration stopswhen this di�eren
e falls below a threshold �,maxbGi 2G jVn(bGi )� Vn�1(bGi )j < �:We 
all the di�eren
e jVn(bGi ) � Vn�1(bGi )j the amount of improvement Æi atgrid point bGi , sin
e it shows how mu
h the value fun
tion has improved at bGi .3.2.7 Initial GridProposition 3.3 shows that the value iteration produ
es a 
onverging value fun
-tion given that the grid is �xed. Therefore, PBUA 
onstru
ts a grid initially andkeeps it un
hanged during the value iteration.26



Other than this, PBUA has no more restri
tion 
on
erning the grid. However,there are two main 
onsiderations. First, sin
e PBUA performs ba
kup on thegrid points, the sele
tion of them may a�e
t the quality of the poli
y obtained.Se
ond, the time 
omplexity of PBUA depends on the size of the grid points.But at the same time, more grid points may lead to a better value fun
tion. This
reates a trade-o� between the amount of 
omputational time and the quality ofpoli
y.In our implementation, we used an initial grid 
onsisting of only extremepoints.2 This keeps the size of grid relatively small. We also used a randomly
onstru
ted initial grid to 
ompare the signi�
an
e on the 
hoi
e of grid. Theexperimental results are shown in a later se
tion.3.2.8 The Whole AlgorithmTable 3.2 gives the pro
edure of the value iteration in PBUA. In ea
h updatestep, it ba
ks up at all the grid points and improves the values by sele
ting theve
tor that gives a better inner produ
t at ea
h grid point. It stops until themaximum amount of improvement Æmax for a step falls below a threshold �.The amount of improvement may os
illate before it 
onverges to a valuesmaller than �. Therefore, we 
he
k the maximum 
umulative amount of im-provement � for the whole value iteration and repeat a value iteration if � > �.This whole basi
 version of PBUA is given in table 3.3.3.2.9 Time ComplexityAfter presenting the 
omplete algorithm, we now analyze its time 
omplexity, andshow how it is better than exa
t algorithms.The time 
omplexity of doing a ba
kup(bGi ;Vn�1) isO(jAjjSjjZjjVn�1j+ jAjjSj2jZj);where the former term 
orresponds to the time taken to �nd �za and the latterterm to �a as in table 3.1. This ba
kup operator is the same for some exa
talgorithms. We 
an see that the time 
omplexity depends on jVn�1j, 
an be2The extreme points are those belief states that have one 
omponent with value 1 and theothers 0. This implies there are only jSj number of extreme points for a POMDP with statespa
e S. 27



PBVI(G,U , �)Input: G is a grid of belief points, U is a set of ve
tors beforevalue iteration, � is a stopping thresholdOutput: A set of ve
tors V after value iteration, and the maximum
umulative amount of improvement �max for a grid point in thewhole update�i  0 and Æi  0 for all bGi 2 GrepeatV  ;forea
h bGi 2 G�i  ba
kup(bGi ;U)if �i � bGi > �i � bGÆi  �i � bG � �i � bG�i  �ielseÆi  0V  V [ �i�i  �i + ÆiU  Vuntil maxi Æi < �return fV;maxi�igTable 3.2: Value Iteration in PBUA (PBVI)Basi
 PBUA(�)Input: � is the stopping thresholdOutput: A ve
tor set V, whi
h 
an be used as an estimate of theoptimal value fun
tion and to obtain a poli
yConstru
t a grid G by some heuristi
s, su
h as using random pointsor extreme pointsInitialize V by equation 3.7Set �i to the only ve
tor in V for all 1 � i � jGjrepeatfV;�g  PBVI(G, V, �)until � < �return VTable 3.3: Basi
 Version of PBUA (Basi
 PBUA)28



O(jAjjZjn�2) in an exa
t algorithm, where the n-th step optimal value fun
tionV �n is used as Vn. Therefore, it shows that how mu
h it 
an be faster if we limitjVn�1j � jGj, where jGj is usually only a few times of jSj.In ea
h update 
y
le, the ba
kup operator is applied at every belief point inthe grid G. Therefore it takesO(jGjjAjjSjjZjjVn�1j+ jGjjAjjSj2jZj)time to 
omplete point-based update in an iteration step. Sin
e jVj � jGj, thetime 
omplexity of an update step be
omesO(jGj2jAjjSjjZj+ jGjjAjjSj2jZj);whi
h is polynomial time only 
ompared to super-exponential time of many exa
talgorithms.3.3 Experimental ResultsIn this se
tion, we present the some experimental results to show the e�e
tivenessof PBUA. When judging whether a heuristi
 method is su

essful, the following
riteria are 
onsidered:1. Computational time { this measures the time used in 
omputing a solution,whi
h in
ludes a poli
y. As the obje
tive of using heuristi
 methods is tospeed up the 
omputation, this 
riteria is important.2. S
alability { this is similar to 
omputational time, but it shows how mu
hthe 
omputational time in
reases with a in
rease in size of state spa
e. Somealgorithms may be fast with small state spa
e, but may not when the statespa
e is large. This depends more on the order of the polynomial terms ofjSj, jAj, and jZj, but less on the 
onstant fa
tor in the asymptoti
 time.This is also an important 
riteria sin
e we would like to apply the POMDPmodel in more 
omplex problems.3. Quality of poli
y { this measures the performan
e of the agent in a
tion,where the poli
y found is used to pres
ribe a
tions for the agent. Thisperforman
e is usually given by the average rewards re
eived during simu-lation. Sin
e a heuristi
 method is not an exa
t algorithm, it may produ
e29



a sub-optimal poli
y. We do not want to 
ompromise the quality mu
h forthe 
omputation speed sin
e we also want our agent to perform well.4. Rea
tion time { this measures the time for an agent to de
ide on an a
tionusing an optimal poli
y or an optimal value fun
tion. Although rea
tiontime is usually very small (mu
h less than a se
ond) on a general purpose
omputer, it may matter when it is applied in some situations other thanour experiments. For example, it may be applied in roboti
 
ontrol, wherebuilding on low-end hardware are desired if we want to popularize its use.Moreover, in multi-agent system, a 
omputer may need to make a de
isionfor more than one agent at a time. Therefore, we also need to 
onsider therea
tion time, whi
h depends mainly on how a value fun
tion is representedand how values are 
omputed from this representation.From the experiments presented, we look into the di�erent aspe
ts of PBUA tojudge its level of su

ess.3.3.1 SetupWe have 
ondu
ted experiments on a variety of POMDP problems in the liter-ature. We used two types of initial grids, both of whi
h has a size the same asthat of the state spa
e. The �rst type of grid is generated randomly, while these
ond type of grid 
onsists of only the extreme points. The stopping threshold �(see table 3.3) is 0.01. In all the simulations run, the maximum number of stepsallowed is 100. The results shown were obtained by running 5000 trials.The rea
tion time were not measured dire
tly. Instead, we measured the totaltime taken to run a whole simulation and 
al
ulated the average time to 
ompletea simulation step. Thus, this in
ludes the time spent for simulation in additionto the rea
tion time. However, it 
an give an idea when 
omparing the rea
tiontime used by di�erent methods, sin
e the time spent for simulation should be thesame. Also, note that the all the time measured are in se
onds.Besides the des
ription shown here, more detailed explanations of the setupof the experiments 
an be found in appendix A.
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Problem T imesolve T imerea
tionName jSj PBUAR PBUAE PBUAR PBUAETiger 2 0.030 0.030 7.3e-6 7.7e-6Manufa
ture 3 0.0200 0.0200 8.8e-6 8.8e-6Network 7 0.170 0.0901 1.6e-5 1.9e-5Shuttle 8 0.170 0.150 1.3e-5 1.4e-54x3 11 0.410 0.590 1.9e-5 2.5e-5Zhang's Maze 11 0.270 0.320 1.8e-5 2.2e-5Maze20 20 0.360 0.670 3.5e-5 4.7e-5OÆ
e 35 8.89 15.7 8.1e-5 1.0e-4Tiger-Grid 36 53.2 45.5 1.3e-4 1.0e-4Hallway 60 97.9 51.0 5.0e-4 4.8e-4Hallway2 92 128 161 1.0e-3 1.0e-3Table 3.4: Experimental Results (Time) of Basi
 PBUATiger Network ShuttleVI 79.14 12478 5199VI1 0.56 253 30Table 3.5: Solving Time for two Exa
t Algorithm Reported by Zhang andZhang[19℄3.3.2 ResultsTable 3.4 shows the solving time and rea
tion time measured for di�erent prob-lems. PBUAR refers to PBUA with randomly generated initial grid, and PBUAErefers to PBUA with initial grid 
onsisting of extreme points. The results showthat PBUA 
an 
onverge, in a sense that improvement is getting small, within ashort time when 
ompared with exa
t algorithms. To get a feeling on how longexa
t algorithms take to 
ompute a poli
y, table 3.5 shows the 
omputation timespent by one of the fastest exa
t algorithms known, whi
h is denoted as VI1. Thetime of VI1 and PBUA were measured on di�erent ma
hines (UltraSpar
 II andPC with 400MHz K6-3 CPU respe
tively), so they 
annot be 
ompared dire
tly.However, we 
an see that some problems solved by exa
t algorithms in minutes
an be solved by PBUA in less than 1 se
ond.Figures 3.1 and 3.2 plot the solving time and rea
tion time against the numberof states jSj, so that we 
an see how this time in
reases with jSj. The rea
tiontime is roughly linear with jSj, but it is hardly to tell for the solving time, possiblybe
ause solving time depends on some fa
tors beside of jSj.Table 3.6 shows the rewards re
eived using the poli
ies found by PBUA in31
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Figure 3.1: Solving Time against Number of Statessimulation. It also shows the rewards re
eived when an optimal poli
y (found byan exa
t algorithm) and random poli
y are used. It 
an be observed that whilethe quality of poli
ies found by PBUA is quite near to optimal in some problems(Manufa
ture, Network), it is quite poor also in some problems (Tiger, Zhang'sMaze, OÆ
e). Moreover, it 
an be seen that an initial grid 
onstru
ted withextreme points 
an produ
e poli
y better than that with random points.3.4 Dis
ussionsFrom the experimental results, we 
an see that PBUA 
an 
ompute poli
ies veryqui
kly 
ompared to exa
t algorithms. It also allows some larger problems, whi
hhave not been attempted by any exa
t algorithm, to be solved. This ful�lls oneof the obje
tives of heuristi
 algorithms.However, the poli
ies found are not always very good. This is not desirablebe
ause we do not want to 
ompromise 
omputation time for a mu
h poorerpoli
y. The poor poli
y found 
an be explained by the fa
t that the number ofve
tors used in a value fun
tion is insuÆ
ient. For example, in the Tiger problem,the optimal poli
y should be to listen until the agent is very 
ertain on where32
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Figure 3.2: Rea
tion Time against Number of States
RewardProblems PBUAR PBUAE Optimal RandomTiger -19.8 -19.8 19.5 -601Manufa
ture 7.82 7.81 7.94 -6.97Network 17.2 262 294 -243Shuttle 19.6 32.7 32.6 -4.074x3 -0.585 1.84 - -1.03Zhang's Maze 0.0478 0.289 - 0.0055Maze20 39.0 43.3 - 33.8OÆ
e -17.6 -7.44 - -43.8Tiger-Grid 1.89 2.11 - -2.14Hallway 0.518 0.493 - 0.0437Hallway2 0.347 0.335 - 0.0252Table 3.6: Experimental Results (Reward) of Basi
 PBUA
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the tiger is, and then open the door opposite to the lo
ation of the tiger (Moredes
riptions on the problem 
an be found in appendix A). Therefore, an optimalpoli
y should be a 
hoi
e among 3 di�erent a
tions. However, sin
e the size ofthe grid in the basi
 version of PBUA is 2, at most two ve
tors 
an be used in thevalue fun
tion found, whi
h means it is a 
hoi
e between only at most 2 a
tions.This shows that this small number of ve
tors is not enough to represent a goodpoli
y. Therefore, we should use a grid with a larger size to 
ompute a goodpoli
y.Moreover, we 
an see that an initial grid 
ontaining extreme points lead to abetter poli
y than that with random points most of the 
ases. As a result, weshould in
lude the extreme points in the grid.3.5 SummaryIn this 
hapter, we propose a fast heuristi
 algorithm for POMDP. The 
ore idea ofPBUA is its point-based update, whi
h improves the time 
omplexity 
omparedexa
t algorithms in two ways. First, it ba
kups at the grid points only so iteliminates the need for spending time on sear
h for the witness points. Se
ond,the number of ve
tors does not in
rease after ea
h update step, and it is limitedto only the number of grid points. This over
omes the obsta
le of exponentialin
rease in number of ve
tors as seen in exa
t algorithms.Experiments show that PBUA obtain a solution mu
h faster than exa
t algo-rithms. Although the quality of some poli
ies are quite poor, it shows promise to�nd a qui
k poli
y.
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Chapter 4Grid Expansion Heuristi
s
4.1 Introdu
tionIn last 
hapter, we use some experiments to show the performan
e of PBUA.Despite the fa
t that it runs mu
h faster than exa
t algorithms, it sometimesprodu
es unsatisfa
tory poli
ies. This is not a

eptable to those smaller problems,whi
h exa
t algorithms are 
apable to solve, be
ause we may want to spend moretime to solve a problem instead of using a mu
h worse poli
y. However, forthe larger problems, this might be the only way to obtain a better-than-randompoli
y, sin
e they are intra
table to exa
t algorithms. This 
hapter looks into anextension to the basi
 version of PBUA, so that it is made suitable to be used inboth 
ases.As being pointed out at the end of last 
hapter, the main problem with PBUAis the insuÆ
ient number of ve
tors to represent a good poli
y. Moreover, theba
kup points may not be enough for obtaining a good value fun
tion. We 
anin
rease the size of the initial grid, but this also in
reases the 
omputational
omplexity. Also, there is no obvious 
hoi
e of the grid points to be added, otherthan the extreme points of the state spa
e. We 
an add some random points inaddition to the extreme points, but this does not guarantee to produ
e a goodpoli
y every time.The extension to the basi
 version of PBUA builds on an iterative approa
h.PBUA �rst �nds a value fun
tion qui
kly using a small grid. Then it expandsthe grid and �nds a hopefully better value fun
tion using this larger grid. Thisexpansion 
ontinues until either the poli
y is good enough, or time runs out.This has two main advantages over merely using a large initial grid withoutexpansion. First, the time spent on �nding the solution is probably shorter,be
ause not all the grid points are useful for improving the value fun
tion mu
h.Having a larger grid initially may lead to more time spent on those less useful35



points. In other words, the value fun
tion 
an be improved faster, though more
oarsely, at the beginning with a smaller grid. Then it 
an be improved �nelywith a larger grid.The se
ond advantage is that the value iteration provides more informationon the 
hoi
e of new grid points. Initially, we have only got the parameters ofa POMDP and so it is diÆ
ult to sele
t the points with this little information.However, after a value iteration, we have got more information. For example, we
an see where the value fun
tion has improved most, and then we 
an add moregrid points to those areas.This 
hapter dis
usses some heuristi
 methods for expanding the grid afterea
h value iteration. These heuristi
 methods are 
lassi�ed into two kinds, gen-eration heuristi
s and sele
tion heuristi
s. The �rst kind �nds some new beliefpoints and add them for 
onsideration. This is essential be
ause the entire beliefstate spa
e is 
ontinuous and we have to 
ome up with a �nite number of 
hoi
esof belief points. The se
ond kind sele
ts some belief points from those 
hoi
esbased on some heuristi
 
riteria.This 
hapter begins with expansion basi
s, whi
h show the steps for addinga new belief point to the grid. After that, some generation heuristi
s and se-le
tion heuristi
s are dis
ussed. We then 
ombine those heuristi
s to give somepra
ti
al heuristi
 methods. Following that are some experimental results for
omparing di�erent heuristi
 methods. Finally, there are some dis
ussions on theexperimental results and a summary of this 
hapter.4.2 Expansion Basi
sPBUA allows a variable grid, so there is no restri
tion on the belief points that
an be added to the grid, ex
ept no dupli
ate points should be added. As ea
hpoint bGi is asso
iated with a ve
tor �i 2 V, we must also asso
iate a ve
torto the new grid point bGnew. Re
all that the value fun
tion 
onverges in a sensethat the values at the grid points stop in
reasing, so we would like to start withthe highest value that is smaller than the optimal value fun
tion. However, wedo not know the exa
t value of the optimal value fun
tion, and we only have alower bounded value fun
tion V 
omputed after a value iteration in PBUA. Asa result, we start with the value V (bGnew) at the newly added grid point. We 
ana
hieve this by asso
iating bGnew with the ve
tor in Vn that gives the maximum36



Add Grid Point(bGnew, G, V)Input: bGnew is the belief point to be added to the grid G, V is theset of ve
tors representing the 
urrent value fun
tion VOutput: A grid G with bGnew added, and a modi�ed set of ve
torsVAdd bGnew into Gif jVj = 0Initialize V by equation 3.7Asso
iate bGnew to the ve
tor, �new  argmax�2V � � bGnewreturn G, VTable 4.1: Pro
edure for Adding a New Grid Point (Add Grid Point)inner produ
t with it. This has assumed that V is initialized. When V is empty,whi
h happens before it is initialized, a ve
tor should be added to it as shown byequation 3.7. A pro
edure for adding a new grid point is given in table 4.1.4.3 Grid Point Generation Heuristi
sPOMDP has a 
ontinuous belief state spa
e B but PBUA uses a dis
rete gridG. Therefore, we have to �nd some ways to generate a �nite number of new gridpoints, from whi
h we 
an 
hoose to add to the original grid. This se
tion suggestssome heuristi
 methods for generate these new grid points. The generated gridpoints are not guaranteed to be useful to the value iteration. In the next se
tion,we suggests some heuristi
 methods to de
ide whi
h points should be added.4.3.1 Extreme PointsAs shown in experiments in last 
hapter, a grid 
onsisting of extreme pointsleads to a better poli
y than that does not. Therefore, one heuristi
 method forgenerating the belief points is to generate the extreme points. In parti
ular, anextreme point bex;s of state s is a belief state that assigns a probability mass of 1to state s and 0 to the remaining states. Formally,bex;s(s0) = 8<: 1 if s0 = s0 otherwise : (4.1)37



These extreme points bex;s 
orrespond to the belief states that the agent is 
ertainabout at whi
h state s the agent is. Sin
e there are jSj number of states, thetotal number of extreme points is also jSj.The fa
t that in
lusion of extreme points improves value fun
tion 
an beexplained in this way. When the agent is more 
ertain on its state, it is 
learerthe expe
ted rewards that it is going to re
eive. Therefore, the values of theseextreme points are more extreme and are more in
uential to the value iteration.Moreover, in
luding the extreme points might help maintain the overall shape ofthe value fun
tion and might make it similar to that of the optimal value fun
tion.Therefore the resulting value fun
tion produ
es a better poli
y.4.3.2 Initial Belief StateAnother possible 
hoi
e of belief point is the initial state of a POMDP problem.Some problems spe
ify a parti
ular belief state as the initial belief state. Forexample, the initial belief state 
an be a uniform belief state, where equal prob-ability is assigned to ea
h of the state. It 
an also be a uniform distribution oversome of the states, or ex
luding the goal states. Adding this initial belief statemay enhan
e the poli
y found by PBUA in that parti
ular problem, be
ause thismay give a better estimate to the values of the belief states that the agent mighten
ounter starting from the initial state.4.3.3 Previous/Next-Step Belief StatesWe 
an also generate the previous/next-step belief states using ea
h of the gridpoints. For a belief state b, the next-step belief states bnext are the possible beliefstates that 
an be rea
hed from b in one step, and the previous-step belief statesbprev are those from where b 
an be rea
hed in one step. They are also referredas su

essive and pre
eding belief states.Given an a
tion a 2 A, an observation z 2 Z and a belief state b 2 B, thenext-step belief state bnext 
an be found bybza;next(s0) = Ps P (z; s0js; a)b(s)P (zjb; a) ; (4.2)
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and the previous-step belief state bprev byba;prev(s) = Ps0 P (s0js; a)b(s0)Ps;s0 P (s0js; a)b(s0) : (4.3)Using these two kinds of belief states in grid expansion helps propagate thevalues at the grid points, but in two dire
tions. Re
all that the value of a beliefstate is the expe
ted future rewards. Therefore, when we use the su

essive beliefstates, we are in hope of improving the values of the original grid points, sin
e wemay get more a

urate values of their future states. When we use the pre
edingbelief states, we are in hope of improving the values of the new grid points, sin
ethe original grid points provide more a

urate values of the future states of thenew grid points.4.3.4 MidpointA midpoint 
an 
omputed from any pair of points in the grid. This midpoint maybe useful be
ause it spreads out the grid , unlike the pre
eding and su

essivebelief states, whi
h expand on the neighborhood of the grid points. Moreover,this midpoint is the farthest distan
e from both points of any pair of points. Thefarther a point from the grid points, the less a

urate the estimated value thatpoint may have. Therefore, the midpoint is possibly a point of whi
h value needslargest improvement due to its least a

ura
y.For a pair of points bi and bj, the midpoint bi;j is given bybi;j(s) = bi(s) + bj(s)2 (4.4)4.3.5 Random Belief StateWhen expanding the grid, we may also take some random belief states into 
on-sideration. Using random points 
an be treated as exploring the belief spa
e forpoints that 
annot be systemati
ally generated as suggested before.4.4 Grid Point Sele
tion Heuristi
sAfter generating a number of belief points, we have to de
ide whi
h point shouldbe used to expand the grid. In this se
tion, we dis
uss two heuristi
 
riteria for39



making this de
ision.4.4.1 Value Fun
tion ImprovementPBUA tries to improve the values at the grid points as mu
h as possible, sothat they are as 
lose to the optimal value fun
tion as possible. Therefore, one
riterion for sele
ting grid points is the amount of improvements of the values atthose points PBUA gets by adding them. Suppose that bnew is a 
andidate beliefpoint, and V and V 0 are the 
onverged value fun
tions before and after bnew isadded to the grid. This 
riterion measures the di�eren
e � = V 0(bnew)�V (bnew).This heuristi
 
riterion has several limitations. First, adding a new grid pointmay not improve the value only at the new grid point, but also the value elsewhere.This 
riterion does not take this into 
onsideration. Se
ond, the shape of thevalue fun
tion may also be important for obtaining a good poli
y, espe
ially whenthe value fun
tion is far from the optimal value fun
tion. Therefore, in
reasingthe value mu
h at a single point does not ne
essarily lead to a better poli
y,sin
e it may distort the shape of the value fun
tion and even worsen the poli
yobtained. Despite these limitations, this 
riterion may still be useful in guidingthe expansion of grid points.One problem of using this 
riterion is that it is not trivial to obtain �, unlesswe do a 
omplete value iteration to test for every point, whi
h takes time. Wesuggest three 
omputationally less expensive ways to estimate �. Ea
h of thethree methods has its only advantages and disadvantages. It is not 
lear whi
hone is the best. We present some experimental results later in this 
hapter to
ompare them empiri
ally.Ba
kupThe �rst way to estimate � is to obtain a ba
kup ve
tor at the 
andidate beliefpoint bnew. The estimated amount of improvement b� is given byb� = ba
kup(bnew;V) � bnew � V (bnew): (4.5)During a 
omplete value iteration, the ba
kup operator is applied at a gridpoint for more than one time usually. This estimation uses the �rst ba
kup toestimate the improvement given by subsequent ba
kups. In equation 4.5, b� is40



positive only if ba
kup(bnew;V) gives a larger inner produ
t than the originalve
tors in V. In our implementation, we add bnew only if b� is greater than zero.This estimation assumes that ba
kup(bnew;V) gives a larger inner produ
t atbnew than any ve
tor � 2 V 
an. If this is not the 
ase, that is, if b� is negative,bnew is not added to the grid.One limitation of this approa
h is that b� is the improvement of only onestep. It is possible that the total improvement 
aused by the subsequent ba
kupsis more than the �rst ba
kup. Moreover, doing a ba
kup 
an be relatively slow,sin
e it takes O(jAjjSjjZjjVj+ jAjjSj2jZj) time.Last-Step Value Fun
tion EstimationAnother estimation is to use the value fun
tion U before the last value iteration.Thus, the estimate is given byb� = V (bnew)� U(bnew): (4.6)This takes only O(jVj) and is faster than using ba
kup as estimation. However, alarge improvement in the last value iteration does not mean a large improvementin the next value iteration. For example, sometimes a large improvement at abelief state means the value at that state is 
loser to the optimal, and it leavessmall room for improvement.Upper Bound EstimationThe third way is to measure the di�eren
e between the values given by the optimalvalue fun
tion and the approximate value fun
tion at the 
andidate belief point.However, if we know the optimal value fun
tion, we do not need to 
ompute theapproximate value fun
tion. Re
all that the value fun
tion obtained by PBUA is alower bound to the optimal value fun
tion. Therefore, we 
an use an upper boundto the optimal value fun
tion to estimate this room of improvement. Suppose thatVupper is a known upper bound value fun
tion,b� = Vupper(bnew)� V (bnew): (4.7)The room of improvement shows where the value fun
tion needs most improve-ment. However, this is subje
t to the tightness of the upper bound. A 
lose upper41



bound may take mu
h time to 
ompute, while a loose upper bound may misleadPBUA to sele
t the belief states where the upper bound has the largest error.One very fast upper bound is given by QMDP approximation, whi
h is des
ribedin 
hapter 6.4.4.2 Likelihood of being En
ountered in SimulationThe se
ond sele
tion 
riterion is based on the likelihood that a belief state isen
ountered in simulation. This is based on an idea that if we get the optimalvalues of all the belief states that the agent en
ounters in the simulation, we 
anderive an optimal poli
y no matter what the values of the other belief states are.Another idea is that every grid point is asso
iated with a ve
tor, and ea
h ve
toris asso
iated with an a
tion. Therefore, if we get the optimal a
tions for thesebelief states en
ountered, we 
an get the optimal poli
y for these belief states nomatter what the entire value fun
tion is.However, there are possibly in�nite number of these belief states. Therefore,we 
an only 
onsider the more likely 
ases. Moreover, it 
an be diÆ
ult toestimate this likelihood without any extra information in addition to the POMDPparameters. This 
an be easier if we estimate the likelihood of a su

essive beliefstate to a given belief state. For example, with the 
urrent approximate valuefun
tion, we 
an �nd the optimal a
tion a� 2 A for a belief state b. Then, theprobability that a su

essor state bza� o

urs after b is equal to the observationprobability P (zjb; a), whi
h 
an be found by equation 2.16. If the initial beliefstate used in simulation is given by a POMDP problem, we 
an use it as thatgiven belief state b. If not, we 
an use the existing grid points as the startingpoints.This sele
tion 
riterion has one limitation. It may be impossible to in
ludeall the belief states en
ountered. Therefore, it may be better to 
on
entrate onimproving the value fun
tion as a whole rather than 
on
entrate on improvingsome of the belief state values.4.5 Combining the Heuristi
sAfter dis
ussing several generation and sele
tion heuristi
s, we 
ombine them andgive two pra
ti
al heuristi
 expansion methods in this se
tion.42



kLI Expansion(k, G, V)Input: k is the number of points to be added to grid G, and V isthe ve
tor set 
orresponding to the 
urrent value fun
tion VOutput: grid G with at most k points added and the modi�ed VInitialize a list L, a list of 
andidate points sorted in des
endingorder by their estimated improvement b�, to an empty listwhile some points 
an still be generated using any of the generationheuristi
sbnew  generated pointEstimate the amount of improvement b� using one of the esti-mation methodsif b� is larger than that of the last element of l and b� > 0Add bnew to L a

ording to the des
ending order of b�if jLj > kRemove the last element of Lforea
h bl 2 LfG;Vg  Add Grid Point(bl, G, V)return G, VTable 4.2: Pro
edure for k-Largest Improvement Expansion (kLI Expansion)4.5.1 k-Largest Improvement ExpansionThe �rst 
ombined heuristi
 expansion method is 
alled k-largest improvement(kLI) expansion. kLI expansion sele
ts the k points that give the maximumamount of improvement, estimated by any of the three estimation methods dis-
ussed earlier. Moreover, it 
an use any heuristi
s to generate new points for
onsideration.Table 4.2 shows the pro
edure for kLI expansion. It �rst generates some newgrid points using any 
ombination of the generation heuristi
s. Then it uses oneof the estimation method to estimate the improvement and 
hooses the k pointsthat give the largest estimated improvement. This pro
edure maintains a listL in des
ending order of b� of the 
andidate points, and limits the size of L toless than k. If b� of a 
andidate point is not greater than zero, that point is notadded to L, to avoid adding too many useless points to G. After all the pointsare generated, all the k points in L are added to G.43



SS Expansion(G, V, N)Input: G is the grid used, V is the set of ve
tors, and N is thelimit on the number of trialsOutput: an expanded grid G and a modi�ed set of ve
tors Vforea
h extreme point bexn 0b bexwhile b =2 G and n < N��  argmax�2V � � ba�  asso
iated a
tion of ��Sele
t observation z randomly a

ording to the distributionof P (zjb; a�)b bza�n n+ 1fG;Vg  Add Grid Point(b,G,V)return G,VTable 4.3: Pro
edure for Sto
hasti
 Simulation Expansion (SS Expansion)A possible modi�
ation to this pro
edure is to use one of the estimation meth-ods alternatively. For example, it may use the ba
kup estimation in an expansion,and then it may last-step value fun
tion estimation in the next expansion. Thismay improve the expansion be
ause more potential witness points are lo
atedwith di�erent estimation.4.5.2 Sto
hasti
 SimulationAnother 
ombined heuristi
 expansion method results in an method utilizingsto
hasti
 simulation. With sto
hasti
 simulation, points that are more likely tobe en
ountered are more probable to be generated and added to the grid G. Thesto
hasti
 simulation 
an start with the extreme points or the initial belief stateused in simulation. A pro
edure that uses sto
hasti
 simulation starting withextreme points is given in table 4.3.This pro
edure adds jSj number of points to G at ea
h expansion, sin
e thereare jSj extreme points and one point is added for ea
h extreme points. However,in pra
ti
e, there may not be many possible belief states in a POMDP and mostof them have been added to G. Therefore, it may take many trials to generate44



PBUA(ne, �)Input: ne is the number of expansions, � is the stopping thresholdOutput: A ve
tor set V, whi
h 
an be used as an estimate of theoptimal value fun
tion and as a poli
yG ; and V  ;for i = 1 to nefG;Vg  Expansion(G, V) using one of the expansion heuris-ti
 methodsrepeatfV;�g  PBVI(G, V, �)until � < �return V Table 4.4: Pseudo-
ode for PBUA (PBUA)one, whi
h may be unlikely to be en
ountered in simulation, that is not in G. Weput a limit N on the number of trials for �nding a point that is not in G for ea
hextreme point, so that it does not spend mu
h time in the while loop to �nd anunlikely point that may not improve the poli
y mu
h.4.5.3 Whole PBUAThe pseudo-
ode for PBUA is given in table 4.4. After ea
h expansion, the ve
torset V is used in value iteration until the 
umulative improvement in a 
ompletevalue iteration is smaller than the threshold �. These expansion and 
onvergen
esteps are exe
uted for ne steps. Finally, the value fun
tion V represented by V isreturned by PBUA.4.6 Experimental Results4.6.1 SetupIn this se
tion, we present some experiments and try to 
ompare the e�e
tive-ness of using di�erent expansion heuristi
s. The experiments in
luded di�erentPOMDP problems in literature, as in the previous 
hapter. The number ne forthe expansion is the number of times that the grid has expanded. We add jSj45



number of points in ea
h expansion. In the �rst expansion, only the jSj extremepoints are added. Therefore PBUA with Ne = 1 uses only the extreme points inits grid to 
ompute the poli
y.In ea
h simulation of the smaller problems, 10000 trials with maximum of100 steps in ea
h trial were run. These problems in
lude Tiger, Manufa
ture,Network, Shuttle, and 4x3. For the other problems, Zhang's Maze, Maze20,OÆ
e, Tiger-Grid, Hallway, Hallway2, 5000 trials with maximum of 100 steps inea
h trial were run in ea
h simulation. This resulted in error of the rewards at95% signi�
an
e level less than 4% in most 
ases.We denote the variations of PBUA with 4 digits. The �rst digit refers to theexpansion heuristi
s. This digit 
orresponds to:Extreme points only(0) Only extreme points are used and there is no expan-sion after the �rst expansion.Random points(1) In ea
h expansion, jSj random points are generated andadded to the grid, ex
ept for the �rst expansion, in whi
h jSj extremepoints are added.kLI su

essive points(2) In ea
h expansion, all the su

essive belief points aregenerated for ea
h grid point. jSj points with the largest estimated amountof improvement are added to the grid.kLI pre
eding points(3) In ea
h expansion, all the pre
eding belief points aregenerated for ea
h grid point. jSj points with the largest estimated amountof improvement are added to the grid.kLI midpoints(4) In ea
h expansion, one midpoint is generated using everypair of grid points. jSj points with the largest estimated amount of im-provement are added to the grid.kLI sto
hasti
 simulation(5) In ea
h expansion, one point is generated usingsto
hasti
 simulation starting from ea
h grid point. If that generated pointis already in the grid, another point is generated from the point just gen-erated. jSj points with the largest estimated amount of improvement areadded to the grid.kLI 
ombined(6) In ea
h expansion, it 
ombines the generation heuristi
s usedin 2{5. It also generated jSj number of random points as 
andidate points.46



jSj points among all the generated points with the largest estimated amountof improvement are sele
ted and added to the grid.Sto
hasti
 simulation from extreme points(7) In ea
h expansion, one pointis generated using sto
hasti
 simulation from ea
h extreme point. If thatgenerated point is already in the grid, another point is generated from thepoint previously generated. jSj points are resulted in ea
h sto
hasti
 simu-lation and are then added to the grid.The se
ond digit refers to the method used to estimate the amount of improve-ment for kLI expansion (2{6): (0) for estimation using the ba
kup operator, (1)for estimation using the last-step value fun
tion, and (2) for estimation using theQMDP approximation as an upper bound value fun
tion. For expansion method7, a digit 3 refers to a 
ombination of using both last-step value fun
tion andQMDP approximation for estimation. It swit
hes the estimation method whenthe 
umulative improvement in the last value iteration drops below 0.1. QMDPapproximation is used initially.The third digit and the last digit is not used in this 
hapter. They are always0. As an example, 2100 refers to using kLI expansion with next-step belief pointsas generation heuristi
s and using last-step value fun
tion for estimation.The unit of the time reported is se
ond. The time data was 
olle
ted on a PCwith 400MHz AMD K6-3 CPU. In the �gures shown, the data points for 1st-5th,10th, 15th, and 20th expansions are usually in
luded.4.6.2 E�e
tiveness of ExpansionThe �rst experiment aims to test whether in
orporating the expansion me
hanismprodu
es a faster 
onverged value fun
tion. We used two versions of PBUA, onewithout expansion and one with expansion. We used some random points for
onstru
ting the grid, in addition to the extreme points. Table 4.5 shows the
omputational time spent. The Nx in the heading means the �nal grid size isN � jSj. For PBUA using expansion, the jSj random grid points are added afterea
h value iteration. Therefore, N is also the number of expansions in this 
ase.For PBUA not using expansion, the N � jSj number of points are added to theinitial grid and no more is added after this.From the results, we 
an see that using expansion redu
ed the solving timefor Zhang's Maze and Hallway2 signi�
antly. However, in the Maze20 problem,47



Problems Expansion 5x 10x 15x 20xZhang's Maze No 4.00 15.0 30.8 52.9Yes 0.90 2.22 3.76 6.17Maze20 No 6.58 31.0 73.0 140Yes 5.13 21.8 106 230Hallway2 No 2682 11110 26238 45000Yes 1369 4519 12489 27898Table 4.5: Experimental Results for Comparing PBUA With and Without Ex-pansionthe e�e
t is not so obvious and using expansion spent more time for the largergrid. We believe this in
onsisten
y is due to the randomness of the grid pointsand 
on
lude that expansion generally redu
es the solving time.4.6.3 Performan
e of Using a Larger GridThis experiment demonstrates the improved quality of the poli
ies obtained byusing a larger grid. In this experiment, we used the random points expansion(1000) for 
onstru
ting a larger grid. The results are shown in table 4.6. Theheadings with numbers denote the numbers of expansions that PBUA had taken.The headings \Opt" and \Rand" denote the optimal poli
y and a random poli
y.We 
an see that the a larger grid improves the quality of the poli
y foundby PBUA. Moreover, we 
an observe that a 
lose-to-optimal poli
y 
an be foundsigni�
antly faster by PBUA than by exa
t algorithms for the small problems,in whi
h the optimal poli
ies are known.1 For the larger problems, we 
annot
ompare the poli
ies obtained by PBUA with the optimal poli
ies, sin
e they
annot be found by exa
t algorithms. However, the quality of the poli
ies ob-tained by PBUA are similar to or better than the best poli
ies we have noti
edin the literature.2We 
an observe that the poli
ies obtained stopped improving 
onsiderablyafter the �rst few expansions. One possible reason is that the poli
y has rea
hedthe optimal already. Another possible reason is that the witness points are harderto be hit when the grid has be
ome larger. Therefore PBUA is not able to improvethe poli
y further. The third reason is that random point expansion is not usefulto improve the poli
ies mu
h.1See table 3.5 for an insight to the amount of time needed for exa
t algorithms.2See appendix A for the results reported in the literature.48



Problems 1 5 10 15 20 Opt RandTiger Ts 0.02 0.09 0.12 0.12 0.14 - -Reward -19.8 19.5 19.3 19.9 19.0 19.5 -601Manufa
ture Ts 0.02 0.08 0.09 0.11 0.13 - -Reward 7.82 7.91 7.90 7.91 7.94 7.94 -6.97Network Ts 0.09 0.57 1.59 1.73 3.61 - -Reward 263 292 290 292 295 294 -243Shuttle Ts 0.16 0.24 0.36 0.59 0.78 - -Reward 32.6 32.6 32.6 32.6 32.7 32.6 -4.074x3 Ts 0.65 1.86 2.20 3.35 5.13 - -Reward 1.83 1.87 1.87 1.87 1.87 - -1.03Zhang's Maze Ts 0.30 0.90 2.22 3.76 6.17 - -Reward 0.30 0.52 0.54 0.54 0.53 - 0.00Maze20 Ts 0.86 5.13 21.8 106 230 - -Reward 43.3 55.4 56.1 57.7 58.4 - 33.8OÆ
e Ts 15.5 52.1 380 773 1269 - -Reward -8.45 12.7 21.1 21.2 21.3 - -43.8Tiger-Grid Ts 44.7 257 737 1577 2577 - -Reward 2.15 2.20 2.19 2.24 2.20 - -2.14Hallway Ts 51.0 450 979 2242 4602 - -Reward 0.49 0.52 0.52 0.51 0.51 - 0.04Hallway2 Ts 161 1369 4519 12489 27898 - -Reward 0.33 0.34 0.34 0.34 0.35 - 0.02Table 4.6: Performan
e of PBUA using Random Expansion with Extreme Points

49



Based on the results, we 
on
lude that a larger grid improves the the qualityof the poli
ies given by PBUA. This allows PBUA to �nd optimal poli
ies forthe smaller problems, whi
h exa
t algorithms is able to solve. This also allowsPBUA to �nd good poli
ies for the larger problems, whi
h is not feasible usingexa
t algorithms.4.6.4 Comparison of Di�erent Estimation MethodsAfter showing that expansion is useful to PBUA, we start to 
ompare the di�erentexpansion heuristi
s. First, we present an experiment for 
omparing the di�erentestimation methods.We tested the three estimation methods with two generation heuristi
 meth-ods: su

essive belief points and midpoint heuristi
s. We 
hose these two be
ausethey represent two di�erent strategies, one exploring the neighborhood of the gridpoints and the other spreading the grid. We 
ondu
ted experiments with theZhang's Maze problem and Maze20 problem.From �gures 4.1 and 4.4, we 
an see that the estimation using ba
kup neededmost time. This is expe
ted as it takes more time to do a ba
kup. Estimationusing last-step value fun
tion took more time than that using QMDP approxi-mation, be
ause getting a value from a set of ve
tors takes more time than froma Q-value fun
tion, espe
ially when the ve
tor set be
omes larger in size. Notethat the time needed for using ba
kup as estimation 
an take about 4-8 timesof that needed for using last-step value fun
tion, and about 12-22 times of thatneeded for using QMDP approximation for a 20-step expansion. This shows thatusing the ba
kup estimation may be
ome infeasible when the size of the statespa
e and the size of the grid be
ome large.From �gure 4.2, it is hard to tell whi
h estimation method is better thanthe others. However, it appears that estimation using ba
kup 
ould improve thepoli
y faster during the earlier (2nd{4th) expansions. In �gure 4.5, the di�eren
ebetween using di�erent estimation methods is 
learer. Expansions using ba
kupas estimation heuristi
s improve the poli
ies faster and yield the best poli
ies,possibly be
ause the ba
kup gives the best estimate to the amount of improve-ment. The estimation method with QMDP approximation improved the valuefun
tion faster than that with last-step value fun
tion, but this failed to improvethe value fun
tion in later expansions. A possible reason is that during the earlierexpansions, QMDP approximation tends to 
hoose those points with greater dif-50
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feren
e to the optimal values, and sin
e the value fun
tion 
omputed by PBUA isnot 
lose to the optimal, the error of the value fun
tion of QMDP approximationis not signi�
ant. However, during the later expansions, estimation with QMDPapproximation tends to 
hoose the points where the Q-value fun
tion has largererrors, so adding those sele
ted points does not improve the poli
y of PBUA asmu
h as before.Figures 4.3 and 4.6 shows the quality of the poli
y against the time spenton PBUA. In the former �gure, the di�eren
e between using di�erent estimationmethods is again not obvious. In the latter �gure, it appears that estimation usingba
kup improves the poli
y faster without regarding to the generation methods.We 
an also observe that estimation using QMDP approximation improves thepoli
y slightly faster than that using last-step value fun
tion.From the experimental results shown, we believe using ba
kup as estimationmethod is slightly better than the others, sin
e it allows obtaining a better poli
yfaster. However, it 
an be
ome slow in larger problems, sin
e the time 
omplexityof the ba
kup operator depends on jSj2. It appears to be not suitable to theproblems with larger state spa
es, and so the other two estimation methods stillhave their values.4.6.5 Comparison of Di�erent Generation Heuristi
sThe following experiment 
ompares di�erent generation heuristi
s. We used theba
kup estimation method, sin
e it appears to be slightly better than the othertwo when the state spa
e is not very large. The experiments were 
arried outwith Zhang's Maze and Maze20 problems.From �gures 4.7 and 4.10, we 
an see that the generation heuristi
 method us-ing midpoint took the most time to expand, followed by that using next-step beliefpoints. The other two required similar amount of time. This 
an be explained bythe di�erent time requirements of the di�erent generation methods. To generateea
h point, midpoint 
onsiders every pair of grid points, while the others 
onsideronly one grid point, so their time 
omplexity are O(jGj2) and O(jGj), 
onsideringthat the parameters of POMDP (jSj, jZj and jAj) are 
onstant. From ea
h gridpoint, jOj � jAj next-step belief points and jAj previous-step belief points aregenerated. Although in with sto
hasti
 simulation, only one point is generatedfrom ea
h grid point, it takes more time to generate a point using sto
hasti
simulation than to generate a previous/next-step belief points. This explains the54
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omputation time di�eren
e between ea
h generation heuristi
 methods.In the Zhang's Maze problem (�gures 4.8 and 4.9), the heuristi
 method usingprevious-step belief points produ
ed the fastest and best poli
y, both in termsof number of expansions and solving time. The other three may have eitherbetter poli
y or shorter solving time against number of expansions, therefore thedi�eren
e between the quality of poli
y against solving time is not obvious.In the Maze20 problem, (�gures 4.11 and 4.12), it appears that heuristi
s usingmidpoints improved the poli
y faster, while that using next-step belief pointsprodu
ed the best poli
y. On the other hand, the heuristi
s using previous-stepperformed most poorly in this problem.We 
an see that there is a 
lear di�eren
e of the time spent on ea
h expansionbetween di�erent expansion heuristi
s. However, when 
omparing the time spentfor obtaining the poli
y of the same quality, the time di�eren
e is not signi�
ant,espe
ially with di�erent POMDP problems. It is possible that a di�erent gener-ation heuristi
 method is better in a di�erent problem. and it requires furtherinvestigation to 
on�rm this.4.6.6 Combined k-Largest Improvement ExpansionSin
e di�erent generation heuristi
s may perform better in di�erent problems,we 
ome up with an idea that uses all generation heuristi
s with kLI expan-sion. We also 
ombine the sele
tion heuristi
s of using last-step value fun
tionand QMDP approximation, so that PBUA swit
hes the use of these estimationmethods when the improvement in last update falls below 0.01 (This 
ombinedestimation heuristi
s is denoted by the se
ond digit 3, while the original ba
kupestimation heuristi
s is denoted by 0).From �gures 4.13 and 4.16, we see that the 
ombined heuristi
s using ba
kupas estimation, as expe
ted, spent the most 
omputation time. The 
omputationtime of the 
ombined generation heuristi
s with 
ombined estimation methodlied between the others with single generation heuristi
 method with ba
kupestimation. This shows that the faster 
omputation time of estimation usinglast-step value fun
tion and QMDP approximation o�sets the larger number ofgenerated points.However, the quality of the poli
y found by the 
ombined generation heuristi
sis disappointing. We 
an see from �gures 4.8, 4.9, 4.11, and 4.12 that it is worse58
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than some of the single generation heuristi
s.3 A possible reason is that the usingthe amount of improvement as sele
tion 
riterion fails to 
hoose the grid pointsthat improve the poli
y most. Another possible reason is that the estimationmethods fail to estimate the amount of improvement well. Therefore, more lessuseful points are sele
ted among the larger number of generated points whenthe generation heuristi
s are 
ombined. Another observation is that 
ombiningthe estimation methods using last-step value fun
tion and QMDP approximation
annot make it better than estimating with only ba
kup.4.6.7 Sto
hasti
 SimulationIn the next experiment, we 
ompare the sto
hasti
 simulation expansion with kLIexpansion. Figures 4.19 and 4.22 show that the time used by sto
hasti
 simulationexpansion is generally less than using kLI expansion. However, from �gures 4.20,4.21, 4.23, and 4.24, we 
an observe that although not all the generation heuristi
swith kLI expansion was better than sto
hasti
 simulation expansion, at least onegeneration heuristi
 method with kLI expansion did. Therefore, we 
an 
on
ludethat sto
hasti
 simulation expansion failed to outperform the kLI expansion.4.6.8 Comparison of Di�erent Expansion Heuristi
sThe last experiment 
ompares all di�erent expansion heuristi
s. We also in
ludedthe random grid expansion (with extreme points) for 
omparison. Figures 4.19and 4.22 show that the random grid expansion took the least time in expansion, aswe expe
t. However, from �gures 4.20, 4.21, 4.23, and 4.24, we 
an see that onlyrandom grid expansion was slightly less e�e
tive than the best of kLI expansion.This shows that our expansion heuristi
 methods do not guide the expansion verywell. Another possibility is that that the poli
y improvement is not very sensitiveto how the grid expands.4.7 Dis
ussions and SummaryThis 
hapter dis
usses various heuristi
 methods for expanding the grid. Fromthe experimental results, we 
an see that the poli
y is improved with a larger grid.Also, PBUA is faster with expansion than with a �xed grid without expansion.3This is shown by the existen
e of data points above the 
urves.62
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Compared with the exa
t algorithms, PBUA is mu
h faster. Moreover, the qualityof poli
y obtained by PBUA 
an be similar to that of exa
t algorithms. Thismakes PBUA satisfa
tory for use in di�erent POMDP problems, be
ause in thesmall problems, PBUA is mu
h faster and does not 
ompromise the quality ofpoli
y; and in the larger problems, it is the only 
hoi
e, as exa
t algorithms 
antake an una

eptable 
omputational time.We present some experiments to 
ompare the di�erent heuristi
s. However,none of them is signi�
antly better than the others. kLI appears to be the best,but it is only slightly better than a random grid expansion. This shows that theexpansion does not bene�t mu
h from using a guided expansion rather than arandom expansion.We also 
ompare the di�erent estimation methods for kLI expansion. Theba
kup estimation method is better than the others, as it leads to a faster andbetter poli
y, despite of its slower expansion. However, this estimation method
an be
ome signi�
antly slower when the state spa
e be
omes mu
h larger, sin
ethe time 
omplexity of ba
kup depends on jSj2. Therefore, the other two estima-tion methods 
an be
ome more useful when the state spa
e is larger.Although this 
hapter does not provide a 
lear 
on
lusion, it demonstratesthe signi�
an
e of using expansion and provides some ideas on how the grid 
anbe expanded and demonstrates These ideas 
an be elaborated and may lead to afurther improved PBUA with more investigations.
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Chapter 5Possible Enhan
ements
5.1 Introdu
tionIn the last 
hapter, we in
orporate the expansion me
hanism to PBUA, and showthat it in
reases overall performan
e of PBUA. In this 
hapter, we examine twoother possible enhan
ements, whi
h people may have thought of. We do someexperiments on them to test if they are useful to PBUA.5.2 Lookahead Control5.2.1 OverviewUsing a lookahead 
ontrol improves the poli
y found by some heuristi
s algorithms[3, 8℄. Therefore, this is the �rst possible enhan
ement we look into.A n-step lookahead 
ontrol means sele
ting the a
tion that gives the bestexpe
ted n-step future 
umulative reward. In parti
ular, the one-step lookaheadpoli
y � : B ! A is found by�(b) = argmaxa2A (�(b; a) + 
Xz2Z P (zjb; a)V (bza)) : (5.1)However, we 
an see that �nding a one-step lookahead 
ontrol 
an be a 
om-putational burden during runtime, espe
ially when any of jSj, jAj, and jZj islarge. It may take O(jAjjSj2jZjT (V )) time, where T (V ) is the time for 
omput-ing the value of b using the value fun
tion V . In many heuristi
 algorithms, thetime for 
omputing V (b) is the same as the time for 
omputing �(b). Therefore,the time for 
omputing a one-step lookahead 
an be jAj � jSj2 � jZj times ofthat for 
omputing a dire
t poli
y �(b) in the worst 
ase. This shows that usinga lookahead 
ontrol is a trade-o� between the quality of poli
y and the rea
tiontime. 70



5.2.2 Experimental ResultsWe have 
ondu
ted some experiments to test the improvement gained by usinglookahead 
ontrol. The setup of the experiments of PBUA are the same as thatin the last 
hapter. In addition to the �rst 2 digits introdu
ed in last 
hapter,the fourth digit refers to the use of lookahead 
ontrol, where 0 means using dire
t
ontrol and 1 means using 1-step lookahead 
ontrol. The same value fun
tion isused for lookahead 
ontrol and dire
t 
ontrol for the same number of expansions.The data points in the �gures 
orrespond to the 1st{5th, 10th, 15th, and 20thexpansions.From �gures 5.1 and 5.3, we 
an observe that lookahead 
ontrol produ
eda mu
h better poli
y than dire
t 
ontrol for the �rst expansion. However, itdid not perform signi�
antly better afterwards and 
an be even worse than thedire
t 
ontrol. A possible reason is that PBUA 
an �nd a 
lose-to-optimal poli
yafter only a few expansions. Therefore, the lookahead 
ontrol 
annot improve thepoli
y and may be
ome worse due to the randomness in the simulation.We 
an also see that the rea
tion time for using a lookahead 
ontrol wasroughly 10 times of that for using a dire
t 
ontrol from �gures 5.2 and 5.4. Notethat the rea
tion time is an indire
t measurement. It was measured by divid-ing the total simulation time by the total number of steps taken by the agent.Therefore, it in
ludes the time for simulating the environment transitions. Nev-ertheless, it gives a good estimate to the rea
tion time sin
e the simulation timein ea
h step is the same for both dire
t 
ontrol and lookahead 
ontrol. Anotherobservation is that the rea
tion time in
reased with the number of expansions.This is expe
ted sin
e the rea
tion time depends on the size of the ve
tor set,whi
h depends on the number of grid.5.2.3 Dis
ussionsWe see that the lookahead 
ontrol does not perform better ex
ept for the �rstfew expansions. However, it does not further improve the best poli
y obtainedby using only dire
t 
ontrol. Moreover, it does not save too mu
h solving time,sin
e the �rst few expansions usually do not take mu
h time. On the otherhand, it in
reases the rea
tion time 
onsiderably and probably even more whenthe POMDP problem is larger. Although the rea
tion time is mu
h less than ase
ond, this in
rease 
an be
omes signi�
ant sometimes, for example, when the71
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agent has to make many de
isions in a short time, when the 
omputer has tomake de
isions for many agents at a time, or when the 
ontrol is built on somelow-end hardware. Therefore, it is worth to spend more solving time for keepingthe rea
tion time low.Nevertheless, lookahead 
an still be useful sometimes, when the solving timeshould be kept as short as possible. For instan
e, this is desirable when the agenthas to adapt to di�erent (or 
hanging) POMDP problems qui
kly, and does nothave to a
t in the same POMDP problem for many steps.Another possible 
on
lusion that we 
an draw from the observation is thatthe poli
y that PBUA obtained is possibly already 
lose to the optimal, be
auselookahead fails to further improve the poli
y with only dire
t 
ontrol. It may bethe reason why further expansions do not improve the poli
y obtained by bothdire
t 
ontrol or lookahead 
ontrol.5.3 Sorted Asyn
hronous Update5.3.1 OverviewThe next possible enhan
ement that we 
onsider is what we 
all sorted asyn-
hronous update (SAU). Syn
hronous update refers to updating (modifying) thevalue fun
tion only after the whole update step in value iteration has 
ompleted.Before that, it performs ba
kup based on the last-step value fun
tion. Therefore,every grid point is getting the same amount of time for update, but some of themmay lead to only a small improvement, and mu
h time may be wasted on thosegrid points. This may be more signi�
ant when the grid be
omes larger, sin
ethe proportion of these less useful points may be larger.Asyn
hronous update, on the other hand, modi�es the value fun
tion imme-diately after ea
h ba
kup during an update step. SAU belongs to this kind ofupdate. In SAU, the grid points are sorted in the des
ending order of the im-provement to the values of the grid points that they give in the last ba
kup. Thegrid point that gives the largest improvement is ba
kup next. This makes notevery grid point is ba
ked up for the same number of times. Those that givelarger improvement are ba
ked up at more.The pro
edure for value iteration using SAU is given in table 5.1, with a fewmodi�
ation to the ordinary update, whi
h is given in table 3.2. In this pro
edure,74



we use a heap H for ordering the grid points for ba
kup. Initially, the amounts ofimprovement Æi for all grid points are set to the maximum representable integerand are pushed to H. Therefore, ea
h grid point are ba
ked up on
e at thebeginning. After the �rst 
y
le, the points are pushed to H and is ordered by theÆi in the previous ba
kup. This pro
edure stops until m is equal to the size ofthe grid. This ensures that every point has an improvement Æi less than � in thelast ba
kup.5.3.2 Experimental ResultsWe have 
ondu
ted some experiments to test the e�e
tiveness of using SAU.We tested it in Maze20 problem, and Hallway2 problem, whi
h is larger andhas 92 states. We used PBUA with random expansion with two variants of valueiteration, one with SAU and one without SAU. The results are shown in �gures 5.5and 5.6. The data points in the �gures 
orrespond to the 1st{5th, 10th, 15th,and 20th expansions.We 
an observe that in the Maze20 problem, PBUA with SAU was fasterthan than that without SAU in only the �rst two and the last two expansions.Moreover, the quality of the poli
y of the former method was better than the latterone. In the Hallway2 problem, PBUA with SAU is slower than that without SAU,and the quality of the poli
y obtained by neither of them was signi�
antly better.5.3.3 Dis
ussionsThe results show that SAU does not ne
essarily speed up PBUA, though it isslightly faster in some 
ases. It is possibly be
ause not many of the grid pointsgive little improvement and the overhead of using a heap 
an outweigh the redu
ednumber of ba
kup. Another 
on
ern is that asyn
hronous update may distortthe shape of the value fun
tion, and may lead to a poorer poli
y, though ourexperiments do not show this. Moreover, SAU makes the PBUA slightly more
ompli
ated. As a result, even though SAU might speed up PBUA in some 
ases,we do not think it 
an enhan
e PBUA generally.
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PBVI-SAU(G, U , �)Input: G is the grid of belief points, U is the set of ve
tors beforeupdate, � is the stopping thresholdOutput: A set of ve
tors V after update, and the maximumamount of 
umulative improvement �max for a grid point in thewhole update�i  0 and Æi  max for all 1 � i � jGjLet H be a heap whi
h is ordered by the improvement Æi of thepoint elements bGiPush bGi to H for all bGi 2 GLet m be the number of 
onse
utive points that have improvementless than � in the last ba
kup and with initial value 0V  UrepeatbGi  a grid point, whi
h has the maximum last improvementÆi, popped from H�i  ba
kup(bGi ;V)if �i � bGi > �i � bGiÆi  �i � bGi � �i � bGiRepla
e �i 2 V by �ielseÆi  0if Æi > � then m 0else m m + 1�(b) �(b) + Æ(b)Push bGi to Huntil m >= jGjreturn fV;maxi�igTable 5.1: Pro
edure for Value Iteration with SAU (PBVI-SAU)
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5.4 SummaryIn this 
hapter, we dis
uss two possible enhan
ements. However, both of them
annot signi�
antly improve the PBUA algorithm. The lookahead 
ontrol mayimprove the quality of the poli
y, but it 
an in
rease the rea
tion time of theagent 
onsiderably. Moreover, sin
e PBUA 
an give a poli
y of a similar qualityto one using lookahead 
ontrol after some expansions, and these expansions donot take mu
h time, it is worth to spend more solving time rather than allowan in
reased rea
tion time. Thus, lookahead 
ontrol should be used only when avery short solving time is required and a longer rea
tion time is a

eptable.Another enhan
ement we dis
uss is sorted asyn
hronous update. However,experimental results show that it does not ne
essarily redu
e the solving timeand it 
ompli
ates the PBUA algorithm. As a result, it should not be usedgenerally.
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Chapter 6Related Works
6.1 Introdu
tionIn the previous 
hapters, we study a heuristi
 algorithm named PBUA. The ideaof using heuristi
 algorithms is not new, and there are many related works in theliterature. In this 
hapter, we look into these related heuristi
 algorithms andemphasize the di�eren
es between PBUA and them.All the heuristi
 algorithms dis
ussed in this 
hapter uses value iteration to
ompute an approximation to the optimal value fun
tion. Those approximations
an be divided into two kinds: upper bound estimates and lower bound estimates.Although both bounds are 
omputed by value iteration, the value fun
tions arerepresented in di�erent ways and the values of the belief states are 
omputedusing di�erent methods.The upper bound value fun
tion is represented by a set of grid-value pairs. Avalue is asso
iated with ea
h grid point, and this value is updated and improvedusing value iteration. The value of a belief state other than the grid points is
omputed by interpolation. On the other hand, the lower bound value fun
tionis represented by a set of ve
tors. Ba
kup is applied to the grid points andthe ba
kup ve
tors, along with the old value fun
tion, are used to 
onstru
t anupdated ve
tor set in ea
h step of value iteration.Both the upper bound method and the lower bound method have to de
idehow to 
onstru
t the grid. Moreover, the upper bound method has to 
onsiderthe interpolation method, while the lower method has to 
onsider the updatestep in value iteration. In the dis
ussion that follows, we stress on the di�erentstrategies the heuristi
 algorithms uses to solve these problems.
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6.2 Fixed-Resolution Regular Grid Approa
hThe �rst heuristi
 algorithm we dis
uss is �xed-resolution regular grid approa
hproposed by Lovejoy[12℄. An upper bound and a lower bound is 
omputed forthe optimal value fun
tion using a regular grid with �xed resolution.The lower bound value fun
tion is represented by a set of ve
tors. In ea
hupdate step of the value iteration, ba
kup ve
tor are 
omputed for all grid points.The updated ve
tor set is then 
onstru
ted by putting these ba
kup ve
tors intoa set, without adding any ve
tor from the original ve
tor set. This is how thisapproa
h solves the update problem.The interpolation used in 
omputing the upper bound value fun
tion is Freu-denthal triangulation, whi
h is elegant and eÆ
ient. However, Freudenthal tri-angulation requires a regular grid. This approa
h thus uses a regular grid with�xed resolution, due to this 
onstraint. Let M be a positive integer that repre-sents the resolution of the grid. Also, let I jSj+ denote the set of jSj-ve
tors thathave non-negative integers as their elements. A �xed-resolution regular grid G isde�ned by G = (b = � 1M �mjm 2 I jSj+ ;Xs2Sm(s) = M) : (6.1)This grid G divides the belief simplex B into a set of equal-size sub-simpli
es.The number of the grid points is given byjGj = (M + jSj � 1)!M !(jSj � 1)! : (6.2)The main disadvantage of this heuristi
 algorithm is the exponential in
reasein jGj with the resolution M . Therefore, only a grid with small resolution 
an beused pra
ti
ally, and the error of the bounds 
annot be re�ned arbitrarily. Thisis di�erent from PBUA, whi
h allows a variable grid. Moreover, this algorithmupdates the ve
tor set, whi
h represents the lower bound, in a di�erent wayfrom PBUA. It repla
es the old ve
tor immediately with the ba
kup ve
tor, butPBUA 
hooses the ve
tor, between the old ve
tor �i and ba
kup ve
tor �i, thatgives a larger inner produ
t with the ba
kup point. Therefore, the lower boundvalue fun
tion 
omputed by PBUA approa
hes to a �xed value fun
tion, but that
omputed by the �xed-resolution regular grid approa
h does not.
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Tiger Manufa
turing Network ShuttleQMDP - Ts (s) < 0:01 < 0:01 0.02 < 0:01QMDP - Reward 19.0 7.64 284 32.6Optimal - Reward 19.5 7.94 294 32.6Table 6.1: Performan
e of QMDP Approximation6.3 QMDP ApproximationAnother heuristi
 algorithm using QMDP is proposed by Littman[11℄. This al-gorithm �rst 
omputes a Q-value fun
tion for the underlying MDP, using equa-tion 2.13. The Q-value for a belief state is then 
omputed byQ(b; a) =Xs2SQ(s; a)b(s); (6.3)and the poli
y is 
onstru
ted by�(b) = argmaxa2A Q(b; a): (6.4)QMDP approximation 
an be viewed as a grid-based approximation, where thegrid 
onsists of only the jSj extreme points. jAj number of Q-values are asso
iatedwith ea
h grid point, and the interpolation is given by equation 6.3. Moreover,QMDP has the same property with those heuristi
 algorithms with sets of grid-value pairs. The value fun
tion given by QMDP is an upper bound for the optimalvalue fun
tion[8℄.Sin
e to obtain the Q-value fun
tion requires solving a �nite-state MDP only,it is 
onsiderably fast 
ompared to many algorithms for POMDP. The perfor-man
e of QMDP approximation is shown in table 6.1. We 
an see that thisalgorithm required only very little time 
ompute a poli
y. Also, the quality ofthe poli
y was 
lose to that of the optimal poli
y.To 
ompare the performan
e of PBUA and QMDP approximation, we havedone some experiments and tested them in the Zhang's Maze problem and theMaze20 problem. The experimental results are shown in table 6.2. We used bothdire
t 
ontrol and one-step lookahead 
ontrol for the QMDP approximation. Inthe table, PBUA-fast refers to a poli
y that was 
omputed relatively fast but nearto the optimal, while PBUA-best refers to the best poli
y that was 
omputedin 20 expansions. The expansion heuristi
 methods used in PBUA were kLI81



Zhang's Maze Maze20Ts Rewards Tr Ts Rewards TrRandom - 0.005 1.0e-5 - 33.8 1.9e-5QMDP-dire
t < 0:01 0.002 1.5e-5 0.03 34.1 2.9e-5QMDP-lookahead < 0:01 0.015 1.4e-4 0.03 50.1 3.2e-4PBUA-fast 0.41 0.499 3.0e-5 1.94 51.7 5.9e-5PBUA-best 3.60 0.551 9.6e-5 112 58.9 2.1e-4Table 6.2: Comparison between QMDP and PBUAwith pre
eding belief points and kLI with su

essive belief points for the Zhang'sMaze problem and the Maze20 problem respe
tively. Both used the ba
kup asestimation. The poli
ies are sele
ted from those obtained after the 2th{10thexpansions.As we 
an see, the solving time for QMDP approximation is very small. How-ever, the quality 
omputed by QMDP approximation is not good and is near tothat of a random poli
y. It be
omes better when a lookahead 
ontrol is used, butis still worse than that 
omputed by PBUA. Moreover, using a lookahead 
ontrolmakes the rea
tion time for QMDP approximation larger than that for PBUA.However, when the number of expansions in PBUA in
reased, the number of gridpoints and ve
tors in
reased, and the rea
tion time of a PBUA 
ontrol be
amenear to that for QMDP approximation after 10 expansions.QMDP approximation allows a very fast heuristi
 algorithm, but fails to per-form well unless a lookahead 
ontrol, with an in
rease in rea
tion time, is used.Moreover, the quality of the poli
y is still worse than that 
an be found by PBUAeven though a lookahead 
ontrol is used. The main problem is that it does notallow an expansion of grid points, as in PBUA, to improve the poli
y found byit. Therefore, QMDP is desirable when a very small solving time is required.Otherwise, we think that PBUA 
an give a solution by providing both a betterpoli
y and smaller rea
tion time. Also, PBUA allows a more 
exible trade-o�between solving time and quality of poli
y.6.4 In
remental Linear Fun
tion Approa
hHauskre
ht also proposes a heuristi
 algorithm, namely in
remental linear fun
-tion approa
h (ILFA), whi
h 
onstru
ts a lower bound value fun
tion[7, 8℄. ILFAis similar to �xed-resolution regular grid and it ba
ks up at the grid points to up-82



date the value fun
tion. However, it adds all new ba
kup ve
tors to the originalve
tor set to 
onstru
t the updated ve
tor set. In other words, the new ve
tor set
ontains the new ba
kup ve
tors and the ve
tors in the old ve
tor set. Let V 0 andV be the ve
tor sets before and after update. Sin
e V 0 � V, it implies V � V 0.This means ea
h update improves the value fun
tion and thus the value fun
tion
onverges. After ea
h update step in the value iteration, the useless ve
tors arepruned using linear programming.ILFA uses a �xed grid, whi
h means the grid points remains un
hanged. Thegrid points are sele
ted using di�erent heuristi
s initially. However, like PBUA,experiments show that ILFA di�ers little when using di�erent grid 
onstru
tionheuristi
s.ILFA and PBUA are similar in the way that both of them ba
k up at the gridpoints to perform an update step in value iteration. However, the way to updatethe new value fun
tion is di�erent. PBUA maintains only one ve
tor for ea
hgrid point, while ILFA adds the new ve
tors to the original ve
tor. Therefore,jVj remains un
hanged after ea
h update step in PBUA while jVj in
reases atmost by jGj after ea
h update step in ILFA. Moreover, linear programming isused to prune the resulting ve
tor set after ea
h update step in ILFA, but not inPBUA. The overall result is that ILFA maintains monotoni
ity over the wholebelief spa
e, while PBUA maintains it over only the grid points.Another di�eren
e between ILFA and PBUA is that ILFA uses a �xed grid butPBUA uses expansion to allow a larger grid after the value fun
tion 
onverges.Moreover, instead of using a 
onverged value fun
tion as in PBUA, ILFA usesthe value fun
tion after ea
h update to derive the poli
y. ILFA 
annot use a
onverged value fun
tion be
ause although the update method ensures that thevalue fun
tion 
onverges, it may take a long time before so.Experiments were done to 
ompare the performan
e between ILFA and PBUA,and the results are shown in �gures 6.1 and 6.2. In the experiments, the grid sizesused in ILFA were multiples (1, 3, and 5) of the size of state spa
e. The gridsize with multiple 1 
onsists of extreme points only, while the other two 
on-sist of random points in addition to the extreme points. They are denoted byfILFA<multiple>g in the �gures. Note that these grids remained the same dur-ing the update steps. The expansion heuristi
s we used for PBUA was randomexpansion. In the �gures, the data points for ILFA represent the value fun
tionsafter the 1st, 5th, 10th, 15th, 20th, 25th, and 30th update 
y
les in the value83
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Problem Method jGj jVj Ts(s) ÆmaxILFA1 11 12 1.15 0.26Zhang's Maze ILFA3 33 30 3.91 0.25ILFA5 55 52 10.2 0.30ILFA1 20 40 11.7 2.06Maze20 ILFA3 60 346 410 2.30ILFA5 100 586 1834 1.83Table 6.3: Properties of the Value Fun
tion of ILFA after 30 Update Cy
lesiteration; the data points for PBUA represent the 
onverged value fun
tion afterthe 1st{5th, 10th, and 15th expansions. The initial value fun
tion used by bothmethods were the same, and is given by equation 3.7.Surprisingly, ILFA gave a fair poli
y even after only a few update 
y
les, andthe 
omputation time is mu
h faster than that reported in Hauskre
ht[8℄. Inthe Zhang's Maze problem, PBUA is better than ILFA after the 2nd expansion.In the Maze20 problem, PBUA was faster to 
ompute a good poli
y, but ILFA
omputed the best poli
y more qui
kly. Therefore, it is not obvious to say whi
hone is better.Table 6.3 shows some of the properties of the value fun
tion used in ILFA after30 update 
y
les in the Zhang's Maze problem and the Maze20 problems. Æmax isthe maximum amount of improvement at the grid points in one update 
y
le. We
an see that it takes mu
h more time for ILFA to 
onverge than for PBUA. Forexample, for both methods using a grid 
onsisting of extreme points only, it tookPBUA 0.3 se
ond to make Æmax less than 0.01 in Zhang's Maze, while ILFA took1.15 se
ond to make Æmax equal to 0.26; it took PBUA 0.86 se
ond to make Æmaxless than 0.01 in Maze20, while ILFA took 11.7 se
ond to make Æmax equal to 2.06.Another observation is that jVj might be
ome signi�
antly larger than jGj usingILFA. This large jVj, along with the use of linear programming, a

ounts for thelong 
onvergen
e time. The update method used in PBUA eliminates these twoproblems and therefore allows a faster 
onvergen
e.Although ILFA has a slow 
onvergen
e, its poli
y is still very good. Thisshows that using ve
tors to represent the value fun
tion 
an give a good poli
yeven though the value fun
tion has not 
onverged. Also, it shows that a 
loserbound does not guarantee a better poli
y.
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6.5 Hauskre
ht's Grid Approa
hIn addition to ILFA, Hauskre
ht proposes another grid approa
h for 
omputingthe upper bound[7, 8℄. This grid approa
h uses a linear point interpolation to �ndthe values of belief states that are not in
luded in the grid. Let bV be the inter-polated fun
tion, and bV (bG) be the value stored for grid point bG. Sin
e bV is anupper bound to the optimal value fun
tion, and there are di�erent ways to inter-polate the value of a belief state b, this approa
hes sear
hes for the 
ombination�� of �'s that gives the minimum value as follows:bV (b) = min�� jGjXj=1�j bV (bGj ); (6.5)where 0 � �j � 1, PjGjj=1 �j = 1, and PjGjj=1 �jbGj = b. However, �nding this
ombination of �'s 
an be relatively slow. Therefore, Hauskre
ht limits the spa
eof the �� to allow a more eÆ
ient sear
hing. The interpolation uses only the jSj�1extreme points and one arbitrary grid point b0. It then �nds the 
ombinationthat gives the minimum value and uses it to 
ompute bV (b). The resulting valuefun
tion is 
hara
terized by a sawtooth-shape.Hauskre
ht also uses expansion to improve the grid. The heuristi
 methodused is sto
hasti
 simulation. This heuristi
 method is similar to that used inPBUA and indeed we borrow this idea from Hauskre
ht.This grid approa
h was tested with the Maze20 problem. The bound qualityis reported to be better than that given by QMDP approximation. However,the quality of the poli
y 
omputed by this grid approa
h is worse than that byQMDP approximation, when both used lookahead 
ontrol. The results reportedby Hauskre
ht are shown in table 6.4. The results for QMDP, PBUA-fast, andPBUA-best are repli
ated from table 6.1. Note that the times were measured onSun Ultra 1 Workstation, therefore it should be slower than that measured by uson a PC with K6-3 400MHz CPU. Nevertheless, an indire
t 
omparison showsthat the quality of the poli
y produ
ed by this grid approa
h is worse than thatby PBUA and the solving time 
ould be 
onsiderably longer.
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Method jGj Ts(s) RewardHauskre
ht's Grid 40 < 50 40(with lookahead) 200 � 500 45400 � 3400 47QMDP-lookahead - (0.03) 50PBUA-fast 40 (1.94) 52PBUA-best 200 (112) 59Table 6.4: Experimental Results of Hauskre
ht's Grid Approa
h in Maze206.6 Brafman's Grid Approa
hAnother grid approa
h for 
omputing an upper bound is proposed by Brafman[3℄.The interpolation used in this approa
h prefers grid points with less information,sin
e those grid points are usually 
loser to the belief state b to be interpolated,and 
loser grid points should give a better interpolated value. This 
an be done bysorting the grid points into a list in as
ending order of the amount of informationthey en
ode. One way to estimation this amount of information is by 
al
ulatingthe entropy. After that, the list of grid points are sear
hing from the beginning,until there is a grid point bG that assigns positive probability only to states thatb assigns positive probability. �1 is then de�ned as the maximum 
onstant 
 thatb � 
 bG � 0. The pro
ess 
ontinues by setting b  b � 
 bG to �nd all theremaining �'s.To expand the grid, this approa
h 
onsiders whether adding a new beliefpoint to the grid provides useful information. This is determined by how likely adi�erent poli
y is given and how likely that belief point is rea
hed. The �rst ideais 
arried out by 
omparing for every pair of grid points (bG1 ; bG2 ) the di�eren
esjQ(a�1; bG1 ) � Q(a�1; bG2 )j and jQ(a�2; bG1 ) � Q(a�2; bG2 )j to a threshold, where a�1 anda�2 are the optimal a
tions at bG1 and bG2 respe
tively a

ording to the 
urrentvalue fun
tion. If both di�eren
es are larger than that threshold, a mixture stateb12 = 0:5 bG1 + 0:5 bG2 is 
onsidered to be added to the grid. Further, if theprobability of obtaining the same observation on both bG1 and bG2 is greater thananother threshold, b12 is then added to the grid.We borrow the idea of adding the midpoint from Brafman's grid approa
h andso it is similar to one of the generation heuristi
 methods in PBUA. However, we
onsider the amount of improvement given to the value fun
tion instead of thehow likely a di�erent poli
y is given by adding that new grid point.87



dire
t lookahead PBUAjGj 33 82 174 33 82 174 144Reward 0.07 0.8 0.94 0.04 2.35 2.27 2.43STD 0.29 1.35 1.14 0.40 1.21 1.01 0.90CI (�) 0.05 0.22 0.18 0.06 0.19 0.16 0.14Table 6.5: Quality of Poli
ies Computed by Brafman's Grid Approa
h in Tiger-GridBrafman did some experiments using this grid approa
h in the Hallway2 prob-lem and the Tiger-Grid problem. It gave the best result that we have noti
ed inthe literature for Hallway2. However, it did not perform well in the Tiger-Gridproblem unless using a lookahead 
ontrol. The experimental results reported byBrafman are repli
ated in table 6.5. The results were averaged over 151 simula-tions, ea
h lasting 500 steps. The \CI" in the table refers to 
on�den
e intervalat 95% signi�
an
e level from the mean reward. We 
an see the 
on�den
e in-terval 
an be relatively large due to small number of simulations. We have donesome experiments using 151 simulations, ea
h lasting 150 steps. The best averagereward PBUA got is 2.43, using next-step belief state expansion with ba
kup asestimation method, after spending 461 se
onds in 4 expansions, without looka-head 
ontrol. Sin
e the 
on�den
e level is quite large, it is hard to 
omparethis performan
e with the performan
e given by Brafman's grid approa
h using alookahead 
ontrol. However, it is obvious that PBUA 
an a
hieve a better poli
ythan Brafman's grid approa
h 
an, without using a lookahead 
ontrol.6.7 Variable-Resolution Regular Grid Approa
hAn extension to the �xed-resolution regular grid approa
h is proposed by Zhouet al.[20℄. This approa
h 
omputes an upper bound and a lower bound to theoptimal value fun
tion, similar to the original version, but it allows regular gridwith variable resolution. In the dis
ussion, Zhou fo
uses on the upper boundvalue fun
tion.This approa
h also uses Freudenthal triangulation to perform interpolation,as in the �xed-resolution. Assume the belief point to be interpolated is b. Thisversion sear
hes for the smallest and 
omplete sub-simplex 
ontaining b. Smallestmeans it has the highest resolution and 
omplete means all the verti
es of the sub-simplex are 
ontained in the grid. Then Freudenthal triangulation is performed88



in this sub-simplex to interpolate the value of b.To expand the grid, the lower bound value fun
tion is used. The di�eren
esbetween the upper bound value fun
tion and the lower bound value fun
tion are
omputed for all grid points. The grid point that gives the largest di�eren
eis identi�ed. The sub-simpli
es that 
ontain the su

essive belief states of thatgrid point is re�ned to have a higher resolution. This makes the grid have withdi�erent resolutions of sub-simpli
es.The grid 
onstru
tion of this grid approa
h is di�erent from PBUA, sin
e theformer has to maintain a regular grid for Freudenthal triangulation while thelatter uses a non-regular grid. However, both algorithms uses a similar approa
hto estimate the error of the grid point. They both uses an upper bound and alower bound. In PBUA, the QMDP approximation is used sin
e it 
annot use afast interpolation as Freudenthal triangulation to 
ompute an upper bound witha non-regular grid. Indeed, the idea of using an upper bound to estimate theerror is adapted from this variable-resolution regular grid, so both methods havea similar idea.The experiments 
ondu
ted by Zhou show that this grid approa
h 
an 
om-pute a poli
y qui
kly even for a large grid size. However, only the error bounds
ores are reported and the quality of poli
y has not been measured by simula-tion. It is therefore diÆ
ult to 
ompare the performan
e between PBUA and thisgrid approa
h.6.8 Dis
ussions and SummaryAs we 
an see, the heuristi
 algorithms dis
ussed in this 
hapter 
an be mainlydivided into two 
ategories, the upper bound and the lower bound. Upper boundvalue fun
tion is usually represented by a set of grid-value pairs, where valuesof the belief states not in
luded in the grid are interpolated. This interpolationmethod is the main problem that an upper bound method has to deal with.Interpolation 
ould be relatively slow, and it 
onstitutes most of the solvingtime in grid-value heuristi
 methods. An elegant and eÆ
ient solution is to useFreudenthal triangulation, but this requires a �xed-resolution regular grid, whi
hgives an exponential in
rease in grid size when the resolution in
reases. Thisapproa
h is extended to allowing a variable-resolution regular grid. However, theregularity still makes grid size relatively large and many of the grid points may89



not be very useful to the interpolation in terms of a

ura
y of the value.QMDP approximation solves the underlying MDP and uses the Q-value fun
-tion to approximate the values of the belief states. The Q-value fun
tion 
an besolved very qui
kly, and the interpolation to the belief states 
an be fast. How-ever, the quality of the poli
ies is limited, and it does not allow the expansionto the grid, whi
h 
onsists of only all the extreme points. Hauskre
ht and Braf-man propose using a variable non-regular grid. However, the interpolation 
anbe slower and it is argued that their interpolation is linear to the grid size, whi
hmakes them not s
alable to a large grid and a large state spa
e[20℄. Moreover,experimental results show that they fail to perform well in some problems, su
has the Tiger-Grid problem. Hauskre
ht explains that the sawtooth shape of theinterpolated value fun
tion does not mat
h the shape of the optimal value fun
-tion 
orre
tly[8℄. This in
ompatible shape may a�e
t the quality of the poli
y,espe
ially that the bound is not 
lose enough to the optimal value fun
tion.On the other hand, a lower bound value fun
tion is usually represented bya set of ve
tors. This eliminates the interpolation problem be
ause the value ofany belief state is always given by the maximum inner produ
t of the belief stateand a ve
tor in
luded in the ve
tor set. However, the main problem that thisapproa
h fa
es is the exponential in
rease in the number of ve
tors after ea
hupdate step as in the exa
t algorithms. Lovejoy solves this by ba
king up at thegrid points and put only the ba
kup ve
tor in the updated ve
tor set in ea
h stepof value iteration. This limits the size of the ve
tor set to the number of gridpoints, but the value fun
tion may not 
onverge. Hauskre
ht uses an in
rementalmethods to allow 
onvergen
e. The updated ve
tor set 
onsists of all the ba
kupve
tors plus the ve
tors in the original ve
tor set. This limits the in
rease inthe number of ve
tors to at most the number of the grid points, whi
h is betterthan the exponential in
rease in the exa
t algorithms. However, this relies onlinear programming to prune the ve
tors and the update 
y
le 
an take a longtime when the number of ve
tors is large, and the value iteration has to stop wellbefore 
onvergen
e in pra
ti
e. This shows how the point-based update of PBUA
an be better than these two approa
hes.Nevertheless, experimental results show that the in
remental linear fun
tionapproa
h gives a good poli
y 
ompared to the grid-value approa
hes, even thoughthe value fun
tion still have not 
onverged. This shows that updating the ve
torsusing ba
kup produ
es a better poli
y than updating only the grid values does.90



The reason is ba
king up a ve
tor a
tually updates the value of all the beliefstates that give the maximum inner produ
t with that ve
tor, but updating agrid-value pair only updates the value of a parti
ular belief state.PBUA gives a good poli
y based on this idea. It also solves that 
onvergen
eproblem and the large in
rease in the number of ve
tors at the same time. Itsele
ts the ve
tor, between the originally asso
iated ve
tor and the ba
kup ve
tor,that gives a larger inner produ
t to the ba
kup grid point. This maintains themonotoni
ity at the grid points and at the same time limits the number of ve
torsto the number of grid points. Although it does not guarantee that the valuesat non-grid points improve after ea
h update 
y
le, experiments show that itprodu
es a good poli
y 
ompared to other heuristi
 algorithms. The grid 
analso be expanded to allow a better poli
y. This provides a 
exible trade-o�between the quality of poli
y and the solving time, where a �xed grid does not.Re
ent attempts have fo
used on using the grid-value interpolation to ap-proximate the optimal value fun
tion, sin
e it 
an be faster than using the ve
torset. However, the poli
y produ
ed may not be very good due to its in
ompatibleshape to the optimal value fun
tion. PBUA shows that using a ve
tor set torepresent the value fun
tion 
an be fast and 
an give a better poli
y. This showsthat future resear
h 
an put more emphasis on using a lower bound instead ofusing an upper bound.
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Chapter 7Con
lusionIn this thesis, we propose a fast heuristi
 algorithm, namely point-based updateapproa
h (PBUA), for de
ision-theoreti
 planning. PBUA uses a set of ve
torsto represent the value fun
tion, and uses a grid-based heuristi
 update for valueiteration to 
ompute this value fun
tion. This heuristi
 update improves theupdate in exa
t algorithm on two sides. On one hand, using the grid points forupdate redu
es the time spent on lo
ating the witness points. On the other hand,this heuristi
 update solves the problem of having an exponential in
rease in thenumber of ve
tors after ea
h update in value iteration. This heuristi
 updatelimits the number of ve
tors to only the number of grids, whi
h is usually onlyseveral times of the size of the state spa
e. This dramati
 redu
tion in the numberof ve
tors lowers the time 
omplexity of this heuristi
 algorithm 
onsiderably.This also eliminates the need of pruning extraneous ve
tors from the ve
tor setsusing linear programming, whi
h 
an be 
omputational expensive. Although thisheuristi
 method does not use a t-step optimal value fun
tion to approximate theoptimal value fun
tion over the in�nite horizon, the experiments show that thisheuristi
 algorithm 
an �nd poli
ies that are fairly near to the optimal.Besides the heuristi
 update, this thesis shows that the grid 
an be expandedusing di�erent heuristi
 methods. Sin
e the heuristi
 update maintain mono-toni
ity over the grid points, the value fun
tion 
onverges in the value iteration.This allows the grid to be expanded after the value fun
tion has 
onverged. Withthe addition of expansion me
hanism, this heuristi
 algorithm �rst improves thevalue fun
tion using a smaller grid in a shorter time, and then expands the gridto allow further improvement to the value fun
tion. Experimental results showthat this heuristi
 method gives a poli
y that is of similar quality as that of theoptimal poli
y.When 
ompared to the exa
t algorithms, this method 
an give a 
lose-to-optimal poli
y in a mu
h shorter time. It 
an also solve some larger problemsthat are out of the 
apa
ity of any exa
t algorithms. When 
ompared to other92



grid-based heuristi
 algorithms, this method 
an give a poli
y better than or
lose to the others in many test problems in the literature. Although we havenot 
ompared the 
omputation time of this heuristi
 algorithm dire
tly with theothers, we believe that its 
omputational performan
e is at least 
omparable tothe others.In addition to showing that the proposed heuristi
 algorithm is among the bestin the literature, we 
ompared the general performan
e of two di�erent kinds ofgrid-based heuristi
 algorithms: one that uses a set of grid-value pairs to inter-polate the value fun
tion and one that uses a set of ve
tors to represent the valuefun
tion. Our observation shows that the latter one gives a mu
h better poli
ythan the former one generally. This is possibly due to the di�erent 
hara
ter-isti
s of the value fun
tions represented by two di�erent ways. Although usinggrid-value pairs interpolation allows a faster 
omputation, the poor performan
eof it in some problems shows its de�
ien
y and suggests that more resear
h ef-fort should be put to using a ve
tor set representation. Moreover, PBUA showsthat 
omputation eÆ
ien
y of update using a ve
tor set representation 
an be
omparable to that using grid-value pairs.This thesis also has some limitations. Although we dis
usses some heuristi
methods in expanding the grid, the experiments do not show whi
h method issigni�
antly and 
onstantly better than the others. We also do not show thatwhi
h one performs better under what kind of situations. It needs further in-vestigation to improve this heuristi
 algorithm. In addition, our analysis showsthat although PBUA 
an 
ompute a poli
y relatively fast, espe
ially 
omparedto exa
t algorithms, its time 
omplexity depends heavily on the size of statespa
e. This suggests the possibility of using a 
ompa
t state spa
e representationto improve the time 
omplexity. However, the heuristi
 update and the expan-sion me
hanism that PBUA uses may still be useful using a 
ompa
t state spa
erepresentation.7.1 Future Enhan
ementsAs mentioned before, this thesis has some limitations. Here are some of thepossible works that 
an be done in the future to enhan
e PBUA:� The expansion heuristi
 methods are still not mature, based on the fa
tthat they are at most slightly better than a random expansion. The gen-93



eration heuristi
s may need to be improved. However, the main problemof the expansion heuristi
s is that the sele
tion heuristi
s 
annot guide theexpansion well. Therefore, more investigations should be done to improvethe sele
tion heuristi
s.� A possible extension is to use a non-�xed grid. The grid should remain�xed during a value iteration to ensure 
onvergen
e of the value fun
tion.However, after ea
h value iteration, the grid may 
hange so that the ve
torsare ba
ked up on more belief states but at the same time the grid 
an bekept small if ne
essary.� Another possible extension is to asso
iate more than one ve
tor to ea
h gridpoint. For example, jAj ve
tors 
an be used for ea
h grid point, where ea
hve
tor 
orresponds to the value of taking a parti
ular a
tion. This possiblyimproves PBUA based on three intuitions. First, the QMDP approxima-tion is a
tually an improvement to MDP approximation. This extensionis similar to how QMDP approximation extends the MDP approximation.Se
ond, the quality of poli
y obtained by PBUA with a small grid is limitedby the small number of ve
tors. This number of ve
tors is in
reased if morethan one ve
tor is used for ea
h grid point, and therefore a small grid 
anallow a better poli
y. Third, when obtaining the value of any belief state,espe
ially that not in
luded in the grid, the best ve
tor is 
hosen amongthe ve
tors for all a
tions. This is similar to performing a lookahead 
ontroland shows why this 
an be possibly better. The jAj ve
tors 
an be obtainedas a by-produ
t when doing a ba
kup, so 
omputing them does not needmore ba
kup operations. However, sin
e the time for 
omputing a value ofa belief state using a ve
tor set representation requires time linear to thesize of ve
tor set. Therefore, the overall time for value iteration may stillbe jAj of the original time needed. Thus, the improvement in quality ofpoli
y and the in
rease in 
omputation time should be 
onsidered togetherwhen de
iding whether to use this approa
h.
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Appendix ADetails of ExperimentsIn this thesis, we have tested PBUA in some problems in the literature. Theseproblems in
lude Tiger, Manufa
turing, Network, Shuttle, 4x3 Maze, Zhang'sMaze, Maze20, OÆ
e, Tiger-Grid, Hallway, and Hallway2. The test data is ob-tained from Cassandra's POMDP �le repository page1, ex
ept that of Zhang'sMaze and OÆ
e. This appendix gives more detailed des
riptions to these prob-lems and show the best results that we have noti
ed in the literature. We dividedthe problems into smaller problems and larger problems. The smaller problemsare usually tested with exa
t algorithms, sin
e they are usually the only feasibleproblems to the exa
t algorithms, with smaller number of states, a
tions, andobservations. On the other hand, larger problems are usually tested with heuris-ti
 algorithms, to see how s
alable these algorithms are to the larger state spa
e.Before we des
ribe the problems, we show the setup we generally used of theexperiments reported in this thesis.A.1 General Experiment SetupFor the experimental results shown in this thesis, we averaged the results over10000 simulations for the smaller problems, and over 5000 simulations for thelarger problems. Ea
h simulation lasted 100 steps at most, and some were ter-minated earlier when the agent had entered an absorbing terminal state. Thissetup gave us an error rate of less than 5% at 95% signi�
an
e level of mostresults obtained.The dis
ount fa
tor we used is 0.95, ex
ept for Maze20, in whi
h 0.9 wasused. The initial belief state of the simulation were determined problem by prob-lem. Some had an uniform distribution over all the possible states, some had anuniform distribution over all states ex
luding the goal state, some had an uni-1http://www.
s.brown.edu/resear
h/ai/pomdp/examples/index.html95



form distribution over a number of states, and some had an random initial beliefstate. This initial belief state setup is stated in the des
riptions of the problems.The a
tual initial state of the simulation was de
ided randomly a

ording to thedistribution spe
i�ed by the initial belief state.The experiments were implemented with C++. They were run on a PC witha 400MHz AMD K6-3 CPU and 256Mb RAM.A.2 Notations to the Variants of PBUAWe use a 4-digit notation to denote the variants of PBUA. The �rst digit refersto the expansion heuristi
s as follows:0 extreme point only1 random points2 kLI expansion with su

essive belief points3 kLI expansion with pre
eding belief points4 kLI expansion with midpoints5 kLI expansion with sto
hasti
 simulation6 kLI expansion 
ombined7 sto
hasti
 simulationThe se
ond digit refers to the estimation method. For expansion heuristi
method 2{5, 0 refers to estimation using ba
kup, 1 to estimation using last-stepvalue fun
tion, and 2 to estimation using QMDP approximation. For expansionheuristi
 method 6, 0 refers to estimation using ba
kup and 3 refers to a 
ombinedestimation. More information on the �rst two digits 
an be found in se
tion 4.6.1.The third digit 
orresponds to the use of SAU. 0 refers to value iterationwithout SAU and 1 refers to value iteration with it. The fourth digit 
orrespondsto the use of lookahead 
ontrol. Similarly, 0 refers to without using it, and 1 refersto using it. More information on the third and the fourth digit 
an be found inse
tions 5.3.2 and 5.2.2 respe
tively.A.3 Smaller ProblemsThe smaller problems refers to Tiger, Manufa
turing, Network, Shuttle, and 4x3Maze. Their properties are shown in table A.1. The average rewards re
eivedusing the optimal poli
y and a random poli
y are also in
luded.96



Problem jSj jAj jZj Optimal RandomTiger 2 2 3 19.5 -601Manufa
turing 3 4 2 7.94 -6.97Network 7 4 2 294 -243Shuttle 8 3 5 32.6 -4.074x3 Maze 11 4 6 - -1.03Table A.1: Properties of some Smaller ProblemsA.3.1 TigerThis problem appears in Cassandra et al.[5℄. There is a tiger behind one of thetwo doors, left door and right door, and this 
onstitutes to the two states inthis problem. The agent has to avoid opening the door of the room where thetiger is. There are three a
tions that the agent 
an 
hoose from, opening the leftdoor, opening the right door, or listening. If the agent opens the 
orre
t door,it re
eives a reward of 10; otherwise, it re
eives a penalty of -100. If the agentlistens, it 
an lo
ate the tiger 
orre
tly with a probability of 0.85. For example,if the tiger is on the left, the probability that the agent hears the tiger on theleft is 0.85, and that it hears on the right is 0.15. The agent re
eives re
eive apenalty of -1 when it listens.Initially, the agent has no knowledge on where the tiger is. Thus, the initialbelief state of this problem is an uniform distribution over the two possible states,that the tiger is on the left and that on the right. After opening the door, theagent re
eives its rewards/penalty, and the whole pro
ess starts again.A.3.2 Manufa
turingThis is a 3-state manufa
turing ma
hine problem. A

ording to Cassandra's webpage, this 
omes from Ed Sondik's 1971 thesis. The initial belief state of theagent is randomly generated. The maximum reward and penalty in this problemare 1 and -2 respe
tively.A.3.3 NetworkThis is a 7-state network monitoring problem from Littman. The initial beliefstate in the simulation is randomly generated. The maximum reward and penaltyare 80 and -40 respe
tively. 97



+1�1
Figure A.1: Layout of 4x3 MazeA.3.4 ShuttleThis problem appears in Chrisman[6℄. It is a shuttle do
king problem, in whi
hthe shuttle has to transport supplies between two stations. The shuttle has to gofrom the most-re
ently visited station to the least re
ently visited station, whi
hmeans, from the do
ked station to the other station. The shuttle re
eives a rewardof 10 when it atta
hes to the right station, and a penalty of -3 if it 
ollides with thestation. The other a
tion does not lead to any reward or penalty. The initial stateis that the shuttle do
ked in the most-re
ently visited station, therefore, the initialbelief state has a probability of 1 to the state representing this situation. Thestate spa
e of this problem 
onsists of states that represent the relative positionsof the shuttle to the most- and least-re
ently visited stations. More des
riptionson the state spa
e 
an be found from the data �le or from Chrisman's paper.A.3.5 4x3 MazeThis is a 4x3 Maze problem from Russell and Norvig[15℄. The layout of the mazeis shown in �gure A.1. The agent's goal is to go to the reward state and getas many rewards as possible. The agent 
an 
hoose to move in one of the fourdire
tions. However, the agent may fail to move to its intended dire
tion, with10% of time that the agent moves to one of the dire
tion perpendi
ular to itsintended a
tion. Moving to the wall leaves the agent at the same lo
ation. Theagent 
an per
eive 
orre
tly if there is a wall on the left and on the right afterea
h a
tion. In addition, the agent knows that whether it is in the reward/penaltystate or not. The agent re
eives a penalty of -0.04 for every a
tion, ex
ept thatit is moving to the reward or penalty state. The initial belief state is a uniformdistribution over all the 11 states.
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Problem jSj jAj jZj RandomZhang's Maze 11 6 7 0.00Maze20 20 6 8 33.8OÆ
e 35 6 23 -43.5Tiger-Grid 36 5 17 -2.14Hallway 60 5 21 0.04Hallway2 92 5 17 0.02Table A.2: Properties of some Larger Problems+1 �1
Figure A.2: Layout of Zhang's MazeA.4 Larger ProblemsTo show their s
alability, heuristi
 algorithms are usually tested with larger prob-lems. Those we used in thesis in
lude Zhang's Maze, Maze20, OÆ
e, Tiger-Grid,Hallway, Hallway2. Their properties are show in table A.2. The average rewardsre
eived using a random poli
y are also in
luded.As we 
an see, these problems are larger than the problems previously de-s
ribed. Besides the larger state spa
es, the numbers of observations are alsolarger, and thus they are infeasible to the exa
t algorithms.A.4.1 Zhang's MazeZhang's Maze appears in Zhang et al.[18℄. The layout of the maze is shown in�gure A.2. This maze has a terminal state in addition to the 10 lo
ation states.It has 4 a
tions for moving, a look a
tion, and a a
tion for de
laring goal.The move a
tions have 80% 
han
e of moving to the intended dire
tion, and10% 
han
e of moving to one of the dire
tion perpendi
ular of the intended di-re
tion. If the agent moves into the walls, it remains at the original position. Theagent gets a reward of +1 if it de
lares goal at the reward position, and a penaltyof -1 if at the penalty position. The simulation then goes to the terminal stateafter this de
lare a
tion. All a
tions, ex
ept de
laring goal at the two spe
ial99



+150
Figure A.3: Layout of Maze20positions, do not give any reward or penalty.The look a
tion is the a
tion that gives the agent an observation. The obser-vation made is a sequen
e 
onsisting of four letters, representing whether there isa wall(w) or nothing(o) in ea
h of the four dire
tions. For example, the rewardstate gives an observation of woww. However, the observation obtained is noisy.The look a
tion may give a void observation with probability 0.05. It may alsogive an observation that is supposed to be made in other 
ells with probability0.05, if the 
orre
t observation and wrong observation di�er by no more than twodire
tions. The agent gets the 
orre
t observation with the remaining probabil-ity, whi
h is around 0.8. This problem is 
hara
terized by its symmetry, meaningthat there are a few pairs of state that have the same observation. In addition tothis, the noisy observation makes this problem hard to solve.Initially, the agent has a random belief state, ex
ept that it has zero belief tothe terminal state. The a
tual initial state is randomly 
hosen a

ording to thedistribution of the initial belief state.A.4.2 Maze20This maze problem 
omes from Hauskre
ht[7, 8℄, and its layout is shown in �g-ure A.3. There are 6 a
tions: 4 move a
tions and 2 dete
t a
tions. The agentgets a reward of 150 if it takes any a
tion at the goal position. Other than that,the agent gets a small reward for not bumping into the wall | 4 for a move and 2for a dete
t a
tion. The initial belief state is randomly generated, and the a
tualinitial state is sele
ted randomly a

ording to that distribution.The move a
tion of the agent is not perfe
t. There is 15% ea
h for movingto one of the neighboring dire
tion of the intended dire
tion. A move to the wallkeeps the agent at the same position. After the agent takes any a
tion at the goal100



Method RewardsMDP approximation a � 37QMDP approximation - dire
t a � 36QMDP approximation - lookahead a � 51Fast informed bound - dire
t a � 39Fast informed bound - lookahead a � 52Hauskre
ht's grid - lookahead a � 47Least-squares �t with linear-Q-fun
tion - dire
t a � 51Least-squares �t with linear-Q-fun
tion - lookahead a � 56In
remental linear fun
tion update - dire
t a � 58In
remental linear fun
tion update - lookahead a � 60aSee Hauskre
ht[8℄Table A.3: Results in Maze20 in the Literaturestate, the agent randomly moves to one of three states at the 
orner a

ording a
ertain distribution.The dete
t a
tions produ
e noisy observation. One of them dete
t the presen
eof walls at the north-south dire
tion, and the other at the east-west dire
tion.The a
tions dete
t 
orre
tly with probability 0.75 for a two-wall 
ase, 0.8 for aone-wall 
ase, and 0.89 for a no-wall 
ase.Some experiments have been 
ondu
ted on this problems. The best results ofsome of the attempts are in
luded in table A.3.A.4.3 OÆ
eThis is a 35-state maze problem designed by Zhang and Zhang, modelled aftertheir department[18℄. There are 34 lo
ation states and a terminal state. Theagent has to go to the main oÆ
e state and take a beep a
tion so that someonewill get a mail to the agent. There are 6 a
tions: 4 move a
tions, 1 look a
tionand 1 beep a
tion. The agent gets a reward of 50 if it beeps at the right lo
ation,and -10 if at other lo
ations. It has a penalty of -2 if it moves into a wall, and apenalty of -1 if it takes a look a
tion.The observation is more 
ompli
ated than that in the Zhang's Maze. It isalso made up of a string of 4 
hara
ters, representing an obje
t observed at the4 dire
tions. However, there 
an be a door(d), an empty wall(w), a displayboard(b), or nothing(o) at ea
h dire
tion. With probability 0.05, a look a
tionprodu
es a void observation, and with 0.05 for ea
h wrong observation, it produ
es101



Method RewardsQMDP approximation - dire
t 2:21QMDP approximation - lookahead 18:0Table A.4: Results in OÆ
e�1 �1+1start startFigure A.4: Layout of Tiger-Gridan observation that is supposed to be observed at other lo
ation if the wrongobservation di�ers from the 
orre
t observation by only 1 
hara
ter. This mazeproblem is similar to Zhang's Maze in the sense that many pairs (12) of lo
ationgive the same ideal observation, thus, the agent may feel diÆ
ult to lo
ate itsposition if it does not take many look a
tion.Initially, the agent has a randomly generated belief state, ex
luding the goalstate. The a
tual initial state is randomly sele
ted a

ording to that distribution.When the agent beeps at the goal state, it is taken to the terminal state and thesimulation ends.We have 
ondu
ted some experiments on this maze problem using QMDPapproximation. The results is shown in table A.4.A.4.4 Tiger-GridThis is a 36-state maze problem appeared on Littman et al.[11℄. The layout isshown in �gure A.4. Although there are 9 lo
ations in the maze, the agent has 4orientations at ea
h lo
ation, so there are a total of 36 states. The agent startsin either of the starting position, and has to move to the reward position. Aninteresting feature is that, when the agent starts, it has to make an observationimmediately to see if it is on the left or right. Otherwise, after it takes a stepup, the observation it makes is the same. As a result, it may go to the penaltyposition instead of the reward position due to this un
ertainty. Littman gives amore detailed des
ription on this problem.Although Littman have done some experiments on this problem, he measuredthe median of steps to arrive at the goal and the per
entage of arriving at thegoal within 251 steps, this makes his result not able to be 
ompared with ours102



Method RewardsQMDP approximation - dire
t a 0.24QMDP approximation - lookahead a 0.27Brafman's grid - dire
t b 0.94Brafman's grid - lookahead b 2.35aObtained from experiments done by usbSee Brafman[3℄Table A.5: Results in Tiger-Grid in the Literature
+11 2 3Figure A.5: Layout of Hallwaydire
tly. In our experiment setup, the agent starts over to its initial belief statewhen it rea
hes the reward state and therefore we 
annot get the same data.Another di�eren
e is that the initial belief state of the agent in our experimentswere an uniform distribution over heading north at one of the two starting state.Brafman uses a similar 
riteria and setup as we used[3℄. The experimentalresults are shown in table A.5.A.4.5 Hallway and Hallway2These are the biggest stru
tured problems in the literature, appeared in Littmanet al.[11℄. Ea
h lo
ation has 4 orientations. These 
ombinations of orientationand lo
ation 
onstitute to the 60 states and 92 states of these problems. Theirlayouts are shown in �gures A.5 and A.6. Ea
h problem has a goal state that theagent has to rea
h to re
eive a reward.Ea
h problem has 5 a
tions: stay in pla
e, move forward, turn left, turn right,and turn around. The agent re
eives reward of 1 only when it moves to thereward state, and nothing otherwise. There are 21 observations in Hallway, and17 observations in Hallway2. The observations are all 
ombination of walls in ea
hrelative dire
tion and the goal observation. In addition, the agent sees 4 di�erentlandmarks when it fa
es south at 4 parti
ular lo
ations in the Hallway problem.103



+1
Figure A.6: Layout of Hallway2Hallway Hallway2Method Goal% Med Reward Goal% Med RewardQMDP - no stay a 100.0 16 - 57.8 40 -Human a 100.0 15 - 100.0 29 -Brafman's grid b - - - 100 24 -QMDP - dire
t 
 (48.4) > 100 0.257 (25.4) > 100 0.087QMDP - lookahead 
 (51.0) 14 0.51 (66.7) 37 0.244Random 
 (16.7) > 100 0.043 10.5 > 100 0.025aSee Littman[11℄bSee Brafman[3℄
Obtained from experiments done by usTable A.6: Results in Hallway and Hallway2 in the LiteratureThe observations and the transitions in these two problems, as in others, arenoisy.The initial belief state is a uniformly distribution over all the states ex
ludingthe goal state. After the agent rea
hed the goal state, the simulation terminates.Some experimental results have been reported in the literature. However,they are in terms of per
entage of rea
hing the goal and the median of numberof steps taken to rea
h the goal, whi
h are di�erent from our average rewards
riteria. The results are shown in table A.6. Noti
e slightly di�erent setups wereused in the experiments. Littman and Brafman used 251 simulations, with amaximum of 251 steps ea
h, to re
ord the data. We used 5000 simulations, witha maximum of 100 steps ea
h, to 
olle
t the data. Therefore, the goal per
entageshould not be be 
ompared dire
tly. Moreover, our experimental results shouldhave smaller 
on�den
e intervals. 104



Problem Method Ne Ts Rewards Median Term%Tiger 1000 15 0.12 19.9 - -Manufa
turing 4200 10 0.08 7.94 - -Network 4100 20 4.35 297 - -Shuttle 5100 10 0.20 32.7 - -4x3 2100 2 1.21 1.90 - -Zhang's Maze 2100 20 4.84 0.56 9 100Maze20 4000 20 2473 59.1 - -OÆ
e 2100 20 3304 22.2 13 99.8Tiger-Grid 3000 20 12116 2.30 - -Hallway 1000 5 450 0.53 14 100Hallway2 1000 20 27898 0.35 27 100Table A.7: Summary of the Best Poli
ies obtained by PBUAA.5 Summary of the Best Poli
ies obtained byPBUAThis se
tion summarizes the best poli
ies obtained by PBUA, and the 
orrespond-ing time taken. Thy are shown in table A.7. The \method" refers to the 4-digitnotation to show the variants of PBUA, but only the variants with the �rst twodigits are in
luded in this summary. Ne denotes the number of expansions usedto obtain that poli
y. The solving time is denoted as Ts. The \Rewards" meansthe averaged dis
ounted rewards. The \Median" refers to the median of stepsto the terminal states, and \Term%" is the per
entage of rea
hing the terminalstates, whi
h in
lude non-goal state in some problems. Note that the best poli
iesrefer to those that has the highest rewards. However, a poli
y that has the samequality as that of the best poli
y a
tually may have a slightly fewer rewards in theexperiments, due to the randomness in simulation. If these slightly numeri
allyworse poli
y is allowed, the time taken to 
ompute them 
an be mu
h shorterin some 
ases. Note also that only the PBUA with random point expansion isin
luded for Hallway and Hallway2 in this summary.
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