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ABSTRACT

In a team competition, two participating teams have an eousa-
ber of players, and each team orders its players linearlgdoan
their strengths. A mechanism then specifies how the playens f

the two teams are matched up and how to score them. There ar

two types of manipulations by a team: Misreporting the gtien
ordering and deliberately losing a match. To identify theisate-
gically behaviors, we model the team competition problenain
game-theoretical framework, under which we prove necgsamat
sufficient conditions which ensure that truthful reportarg max-
imal effort in matches are equilibrium strategies, and Wtiicther
ensure certain fairness conditions described by choicgtifurs.

Categories and Subject Descriptors

J.4 [Social and Behavior SciencdsEconomics; |.2.11Distributed
Artificial Intelligence ]: Multi-agent System

General Terms
Economics
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Team Competition, Mechanism Design, Truthfulness, Dontina
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1. INTRODUCTION

Tens of centuries ago in ancient China, the emperor Qi chal-
lenged his minister Tian to a horse race. The rule was thét efic
them would put forward three horses, one at a time, and eaxh ti
the two horses would race. Whoever won at least two of thesrace
would be the winner. As the story goes, Tian learnt that hi be
horse was not as good as the Qi’s best but better than Qi'ndeco
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nonetheless because his best beat Qi's second best, aret bigls
best beat Qi's worst horse.

More generally, we can consider the competition to be batwee
two teams (e.g, the emperor’s team and the minister’s teatmein

tory), and each team has an equal number of players (e.g, the

orses in the story). Each team is asked to provide an order by
which his players will compete, and the rule or the agendef t
competition specifies how the team’s players will be matcied
based on the orders given by the two teams, and who will win the
competition based on the individual matches. In the stbiey/rtile
was simply that the players from the two teams raced agaatst e
other according to the orders given by the two teams, and wvenoe
won more matches won the competition.

Similar examples are the current international team coitigues
for table tennis (aka Corbillon Cup and Swaythling Cup). Two
competing countries put forward three players in a certageio
The agenda is a modification of the horse racing one by addiog t
matches between the first player and the second player from ea
team.

In this paper, we consider how to design rules of a compatitio
so that the outcome will reflect the “true strength” of the peting
teams. In the case of horse race mentioned above, one isadcli
to say that the emperor’s team was stronger and should hawve wo
the competition. But in general, what counts as the “truengfth”
of a team and how to compare them is also an issue that we need
to consider. To address these problems, we shall consieégam
competition problem as a mechanism design problem.

Since first mathematically analyzed by Hurwicz [2], the tlyeo
of mechanism design has been extensively studied in ecasomi
(see [5] for an introduction and [6] for a survey), theoraticom-
puter science [7] and artificial intelligence [10, 11, 9].

We formulate a team competition as a mechanism which takes
the reported orderings as the input and returns an outcorttees of
competition. According to the reported orderings, the rae@gm

best one, and his second best one was not as good as Qi's secongpecifies a number of single matches and the score awarded to t

best but better than Qi's worst one. Knowing that Qi would put
forward his best horse first, his second best second, theratew-
ister put forward his worst horse first, his best horse seamachis
second best last. As expected, while Tian’s worst horseblagly

to Qi’'s best horse at the beginning of the competition, he Won
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winning player of each match. Each team then gets the sun of al
the scores from its winning players and such a score profia fr
both teams reflects the outcome. Each team prefers an outcome
with higher own score and lower opponent’s score.

Based on the dependence between the matches specified; we cat
egorize all the mechanisms into the static and the dynamic. |
a static mechanism, each match is predetermined and tekes pl
independently of the results of other matches while in a thina
mechanism, each match may only take place if the resultssofpr
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We propose three major objectives for a desirable mechaaism
achieve: truth revelation, fairness and conciseness.hier atords,
truth revelation requires that reporting the truthful endg of its



players is a dominant strategy for each team in the game éatlog
the mechanism, that is, no matter what the opponent repaigéam
can never benefit from misreporting. Fairness requiresvtian
both team play truthfully, the resulting outcomes fairl§ieet the
strengthof each team, which is characterized by a choice function.
For each state of the world (described by an ordering ovehall
players), the choice function selects socially desirabeame to
be implemented by the mechanism. Fairness can then belakbcri
by a set of conditions imposed on the choice function suchegep
anonymity, team anonymity, monotonicity and pareto efficie
We also propose four particular choice functions that Sesisall
the conditions. Finally, upon the satisfaction of the poegi two
objectives, we sometimes require conciseness of the mischan
that is, the mechanism keeping the number of matches as amall
possible.

We then give sufficient and necessary conditions to allowehme
anism to implement these objectives. In particular, statéch-
anisms can truthfully implement two choice functions memeid
above but fail to implement the other two, while for dynamieah-
anisms, even a subclass called “knock-in” suffices in tuibpim-
plementing all the four choice functions. Generally spegkdy-

namic mechanisms are also supposed to be more concise than th

static ones.

Finally, we also deal with the moral hazard issue [4] whehea
team has another level of strategic behavior: a team carfibene
from throwing a match in certain mechanisms. To preventfitbia
happening, we force honest play to be a equilibrium strafegy
each team: given the other team play honestly, we would atfep
to play honestly. We give sufficient and necessary condition
this part too. Interestingly, most of these conditions cimla with
those of dominant strategy truthfulness.

The rest of the paper is organized as follows: we introduee th
mechanism design model for team competition problem anadl the
describe desirable objectives to achieve. Next we charaetthe
implementation issues of two types of mechanisms by setkezal
orems. We also deal with a variation to the problem where the
players can strategically lose. Finally, we discuss ceritatierest-
ing issues and then conclude the paper.

2. BASIC MODELS

In this section, we build up the mathematic model for analyzi
team competition.

2.1 Team Competition Environments

We first define the so called team competition environmentg&he
the designer operates.

DEFINITION 1. A team competition environmeé6t is a tuple
(A, B,0©,0, P), where

o A={a1,...,as} isthe setof players of tearh.

e B ={b1,...,bn}Iisthe set of players of teai.

e O is the set of possible states, where

— Each stated € © uniquely defines a linear order
on AU B. If a >4 b, thena wins the match versusin
statef.

— We denotéd4 and s as the orders ord and B that
are derived respectively frofy, which can be seen as
the private information ofA and B that cannot be ob-
served by others. We dendie; and © s as the set of
all possiblef 4 andfp.

e O = {(sa,sn)|sa,ss € R} is the set of outcomes of the
competition. s4 and sz are the scores for team A and B
respectively.

e P is a preference relation oveD.

In this paper, we considdP to be the one that team weakly
prefers(sa, sp) to (s'y, s'g) iff

sa > s andsp < s,

and the preference becomes strict if it is weak and one ofghale
ity does not hold. TeanB has the opposite preference. It is worth
pointing out that whes4 > s/4 andsg > s'g, the preference
between(s 4, sg) and(s'y, s’z) is not defined. Indeed, it is some-
times unclear whethe : 3 is better thars : 4*.

An easy way to avoid this is to choose a subsebafith s4 +
sB = ¢, wherec is a constant. A mechanism is constant-sum if it is
defined on such a subset. Our first type of mechanisms cadléd st
mechanisms are constant-sum.

2.2 Static Mechanisms

DEFINITION 2. A static mechanismd/ on a team competition
environment is a tupléS 4, Sz, C') where

e Sa: ®4 — Ly is the set of A's pure strategies that map
A’s private information to a possible linear orders gh We
denotel 4 as the set of all linear orders oA. We also allow
randomization, which is a lottery ovet, . Similar for Sg.

e Cisann x n score matrixC,, x» where

— Each entry; ; denotes the score assigned to the match
betweeru; andb;, wherea; is thei-th player reported
by A andb; the j-th player reported byB.

— The winner of the match gets; and the loser get8.

— The total score that teard can get in statd is s4 =
Y(a;>gb;)€Ax BCij- Similar forsg.

— Such a pair(s, sg) creates an outcome ifd.

In fact, when there is no restriction @, © 4 andL 4 both de-
note the set of all permutations oh However, we make different
notations to clarify tha® 4 is the set of private information based
on which A chooses an order frofny to report.

In comparison with standard mechanism definition ( [8], Gaap
10), the matrixC plays the role of an outcome function: for each
state, the matrix maps the reports frofnand B to an outcome
(SA, SB) € O. Note thatss + sg = ¢, wherec = Zlgi,jgnci,j.
Therefore, it is constant-sum and the preference reldtiaswell
defined or0O.

Note also that there are potentialy matches since there and
entries in the matrix. However, & ; = 0, then a match between
a; andb; is not necessary, because its outcome will not affect the
score of either team. Similarly, i ; # 0, it does not necessarily
mean that there is only one match betwegrandb;. It could
possibly mean that there are several matches betweemd b;
whose scores sum up t9; so that they are equivalent to a single
match with score; ;.

we will get back to another type of preference where each team
is not so sensitive about the score but only cares about ihig wr
not. In this case? : 3 is equally preferred t@ : 4



ExAMPLE 1. (Horse Race)The aforementioned horse race is
a static mechanism, whose score matrix is as follows:

[1 0 0]

010
[0 0 1J

EXAMPLE 2. (Table Tennis)The international team competi-

tion for table tennis is also a static mechanism, whose st@tix
is as follows:

1 1 0
110
[0 0 1J
2.3 Dynamic Mechanisms

Consider a static mechanism where there are 4 mat¢hesis
b1), (b1 VS a2), (a2 vSby) and (a1 vs b2). Suppose the matches
take place sequentially and always the first player wins) tfter
the first 3 matches, we already know that >, b, by transitivity.
Therefore, the 4th match is redundant.

The above intuition can be realized in designing more cencis
mechanisms called dynamic mechanism, where the next match i
jointly determined by the reported lists as well as the tssof
previous matches.

DEFINITION 3. A dynamic mechanisiy on a team competi-
tion environment is a tupleéSa, Sa, H, f», Rs) where

e S, andSg are the sets of strategies the same as the ones in
static mechanism

e H = Hr U Hy is the set of histories, whetdr denotes the
set of terminal histories andll ;y are the set of nonterminal
ones. They are defined inductively as follows:

- Pe Hy

— If h € Hn, thenh : (a; > b;) € Handh : (b; >
a;) € H. It says ifh is a nonterminal history, then
by concatenating it with the match wherewinsb; or
b; winsa;, a new history is produced. The new history
can be either terminal or nonterminal.

e f,: Hy x Py x Pg — A x B the next function that maps

each nonterminal history as well as the reported messages to

a pair of players to compete in the next match.

e R, : Hr — O the scoring rules that maps each terminal
history to an outcome, i.e, a score profile.

Dynamic mechanism is a more general concept than staticanech
nism in the sense that every static mechanism can be repedsan
the form of a dynamic one: the one with constant next fundtia
arranges a list of independent matches sequentially. @fiia, it

is more interesting to focus on certain specific classes nauhyc
mechanisms. For instance, the following “knock-out” metsan
has been quite popular in the Go community.

ExampPLE 3. (Knock-out Competition)Jpon receiving the re-
ported lists of player§a:,...,a,} and{bs,...,b,},

e a1 vsb; will be initiated as the first match.

e In the following rounds, if the current matchds vsb;, then
the next function will assiga; 41 vsb; if b; beatsa; and as-
signa; vsb;41 otherwise.

e The set of terminal histories are those with every player in
one team has lost. The scoring rule assign the winning team
n points and the losing team the number of matches that it
wins.

It can be seen from the above example that there are atmest
1 matches in a knock-out competition: each match eliminates o
player who will never show up in the future matches. Thiseetty
fits the context of a Go competition, where a match normakgsa
hours.

3. DESIRABLE PROPERTIES

The space of static as well as dynamic mechanisms is obyiousl|
infinite. For this sake, itis necessary to identify desiegiroperties
for mechanisms to satisfy. For example, in the Horse Raciage
ple, we might hope that a mechanism that forces both teangs to r
port the truth. Further after receiving the truth, we migbpé that
the outcome of the match fairly reflects the true state. Famex
ple in the horse racing competition, we should expect thearoe
to be at least some score profile in which the emperor winst Las
but not least, we might also hope that the number of matches as
small as possible. We characterize some of the standanuty ths
choice function and ask the question what mechanisatkfully
implement the choice function.

3.1 Dominant Strategy Truthfulness

DEFINITION 4. We say that a mechanism is dominant-strategy
truthful if for every staté, a team cannot end up with a worse out-
come by reporting its truthful order induced by, than reporting
any other order, no matter what the other team reports.

If a mechanism is dominant-strategy truthful, then by bewvgre
of the private information, each team will choose to repsrtruth-
ful ordering because itis in its best interest to do so.

3.2 Choice Functions

As already mentioned, a choice function describes which out
come should occur for a given state.

DEFINITION 5. A choice functionf : © — O maps a state to
an outcome.

3.2.1 Restrictions on Choice Functions

The first restriction on a choice function is what we call glay
anonymity, which says the players are indistinguishabsidm a
team.

DEFINITION 6. (Player Anonymity)Suppose(A) (p(B))isa
permutation ofd(B), and if f () = o, thenf(#') = o whered' is
obtain fromé by replacing eacta € A (b € B) by its permutation

p(a) (p(b)).
For example,

a>g, b>e>b >¢, a,
should lead to the same outcome as

a' >g, b>e,> b >, a,
as well as

a>p, b >e,> b >0, 0.

The second restriction is called team anonymity, which sags
choice functionf does not discriminate for or against one particular
team.



DEFINITION 7. (Team Anonymity)Suppose : A — Bisa
bijection betweem and B, and if f(8) = (sa, sg), thenf(8') =
(sB,s4) Wheref' is obtained fron® by swapping each € A and
p(a) € B.

For example, again if (1) = (sa, sg) andd: is as follows:
a>g, b>a,>b >q, d,
thenf(64) = (sB, sa), whereb, is as follows:

b>e, a>g,>a >e, 1.

The third restriction is the so-called monotonicity, whiséys
no worse outcome will be brought about for a team if none of its
players falls in the overall ranking.

DEFINITION 8. (Monotonicity) For any two stateg and ', if
f(8) = o, f(#') = o and#’ is an improvement t@ for team
A(B), thenA(B) at least prefers’ the same as. A statef)’ is an
improvement to another stafidfor teamA(B), if Va € A (b € B),
the ranking ofa(b) in stated’ is improved or stays the same as in
statef.

Finally, the last restriction pareto efficiency says thatrié team
has the betteith best player for alt, then it should get a higher
score in the final outcome.

DEFINITION 9. (Pareto Efficiency)lf in any stated satisfying
YV 0 < i < n, thei-th ranked player of team is better ranked than
teamB, thenf(6) = (Sa, Sp) satisfiesS4 > Sp.

For example, if
a>¢; b>p,>a o, b,

thensa > sp. The Pareto efficiency is not independent since we
can prove in the following that team anonymity plus monatayi
imply the pareto principle.

PrRopPOSITION 1. A choice functiorf satisfies the pareto prin-
ciple if it is both team anonymous and monotonic.

PROOF Suppose otherwise, then there exists a $tatech that
V0 < ¢ < n, thei-th ranked playen; of teamA is better ranked
than thath; of teamB andsa < sg. Now we swap the role ai;
andb; for all i in  and we call the new stafé. By team anonymity,
we havef(6') = f(sgs, sa), which is a worse outcome thaf{6)
for B. However, sinc#’ is an improvement té for team B, team
B’s outcome then should be no worse by monotonicity. Thidgea
to a contradiction. [

3.2.2 Examples of Choice Functions

It is not difficult to see that the following four choice furms
satisfy all the restrictions mentioned above.

e Borda Count: According to-9 on AU B with |[AUB| = 2n,
we assign the player that ranked first 2n-1 points, the second
2n-2 points,..., and the last 0 pointa = X, c apoint(a;).

sp can be defined symmetricalljzc (0) = (sa, sB).

Pairwise comparison: Suppo8e andfz are(a) > ab >
,..;> ap)and (b > by >,...,> b,). Thensa =
{(a},b))]|a; >¢ b;}|. sp can be defined symmetrically.
frc(8) = (sa,s8).

Max: Suppose the best players 4fand B by 6 area andb
respectively, therfarqz (6) = (1,0) if a > bandfare.(0) =
(0,1) otherwise.

e Min: Suppose the worst players df and B by 6 area and
b respectively, therfar, (8) = (1,0) if a >4 b, otherwise
frmin(0) = (0,1).

In other words fsc sums the rankings of all the players in each
team, fpc sums all the winnings for the pairwise comparison be-
tween players in the “same level” whil... and fir;, care only
about the best and worst players.

3.2.3 Dominant Strategy Truthful Implementation

DEFINITION 10. A mechanisnd/ dominant strategy truthfully
implements a choice function f,Af is dominant strategy truthful
and if both teams report truthfully, the resulting outcone@ncides
with the one prescribed by.

If a mechanism dominant strategy truthfully implementscich
function, then both teams will report truthfully. Moreoyehe
truthful reports will lead to the desirable outcome prdsedi by

f

3.3 Conciseness

As mentioned before, for a static mechanism, if all entrigsso
scoring matrix are non-zero, there are potentiafymatches while
for certain classes of dynamic mechanisms such as the kmack-
there are at mos2n — 1 matches. In general, we hope that the
number of matches is at most linear in the number of players.

DEFINITION 11. (Linearity) A mechanism is linear if the num-
ber of matches i®)(n), wheren is the number of players in each
team.

4. THE RESULTS

In this section, we present our answers to the question wedask
earlier: what mechanisms implement the choice functioh yit-
viously mentioned properties.

4.1 Implementation by Static Mechanisms

We say that a matrix,, x» is non-increasingf c¢;, j, > ¢i,.j,
wheneveri; < iy andj; < j» hold simultaneously.

THEOREM 1.

1. A static mechanismd/ is dominant strategy truthful iff its
score matrixC,, x » iS non-increasing.

2. If a static mechanism dominant strategy truthfully imple-
ments a choice functiofy, then

e fis player anonymous;

e fisteam anonymous iff the score matrix satisfies-
CT, whereC7” is the transposition of’.

¢ fis monotonic iff the score matrix has no negative entry
PROOF

1. =: If M is dominant strategy truthful, without loss of gen-
erality, suppose there exigtj such that; ; < ci41,;. Now
consider such a state : by > by >,..., b1 > a1 >
ey @iybn, ..., an. In other wordsf is a state where team
A can win only: matches against the worst playegr of B.
Now if B reportsh,, as itsjth player, then ifA reports hon-
estly, he will getcy ;+, . .., +c;,; while if A swapsa; and
ai+1, A will get a better score1,;+, ..., +ci—1,; + Ci+1,5,
which contradicts the dominant strategy truthfulness/of



<: If C,x» IS NON-increasing, for any stafeand anyb €
B reported agth player, suppose according o we have

a1 >,...,a; > b > aix1 >,...,> an. If A reports
honestly, it will getei j+, ..., +ci,; from b, otherwise, it
willgetcm, ,j+, ..., +cm;,j. SinceC is non-increasing, we

havec: ;, ..., c;,; are the greatestentries in columry of C,
S0c1,j+,...,+Cij > Cmq,j+,. .., +Cm; ;. Sincej andd
are arbitrarily chosen, we havkis dominant strategy truth-
ful.

2. This part follows immediately from the definitions.
O

Obviously, the score matrix in neither horse racing nordabh-
nis competition is non-decreasing. According to theorerthéy
are not dominant strategy truthful. For instance in thegtabhnis
example, if the state is as follows; > b1 > ba > a» > bs > as.
Note that if bothA and B reported truthfully,B will lose the com-
petition by 2:3. However, iB misreports his order dg >’ b3 >’
bo and A still reports truthfully ,B will win the competition by 3:2.

THEOREM 2.

1. The static mechanism dominant strategy truthfully immaets
fBc if its score matrixCh, x» = lpxn, Wherel, ., is the

matrix with all the entries equal to 4;

2. The static mechanism dominant strategy truthfully immglets
fumaz if its score matrix satisfies;,; = 1 ande¢; ; = 0 oth-
erwise;

3. There is no static mechanism dominant strategy truhfuor}
plements eithefrc or farin.

PROOF

1. It is not hard to see that fdr, «,, the mechanism simply
counts the sum of the number of opponents that are weaker
for each player. Moreover, it is non-decreasing. So it truth
fully implementsfsc minus a constant”—) in dominant
strategy. The constant stands for the sum of additionakscor
if they are allowed to play with their teammates.

. This part follows directly from the definition

. Supposel! with score matri>xC truthfully implementsfpc,
then suppose fof : a1 > b1 > ..., frc(0) = (sa,s8),
then we have fo#’ : b1 > a1 > ..., frc(8) = (sa —
1, sp + 1). This can be achieved onlydf,; = 1. Similarly,
suppose fol" : ..., > an > by, frc(8”’) = (s4,s5E)
then we have fof"’ : ..., > b, > an, frc(0") = (s —
1, s’5 4+ 1). This can be achieved only ef, ,, = 1. SinceM
is dominant truthful,C' is non-increasing, therefor€ can
only bel,x,. However, 1, «, obviously does not imple-
mentfpc. A contradiction. Similar forfas;y, .

O

Itis worth pointing out that the current international teeompe-
tition for tennis (aka Davis Cup) uses the static mechanisrose
score matrix isl2x 2, therefore it implements Borda Count. How-
ever, the number of matchesri$, although it does not make much
difference with linear ones when= 2.

?In fact, it implements Borda Count minus a constaft—.

4.2 Implementation by Dynamic Mechanisms

Unlike any static mechanism, whose preference is well-ddfin
on a constant-sum set of outcomes, there are cases whenethe p
erences on the set of outcomes are not well-defined for dynami
mechanisms. Therefore, it is meaningless to talk aboutrthe i
plementation issues for general dynamic mechanisms. rter
tively, we focus on a particular class of dynamic mechaniatted
“knock-in” in contrast to the “knock-out” mechanism memtéu in
example 3. That is, after each match, the loser stays to dempe
with the winner’s successor.

DEFINITION 12. (Knock-in Competition)Upon receiving the
reported lists of player§a., ...,an} and{b1,..., b},

e a1 VSb; isinitiated as the first match;

e In the following rounds, if the current matchds vsb;, then
the next function will assiga; 41 vsb; if a; beatsh; and as-
signa; vsb;41 otherwise.

e The set of terminal histories are those where every playsr ha
won in one team, which we call the winning team. The other
team is called the losing team.

It follows from the definition immediately that

THEOREM 3.

1. Every knock-in mechanism satisfies linearity.
2. By assigning 1 to the winning team and 0 to the losing team
in each terminal history, the knock-in mechanism alwayddea

to an outcome that coincides with the one predicategiby, ,
and therefore truthfully implemeny,;, in dominant strat-

egy.
PROOF,

1. This part follows by observing that a winner is eliminated
each match and never reappears. So a whole team is elimi-

nated for at mostn — 1 matches.

. Note that in a knock-in competition, the team with the bet-
ter worst player is always the winning team, no matter what
two team reports. So the knock-in mechanism trivially im-
plements (no matter truthfully or nofhsis, .

O

The flexibility of designing a knock-in mechanism lies in the
choice of scoring rules. The scoring rules should be dedigme
a way such that, on one hand the preference for the set ofrtaermi
histories is well defined and on the other hand, the scorgs aifith
the incentives of reporting truth. We introduce in the fallog, two
possible classes of such scoring rules.

4.2.1 Score By Play Order

With this type of scoring rule, we assign a constant seote the
winner of the first match, a constant scaseto the second match,
and so on. The score of the team and an outcome are defined as
usual. Note that the number of matches in such a knock-in mech
anism is a variable ranging fromto 2n — 1. In order to make it
a constant-sum competition, we uniformly assgnconstants as
follows:



DEFINITION 13. In a score-by-play-order rule, we have a list
of 2n constant§ci, ce, . . ., c2, }, We assigre; to the winner of the
first match,c» to the winner of the second match and so on. When
reaching a terminal history aften, matchesp < no < 2n — 1,
we assign the remaining constants +1, . . . , c2,, to the remaining
players (the order does not matter). Therefore, each plegegives
a score in a terminal history.

In this way, we havess + sp = Xi<i<2nci. The following
theorem characterizes the dominant strategy truthfuloigesock-
in mechanisms with this type of scoring rules.

THEOREM 4. A knock-in mechanismd/ by a score-by-play-
order rule

¢ isdominant strategy truthful iffci, c2, . . ., c2 } iS NON-increasing.
e dominant strategy truthfully implements a choice functfon
then

— f is player anonymous, team anonymous, monotonic
and pareto efficient.

e dominant strategy truthfully implements

— feowith{2n —1,2n—2,...,1,0}.
— furae With {1,0,...,0}.

PROOF We prove the first claim and leave the rest to the read-
ers.
= If M is dominant strategy truthful and suppdse, c2, ..., c2n }
is not non-increasing. Without loss of generality,dgt < cu,+1.
Suppose therth match is betweea; andb;. Now consider a state

0:a; > b]‘ > ajy1 > bj.H.

If A reports truthfully, the competition goes as follows:
a; Winsb;, teamA getsc,;
a;+1 l0ses tob;, teamB getsc, +1;
ai+1 WiNsb;y1, teamA getscp,41;

If A swapsa; anda;+1, the competitions goes as follows:
a;+1 l0ses tob;, teamB getscyy,;
ai+1 WiNnsbj41, teamA getscp, +1;
a; Winsb; 1, teamA getscp,41.
Obviously by lying, teamA gets a better outcome. A contradic-
tion.
<: If {c1,c2,...,c2n} IS NON-increasing, we prove by enumera-
tionthatifa; > a;41, thenitis always no worse torepott. ; a;, aiy1, . ..
than...,aiy1,as,....Suppose the current opponenbjsollowed
by b;4+1 and the score of the current matcheis. There are the
following cases:

and winner get@n — 1, the loser stays to compete with the next
player of the other team, and so on. Since the earlier matwhes
higher scores and each player would get a score anyway, eath t
then would like to win as early as possible, so truthful rémno

e Case la; > Ajy1 > bj > bj+1 ora; > ajy1 > bj+1 > b]'.
No matter reporting;, a;+1 Or a;+1, a; Will give team A the
same outcome.

e Case 3:a; > bj+1 > a;+1 > bj. Now matter reporting
a;,a;+1 OF a;+1,a; will give team A the same outcome.

e Case 4a; > b; > bj41 > aiy1. By reportinga;, a;+1, the
competition goes as follows:
a; Winsb;, teamA getsc.,;
ai+1 loses tab;, teamB getsco,+1;
ai+1 losesh; 1, teamB getsc,,42;
while by reportingz; +1, a;, the competition goes as follows:
ai+1 loses tab;, teamB getsc,;
a;i+1 losesh; 1, teamB getsco,+1;
Note thata; is still in the game. Sinca; > a;+1, a; will
win whoevera; 11 wins, getting a score,,,+¢,t > 0. Since
¢m > cm+¢. Truthful reporting is no worse for team.

e Case 5a; > bj+1 > b; > a;+1. This case is equivalent to
case 4.

e Case 6b; > a; > bjy1 > aiy1. By reportinga;, a;+1, the
competition goes as follows:
a; loses tah;, teamB getsc,;
a; Winsb; 1, teamA getsc,4+1;
ai+1 losesh; 1, teamB getsc,, +2;
while by reportingz; +1, a;, the competition goes as follows:
ai+1 loses tab;, teamB getsc, ;
ai+1 losesh; 1, teamB getsco,+1;
a; will win immediately aftera;+1 wins and gete;,, ¢ <
c¢m—+1- Truthful reporting is no worse for tear.

e Case 7hjy1 > a; > b; > aiy1. By reportinga;, a;+1, the
competition goes as follows:
a; Winsb;, teamA getsc.,;
ai+1 loses tab;, teamB getsco,+1;
ai+1 losesh; 1, teamB getsc,, +2;
while by reportingz; +1, a;, the competition goes as follows:
ai+1 loses tab;, teamB getsc,;
a;i+1 loseshj 1, teamB getsco,+1;
a; willwin immediately aftera;+1 wins and get,,,++ < ¢,
Truthful report is no worse for team.

e Case8bji1 > a; > aijy1 > bjorb; >a; > ajy1 > bjy1.
No matter reporting.;, a;+1 Or a;+1, a; will give team A the
same outcome.

e Case9bj11 >b; >a; > a1 0rb; > bjp1 > a; > aiy1.
No matter reporting.;, a;+1 Or a;+1, a; will give team A the
same outcome.

Therefore, truthful reporting is always no worse than npsre
ing. O

For example, to truthfully implementsc, we first leta;, vs by

worse than misreport.

e Case 2a; > bj > ai+1 > bj41. By reportinga;, a;+1, the
competition goes as follows:
a; Winsb;, teamA getscn ;
ai+1 loses tab;, teamB getsco,4+1;
@i+1 WiNSb; 1, teamA getscm+2;
while by reportingz; +1, a;, the competition goes as follows:
a;i+1 loses toh;, teamB getsc, ;
ait+1 WiNsb; 1, teamA getscp41;
a; Winsb;41, teamA getscy, 42;
Obviously truthful reporting is no worse for team

4.2.2 Score by Position

With this type of scoring rules, we assign the score to eadhima
similarly to what we did in the static mechanism, except twath
match is asymmetric: the score thatgets from winningz; vsb;
may not be the same &g gets from winning the same match. Fur-
ther, for the sake of symmetry, we require that the scoreithgéts
from winning a; vsb; is the same as the scobgegets from win-
ning b; vsa;. Therefore, only one score matrix is needed for such
a scoring rule.



DEFINITION 14. In a score-by-position rule with a score ma- However, sometimes the players can be strategic in the Hesise
trix Crxn, for any matcha; vsb;, a; getse;,; if he wins andb; the stronger one can lose a match deliberately if he wantSup.
getsc;,; otherwise. thermore, the weaker one may also choose to lose if he psetat
the stronger one may do so. For example, if we assign a sutffigie
large score to the second match in a knock-in mechanismethen
team’s best player will play the first match as badly as he cam-i
der to compete in the second match. Similar to the case where t
are negative entries in the score matrix of a static mectmanis

Unfortunately, in general this type of mechanism is not tams
sum. However it can truthfully implemenfs« in dominant strat-
egy with certain restrictions of.

THEOREM 5. The best way to prevent this from happening is to force “play-
e Aknock-in mechanist with score-by-position rule isdom-  ing one’s best” as a dominant strategy of a team. In other syord
inant strategy truthful if its score matrix satisfiés < i, j, i+ no matter what other team does, it is always no worse to play ou
1,j+1<n best. However, we make no attempt to study this formallynigai
because when both players try to play badly, the result ofriéeh
Locij 2 cijh is unclear.
2. ¢ij > Cit1,j4+1 As a compromise, we can force “playing one’s best” as a Nash

) ) ) N equilibrium strategy of each team. In other words, if theapnts
* A knock-in mechanismy with score-by-position rule dom-  giways play their best, it is never any worse to do the same.

inant strategy truthfully implementgpc with ¢; ; = 1 if
i > jandc;,; = 0 otherwise. DEFINITION 15.
PROOF o A strategyS, : ©4(5y — {P, L} of a player in a static
e The proof of the first claim is similar to that of theorem 4. mechanism is function that maps the private information to a
We enumerate all the possible cases of every neighboring action of either Play the best one’s best or Lose delibeyatel
pair and show that truthful reporting is always no worse than i
misreport. e A stratgagyS,, : (—).A(B). x Hy - {P, L} of a player in a
dynamic mechanism is function that maps each state and a
e First, if a mechanism with the score matéixsuch that; ; = nonterminal history to a action.

1if i > j andc; ; = 0 otherwise, then it satisfies ) )
Suppose we hawe > b, then ifa plays P, a wins no matter what

1. cij > cijt b plays; ifb plays P, a wins if a plays P andb wins if a playsL.®
2. Cij 2 Cit1,j+1
DEFINITION 16. We say a mechanism is honest, if in each state,

.SO, accordin.g to the first claim, it is dominant truthful. The given all the p|ayers in the other team p|§y it is also no worse
implementation offrc then follows from the fact that ac-  for each player to play.

cording to the matrix, each player can get 1 point iff it beats

certain higher or equally ranked player. The following theorem generalizes the result of honestyoith b
static and dynamic mechanisms.

O
THEOREM 6.
In other words, to implemenfts, we assign each player 1 point
if he wins some higher ranked opponents while assign eagkipla e A static mechanism is honest iff its score matthhas no
point if he loses or win some lower ranked opponents. For gkam negative entry.

if az wins bz, thenas gets 1 and, gets 0, otherwise bott; and
b» get 0. This indicates a higher ranked player can never sgore b e A knock-in mechanism with score-by-play-order rule is hon-

competing with a lower ranked player, but he still has to vadn t estiff{ci,ca,...,con} is non-increasing.
leave the competition so that his lower ranked team matehaan
a chance to score. e A knock-in mechanisi with score-by-position rule is hon-
est if its score matrix satisfieél <i,5,i+1,5j+1<n
4.3 Summary
To sum up, we generalize dominant strategy truthfulness and locj2>cij

truthful implementation by certain conditions for bothtataand

: . ) . 2. Cij 2 Cig1,j+1
dynamic mechanisms. We also prove that static mechanisens ar

able to implementfzc and fua. but fail to implementfr¢ and Itis interesting that for knock-in mechanisms, the comisi that
fuin while even a small amount of dynamic mechanisms called characterize honesty coincide with that of dominant sisateuth-
knock-in is sufficient to implement all the four choice fuiocis. fulness. In other words, as long as these conditions arsfisat]
Furthermore, the static mechanisms are not guaranteedittelae the resulting mechanism is both truthful and honest.

while the knock-in mechanisms, by eliminating one playerhea
match, can never exce@d — 1 matches.
6. OTHER ISSUES
5. STRATEGIC LOSING In this section, we discuss other interesting issues thatoeot

The assumption so far is that once the stateducesa >4 b, cover in previous sections.

a will always beatb. This makes sense when the players are non- 3qyr resylt still holds when randomization is allowed, butameit

strategic individuals. For instance, each player is a nuribe this here the definition of the possible outcomes when someon
sealed envelope and the winner is the greater one. plays a mixed strategy.




6.1 Win-Lose-Tie

We have considered an outcome to be a pair of real humbers
representing the scores that each team will receive at theoen
the competition. One could argue that in many cases, whhy rea
matters is who won the game. In the two-team competition set-
ting considered in this paper, this can be done by assumieg th
possible outcomes 1 (team A won), O (tie), and -1 (team A lost)

An interesting question then is how this will affect the rfésu
of this paper. First of all, we notice that instead of chaggiine
set of outcomes, the same effect can be acheived by chargng t
preference relatiof into the following ordering:A strictly prefers
(sa,sB) over(s'y, s’g) iff either

sa > sp ands’y < s'g
or
sa = spandsy < sg.
and is indifferent ts 4, sp) and(s’y, s’ )* iff either
sa > sp ands’y > s
or
sa = spandsy = sz
or
s4 < spandsy < sz

. Itis similar for teamB’s preference.

One can verify that, if a condition, which is sufficient forrd
nant strategy truthfulness (or implementation of a chaicefion)
previously, is still sufficient because the weak preferepessists
(01 is weakly preferred to, before implies; is weakly preferred
to 02 now). However, a previously necessary condition may not
hold now. For example, one can verify that the static mecmani
with the following score matrixCsxo:

[9 10

10 0
is dominant strategy truthful although it is not non-inwiea.

6.2 Uncertainty in a Match

Itis sometimes reasonable to assume uncertainty in a match e
if one player is better than the other. In such a model, the sa
described by a matri¥, ., wherep; ; is the probability that;
winsb;. There are several variations of this model. Knuth [3] in-
troduced a simplification of the model called knockout t@ument
by assuming a linear ordering , z», . .. among players where;
always beats; whenj > i+ 2 andz; beatsz; only at probability
p whenj = i 4+ 1. Graham, et al. [1] introduced an alternative
model by assuming; beatsz; with probabilityp for anys, j such
thati < j. Our model can be seen as a special case of Graham'’s
model wherep = 1. It would be an interesting future work to
generalize our state description to a random given ma&tyix, .

6.3 Profit Maximization

Note that we only require our mechanisms to satisfy certasich
criteria, based on which we can do certain optimizationgp8ee
the organizer is not so interested in the conciseness of duhan
nism as the profit that he can make from selling tickets. Feurtiis
profit might be determined by the following factors:

e The number of matches;

4 A is indifferent too; ando. if A weakly preferso; to o, and
weakly prefers); to 0, at the same time.

e The level of matches: a match betweenandb; can sell
more tickets than that ef,, andb,,;

e The truthfulness and honesty, so that the participants teant
play and the audience want to watch.

The organizer’s objective is to design a mechanism that ém
imizes the total profit while (b) satisfies the fairness anddsty
conditions. As long as the ticket information is given, ihis hard
to see that the designing problem becomes a search problem ov
the space where truthfulness and honesty are satisfied.

7. CONCLUDING REMARKS

We now summarize our contributions in this paper as follows:

e We have formulated the team competition problem in the
framework of mechanism design and proposed two types of
mechanisms called static and dynamic mechanisms that char-
acterize general forms of team competitions.

e We have put forward certain criteria such mechanisms should
satisfy.

e We have come up with certain theorems that describe how
these criteria can be satisfied for both types of mechanisms.

In particular, the knock-in mechanisms turn out to be exalgm
rich in implementing all these criteria,. However, there atill
a large amount of dynamic mechanisms unexplored. Besiges th
issues mentioned in section 6, it will be worthwhile to prote
the unexplored part of dynamic mechanisms in the future.
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