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Abstract

Vague information is common in many database applications due to intensive data dissemination
arising from different pervasive computing sources, such as the high volume data obtained from sen-
sor networks and mobile communications. In this paper, we utilize functional dependencies (FDs)
and inclusion dependencies (INDs), which are the most fundamental integrity constraints that arise
in practice in relational databases, to maintain the consistency of a vague database. First, we tackle
the problem, given a vague relation r and a set of FDs F , of how to obtain the “best” approximation
of r with respect to F when taking into account the median membership (m) and the imprecision
membership (i) thresholds. Using these two thresholds of a vague set, we define the notion of mi-
overlap between vague sets and a merge operation on r. Second, we consider, given a vague database
d and a set of INDs N , how to obtain the minimal possible change in value precision for d. Satisfac-
tion of an FD in r is defined in terms of values being mi-overlapping while satisfaction of an IND
in d is defined in terms of value-precision. We show that Lien’s and Atzeni’s axiom system is sound
and complete for FDs being satisfied in vague relations and that Casanova et al.’s axiom system is
sound and complete for INDs being satisfied in vague databases. Finally, we study the chase proce-
dure V Chase(d, F ∪N ) as a means to maintain consistency of d with respect to F and N . Our main
result is that the output of the procedure is the most object-precise approximation of r with respect to
F and the minimum value-precision change of d with respect to N . The complexity of V Chase(r,
F ) is polynomial time in the sizes of r and F whereas the complexity of V Chase(d, F ∪ N ) is
exponential.
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1 Introduction

Fuzzy set theory has long ago been introduced to handle inexact and imprecise data by
Zadeh’s seminal paper [1]. In fuzzy set theory, each object u ∈ U is assigned a single real
value, called the grade of membership, between zero and one. (Here U is a classical set of
objects, called the universe of discourse.) In [2], Gau et al. pointed out that the drawback of
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using the single membership value in fuzzy set theory is that the evidence for u ∈ U and
the evidence against u ∈ U are in fact mixed together. Therefore, the “neutral” evidence
between “for” and “against” evidence is ignored. In order to tackle this problem, Gau et al.
proposed the notion of Vague Sets (VSs), which allow using the interval-based membership
instead of using the point-based membership as in FSs. By the interval-based membership,
“neutral” evidence can be represented in a vague set.

We have also shown in our previous work [3] that the interval-based membership general-
ization in VSs is more expressive in capturing vague data semantics. In a vague relation,
each object with a vague membership belongs to a VS. A vague membership (also called a
vague value), denoted by [α(u), 1 − β(u)], is a subinterval of the unit interval [0,1], where
0 ≤ α(u) ≤ 1− β(u) ≤ 1. A true (or false) membership function α(u) (or β(u)) is a lower
bound on the grade of membership of u derived from the evidence for (or against) u.

In order to compare two vague values, we define the median membership, Mm = (α + 1 −
β)/2, which represents the overall evidence contained in a vague value, and the imprecision
membership, Mi = (1− β − α), which represents the overall imprecision of a vague value.
With Mm and Mi, we have a one-to-one correspondence between a vague value, denoted by
[α, 1− β], and a mi-pair vague value, denoted by < Mm,Mi >, for a given object.

Functional dependencies (FDs) [4,5] and inclusion dependencies (INDs) [6,7] are known to
be the most fundamental integrity constraints in relational databases. In this paper, we study
the problem of maintaining consistency of vague databases. We first define the notion of an
FD being satisfied in a vague relation, which can be formalized in terms of values being
mi-overlapping rather than equal. Then, we define the notion of an IND being satisfied in
a vague database, which can be formalized in terms of a comparison of values according to
value precision rather than set containment.

We show that Lien’s and Atzeni’s axiom system [8,5] is sound and complete for FDs being
satisfied in vague relations and Casanova et al.’s axiom system [6] is sound and complete for
INDs being satisfied in vague databases. A vague relation (or a vague database) [3] is said to
be consistent with respect to a set of FDs F (or a set of INDs N ) if it satisfies F (or N ). We
propose a new chase procedure for a vague database d, named V Chase(d, F ∪N), to tackle
the database consistency problem with respect to F ∪N .

Our first main result is that the output of the procedure is the most object-precise (or O-
precise in our notation) approximation of r with respect to F . The chase procedure can be
further extended to cater for inconsistency arising from a mixed set of F and N over vague
databases. Another main result is that the complexity of V Chase(d, F ∪ N ) is EXPTIME-
complete (cf. the implication problem of FDs and INDs is undecidable in relation databases
[6]) and the chase can be implemented by simply chasing against INDs first and then FDs to
obtain the same consistent vague database as output. The above results are fundamental to
those applications that involve vague data or fuzzy data as a special case, since maintaining
consistency is an important means to guarantee the quality of vague data in practical use.

Here we give a motivating example concerning only FDs over a vague relation for simplicity
in illustration. A more detailed but slightly complex example relating to both FDs and INDs
over a vague database is presented in Section 7.
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Consider a vague relation schema R = {S, T}, where S stands for the evidence of a sensor
ID and T stands for the temperature monitored by a sensor. Here S and T are vague concepts,
and their values are all represented by VSs. Suppose the attributes S and T share the common
universe of discourse, U = {0, 1, . . . , 10}. A vague relation r1 over R is shown in Table 1,
where the attributes S and T are vague. The VS <0.8,0.1>/0 means the evidence for “the
sensor ID is 0” is 0.8 and the imprecision for it is 0.1. The median membership threshold C
and the imprecision membership threshold I are collectively called the mi-thresholds. For
simplicity, we only show the elements in the values of S and T that satisfy the mi-thresholds.
Intuitively, this means that the elements in the relation all have strong evidence relative to
the thresholds. We say that two VSs mi-overlap when they have at least one common object
which satisfies the mi-thresholds (that is, 0.8 ≥ C and 0.1 ≤ I in this example). We regard
two mi-overlapping VSs as “similar” to each other and extend the classical FD concept to
vague relations based on this notion of similarity. Suppose that the FD S →C,I T is specified
as a constraint, meaning that the same sensor S reads the same temperature T in a “vague
sense”.

We assume a vague relation r1 over R, where the current temperature may be obtained
from different sensors. Thus, at any given time the information may be inconsistent. It can
be verified that r1 satisfies S →C,I T and is consistent. Suppose later a vague tuple was
inserted into r1, we have the vague relation r2 shown in Table 2. It can be verified that r2

does not satisfy S →C,I T and is inconsistent, since the evidence of S shows that the two
tuples have the common object 0 mi-overlapped, but the values of T do not have a common
object and thus do not mi-overlap. The vague relation r2 can be approximated by the less
O-precise relation r3, shown in Table 3. It can be verified that r3 satisfies S →C,I T and is
consistent. The vague relation r3 (one tuple) is in fact the most O-precise approximation of
r2. The transformation from r2 to r3 is based on the V Chase procedure introduced later.

Table 1
Sensor relation r1

S T

<0.8,0.1>/0 <0.9,0>/0

Table 2
Sensor relation r2

S T

<0.8,0.1>/0 <0.9,0>/0

<0.9,0.2>/0 <0.8,0.1>/1

Table 3
Sensor relation r3

S T

<0.9,0.1>/0 <0.9,0>/0 + <0.8,0.1>/1

We define the merge operation which replaces each attribute value in r by the mi-union
of all attribute values with respect to the same reflexive and transitive closure under mi-
overlap. This leads to a partial order on merged vague relations and the notion of a vague
relation being less O-precise than another vague relation. This partial order induces a lattice
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on the set of merged vague relations, which we denote by MERGE(R), based on object-
equivalence (O-equivalence for short) classes.

The main contributions of this paper are as follows.

• We develop the notions of median membership and imprecision membership in vague sets
to capture uncertain information and to maintain consistency of vague data.

• We define a partial order on merged vague relations which induces a lattice based on O-
equivalence classes. We also define a partial order related to the precision of vague values,
which induces a complete semi-lattice within each O-equivalence class.

• We extend the satisfaction of an FD in a vague relation in terms of values being mi-
overlapping rather than equal and show that Lien’s and Atzeni’s axiom system is sound
and complete for FDs being satisfied in vague relations.

• We extend the satisfaction of an IND in a vague database in terms of value precision rather
than set containment and show that Casanova et al.’s axiom system is sound and complete
for INDs being satisfied in vague databases.

• We propose the chase procedure for a vague relation r over R, named V Chase, as a
means of maintaining consistency of r with respect to a set of FDs F . The chase is further
extended to the scope of INDs N . Our main results are that the output V Chase(r, F )
is the most O-precise approximation of r with respect to F and the output V Chase(d,
N ) is the minimum change of value precision in d with respect to N . The complexity of
V Chase(d, F ∪N ) is exponential but polynomial time if N = ∅ (that is, only F ).

The rest of the paper is organized as follows. Related work is presented in Section 2. Section
3 presents some basic concepts related to mi-pair, which are used to enhance vague sets and
their operations. In Section 4, we discuss the merge operation, based on the less O-precise
order. In Section 5, FDs and the V Chase procedure of vague relations are introduced. In
Section 6, we give a semantic characterization of the V Chase procedure of a vague relation,
which is also consistent with respect to a set of FDs. In Section 7, we extend our V Chase
procedure for a mixed set of FDs and INDs. Finally, in Section 8, we offer our concluding
remarks.

2 Related work

When dealing with uncertain information, many approaches have been applied to extend
crisp relational databases, such as probability theory [9–14], fuzzy sets and possibility theory
[1,15–17], hedge algebras [18], vague sets [19,3,20–22], and so on.

An early work concerning probabilistic data modeling, as a generalization of relational data
model, was proposed in [9], where a relational database is transformed to a probabilistic
database by a mapping function, and each tuple in a probabilistic relation is assigned a prob-
ability indicating the likelihood that the tuple belongs to the relation. In the probabilistic data
model proposed later in [10], probabilities are associated with the values of the attributes,
and probabilities of compound events can be obtained by the probabilities of simpler events.
Moreover, missing probabilities are supported in this model. In contrast to [10], the proba-
bilistic data model proposed in [11] does not assume that the key values for a relation are
deterministic, and it attaches every tuple of a relation with associated probabilities. Within
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the model proposed in [11], the concept of stochastic dependency [12], as a generalization
of functional dependency, was proposed to extend the scope of normal forms to probabilistic
databases. In [13,14], probabilistic interval values are adopted instead of point values in the
probabilistic data model, as in many applications (such as image databases, sensor databases,
and so on), interval probabilities are employed to handle the widely existent errors inherent
to the probability data. There has also been research work related to various prediction mod-
els in economics [23], biology [24], traffic flow [25] and so on using Bayesian or statistical
methods [26] return confidence intervals that bound the probability. Therefore, the support
of interval probabilities is needed in the probabilistic data model.

The fuzzy set (FS) theory [1] was first introduced by Zadeh in 1965. The FS theory plays an
important role in modeling uncertain information for many decades. In a nutshell, there are
two types of FSs, type-1 (ordinary) FSs and type-2 FSs [27]. The type-2 FSs can be viewed
as a generalization of type-1 FSs in the sense that the membership itself can also be fuzzy.
In literature, there are several interval-based FSs which can be categorized as type-2 FSs,
such as interval-valued fuzzy sets [28], intuitionistic fuzzy sets [29], grey fuzzy sets [30]
and vague sets [2]. Although the notations, interpretations and motivations of these type-2
FSs may be different, they are in fact isomorphic from mathematical perspective [31–34].
They all capture the fundamental idea of evaluating membership and non-membership of an
object in a given universe of discourse.

In fuzzy control systems, linguistic terms (verbal descriptions of a concept) are often used
in representing the dependent relationship between one linguistic variable (a concept) to
another. For example, “very hot in temperature” implies “strong cooling in air-conditioning”
in a temperature auto-control system. Here “very hot” and “strong cooling” are linguistic
terms, and “temperature” and “air-conditioning” are linguistic variables. Each linguistic term
contains at least one primary term, such as “hot” or “cooling”, and some linguistic term may
contain one or more hedges, such as “very” or “strong”. As the structure of fuzzy sets does
not preserve the ordering structure of linguistic terms determined by their natural meaning,
such as the natural orders “very hot > hot” and “very cold < cold”, hedge algebras were
proposed in [18], which are defined on the set of linguistic terms of the linguistic variable. In
this algebraic approach, primary terms are considered as generators (i.e. constants or zero-
argument operations), and hedges as one-argument operations. Hedge algebra has a partially
ordered relation on the set of linguistic terms, which is induced by the meaning of hedges,
named as semantically ordering relation. Thus, hedge algebra is used in linguistic reasoning
that handles linguistic terms directly [18].

Integrity constraints ensure that changes made to the database do not result in a loss of data
consistency. FDs [4,5] and INDs [6,7] are commonly known as the most fundamental in-
tegrity constraints that arise in practice in crisp databases. The problem of maintaining the
consistency of databases has been studied for decades [35–38]. In particular, Levene [36]
introduced the notion of imprecise relations and FDs being satisfied in imprecise relations.
This is in order to cater for the situation when the information is obtained from different
sources and therefore may be imprecise. An imprecise set can be reviewed as a special case
of an O-equivalent VS in our context. By applying the vague set theory, we present in this
work a deeper analysis of precision and more general results of maintaining consistency
compared with previous work. We apply the interval-based vague memberships, which cap-
ture the positive, neutral and negative information of objects, and extend the “equally likely
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objects” assumption used in [36].

Repairing data inconsistency is known as an important research issue in the context of crisp
databases such as [37,38]. Some research work for handling the data integrity problem in
databases having uncertainty has also been proposed in different application areas, such as
biological databases [39], sensor databases [40], and so on. Fuzzy FDs [41–43], as a gen-
eralization of classical FDs, have been proposed to handle the integrity constraints problem
in fuzzy databases. In most fuzzy FDs, a fuzzy resemblance relation is used for comparing
domain values instead of the equal relation in crisp databases. In [44], a fuzzy equi-join
was proposed based on a fuzzy equality comparison, which allows threshold values to be
associated with predicates of the join condition. In order to evaluate the fuzzy equi-join, a
sort-merge join algorithm based on a partial order of intervals is presented. In [45], effi-
cient unnesting techniques were proposed to handle nested fuzzy queries in fuzzy databases,
and an extended merge-join is adopted to evaluate the unnested fuzzy queries. In [46], fuzzy
INDs, as a generalization of classical INDs, were proposed in fuzzy relational databases with
the derived inference rules. An algorithm to discover such fuzzy INDs was also introduced.
However, to our knowledge, there has not been any work that applies both functional and
inclusion dependencies as means to maintain consistency in fuzzy databases.

Within the vague set model, we previously studied the concepts of Vague FD (VFD) [19],
Vague SQL (VSQL) [3] and Vague Association Rule (VAR) [20,21]. The preliminary ver-
sion of the V Chase procedure was also proposed in [22], in which only FDs are involved
and the details of many important results are not included. VFDs [19] are based on the con-
cept of similar equality but not mi-overlapping of attribute values in vague relations. VSQL
can be employed to formulate a wide range of queries arising from four modes of query and
data interaction, that is, crisp or vague data and conventional SQL or VSQL. VARs address a
limitation in the traditional AR mining problem, which ignores the hesitation information of
items in transactions. For example, in many online shopping applications, the items that are
put into the basket but not checked out carry hesitation information. All the above work in-
dicates that the vague set model is an effective means to capture vague information involved
in applications.

3 Mi memberships and vague databases

In this section, we formally define the median membership, the imprecision membership and
vague databases, which are fundamental to model vague data. Further related properties of
the vague data model can be understood from [19,3,22].

3.1 Vague sets

We give the definition of a vague set [2] as follows. Let U be a classical set of objects, called
the universe of discourse, where an element of U is denoted by u.

Definition 3.1 (Vague set) A vague set V in a universe of discourse U is characterized by a
true membership function, αV , and a false membership function, βV , as follows: αV : U →
[0, 1], βV : U → [0, 1], and 0 ≤ αV (u) + βV (u) ≤ 1, where αV (u) is a lower bound on the
grade of membership of u derived from the evidence for u, and βV (u) is a lower bound on
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Fig. 1. The true (α) and false (β) membership functions of a vague set

the grade of membership of the negation of u derived from the evidence against u.

Suppose U = {u1, u2, . . . , un}. A vague set V in the universe of discourse U can be repre-
sented by V =

∑n
i=1[α(ui), 1−β(ui)]/ui, where 0 ≤ α(ui) ≤ 1−β(ui) ≤ 1 and 1 ≤ i ≤ n.

This approach bounds the grade of membership of u to a subinterval [αV (u), 1 − βV (u)] of
[0, 1]. In other words, the exact grade of membership µV (u) of u may be unknown, but is
bounded by αV (u) ≤ µV (u) ≤ 1−βV (u), where αV (u)+βV (u) ≤ 1. We illustrate the idea
in Fig. 1. Throughout this paper, we simply use α and β for u if no ambiguity of V arises.

We say that the interval [α(u), 1 − β(u)] is the vague value of the object u. For example,
if [α(u), 1 − β(u)] = [0.6, 0.9], then we can see that α(u) = 0.6, 1 − β(u) = 0.9 and
β(u) = 0.1. This is interpreted as “the degree that object u belongs to the vague set V is 0.6,
the degree that object u does not belong to the vague set V is 0.1.” For example, in a voting
process, the vague value [0.6,0.9] can be interpreted as “ the vote for resolution is 6 in favor,
1 against, and 3 neutral (abstentious).”

The precision of the knowledge about u is characterized by the difference (1−β(u)−α(u)).
If this value is small, the knowledge about u is relatively precise. If (1 − β(u)) is equal to
α(u), the knowledge about u is exact, and the vague set theory reverts to fuzzy set theory.
If (1 − β(u)) and α(u) are both equal to 1 or 0, the knowledge about u is exact (that is,
[α(u), 1− β(u)]/u ∈ V or [α(u), 1− β(u)]/u 6∈ V ) and V reverts to an ordinary set. Thus,
any crisp value can be regarded as a special case of a vague set. For example, a crisp data
value u can be presented by the vague set [1, 1]/u. In addition, the fuzzy set 0.8/u (the
membership of u is 0.8) can be presented as the vague set [0.8, 0.8]/u.

3.2 Median memberships, imprecision memberships and mi-pair vague sets

In order to compare vague values, we need to introduce two important derived memberships.

The first one is called the median membership, Mm = (α + 1− β)/2, which represents the
overall evidence contained in a vague value and is illustrated in Fig. 2.

Definition 3.2 (Median membership) The median membership of an object u ∈ U in a
vague set V , denoted by MV

m(u), is defined by MV
m(u) = (α(u) + 1− β(u))/2. Whenever V

and u are understood from the context, we simply write Mm.

It can be verified that 0 ≤ Mm ≤ 1. In addition, the vague value [1,1] has the highest Mm,
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which means the corresponding object totally belongs to V (that is, a crisp value). The vague
value [0,0] has the lowest Mm, which informally means that the corresponding object does
not “totally” belong to V (that is, the empty vague value). The higher the Mm is, the more
evidence of existence the vague value represents.

1

( 1 )/2
m

Fig. 2. Median membership of a vague
set

1

1i

Fig. 3. Imprecision membership of a vague
set

The second one is called the imprecision membership, Mi = (1− β − α), which represents
the overall imprecision of a vague value and is illustrated in Fig. 3.

Definition 3.3 (Imprecision membership) The imprecision membership of an object u ∈
U in a vague set V , denoted by MV

i (u), is defined by MV
i (u) = 1− β(u)−α(u). Whenever

V and u are understood from the context, we simply write Mi.

It can be verified that 0 ≤ Mi ≤ 1. In addition, the vague value [a, a](a ∈ [0, 1]) has the
lowest Mi which means that we know exactly the membership of the corresponding object
(that is, a vague value is then reduced to a fuzzy value). Furthermore, if a = 1, the vague
value is equivalent to a crisp value as appears in usual databases. The vague value [0,1] has
the highest Mi, which informally means that we know “nothing” about the precision of the
corresponding object. The higher the Mi is, the more imprecision the vague value represents.

Proposition 3.1 The median membership and the imprecision membership of an object sat-
isfy the inequality: 0 ≤ Mi

2
≤ Mm ≤ (1− Mi

2
) ≤ 1.

Proof. It follows directly from Definitions 3.2 and 3.3 after simple computations. 2

Proposition 3.1 shows that the median and imprecision memberships are bounded but they
relate to each other (cf. the relationship between true and false memberships in Definition
3.1).

Definition 3.4 (Mi-pair vague set) A mi-pair VS vague set in U = {u1, u2, . . ., un}
is characterized by a median membership function, MV

m , and an imprecision membership
function, MV

i , where MV
m : U → [0, 1], and MV

i : U → [0, 1]. V is given as follows:
V =

∑n
i=1 < MV

m(ui),M
V
i (ui) > /ui. <MV

m(ui), MV
i (ui)>/ui is called an element of V

and <MV
m(ui), MV

i (ui)> is called the (mi-pair) vague value of the object ui.

It is worth mentioning that a mi-pair vague value <Mm,Mi> not satisfying the inequality
in Proposition 3.1 can render the corresponding vague value [α, 1− β] invalid. For example,
the corresponding vague value of <0, 1> is [-0.5, 0.5], which is not defined.
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Using Mm and Mi, we have a one-to-one correspondence between a vague value, [α, 1− β],
and a mi-pair vague value, <Mm,Mi>. From now on, whenever no confusion arises, a
vague set or a vague value refers to a mi-pair vague set or a mi-pair vague value, respectively.
The definition of a vague database built upon vague sets is presented as follows.

Definition 3.5 (Vague relation and vague database) Let Dom(Ai) be the domain corre-
sponding to the attribute Ai. We define Dom(Ai) = {V | V is a V S in U}. A vague
tuple t = (a1, a2, . . . , am) over a relation scheme, R = {A1, A2, . . . , Am}, is an element in
D = Dom(A1) × Dom(A2) × · · · × Dom(Am). A vague relation r over R is a subset of
Dom(A1)×Dom(A2)× · · · ×Dom(Am). A vague database d over R = {R1, . . . , Rn} is
a set of relations ri over Ri.

Unlike classical relations, Dom(Ai) in vague relations is defined as a set of VSs. As a crisp
value can be expressed by a VS, crisp (or classical) relations can be viewed as a special
case of vague relations in which each vague set contains only one (crisp) object having
membership <1,0>.

Here is an example of a vague relation.

Table 4
A sensor vague relation r

S T L

t1 <0.7,0.4>/0 + <0.5,1>/3 <0.8,0.3>/0 + <0.6,0.1>/1 <0.4,0.3>/0 + <0.6,0.3>/1

t2 <0.8,0.1>/0 + <0.1,0.1>/1 <0.9,0.1>/1 + <0.5,0.1>/2 <0.6,0.6>/0 + <0.5,0.2>/2

t3 <0.9,0.2>/1 + <0.5,0.1>/2 <0.3,0.2>/2 <0.2,0.2>/0

t4 <0.5,0.1>/3 + <0.8,0.2>/4 <0.4,0.4>/3 <0.4,0.2>/3

Example 1 Let R = {S, T, L} be a vague relation schema, where S stands for a sensor ID,
T stands for the temperature monitored by a sensor and L stands for a location area ID. A
sensor vague relation r having 4 tuples {t1, t2, t3, t4} is shown in Table 4. For those vague
elements not listed in the relation, we assume they all have a special vague value <0, 1>,
which represents the boundary of vague values, since any median membership is greater
than or equal to 0 and any imprecision membership is less than or equal to 1.

In order to represent vague elements not listed in a vague relation and develop our V Chase
procedure later on in the paper, we formally define a special VS called boundary VSs as
follows.

Definition 3.6 (Boundary VS) A boundary VS, denoted as χ, is a VS in which for all u ∈ U ,
Mm = 0 and Mi = 1.

Intuitively, χ represents the minimal VS as an attribute value in vague relations.

3.3 Existence and overlap of vague sets

We next define the concepts of a mi-existing VS and overlapping VSs. The underlying idea
is to check if vague values satisfy the predefined mi-thresholds: C as a crisp threshold (0 ≤
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C ≤ 1), and I as an imprecision threshold (0 ≤ I ≤ 1).

Definition 3.7 (Mi-existing) Given V and the mi-thresholds C and I , if ∃u ∈ U , such that
MV

m(u) ≥ C and MV
i (u) ≤ I , then u is a mi-existing object, <MV

m(u), MV
i (u)>/u is a

mi-existing element, and V is said to be a mi-existing VS (or V is mi-existing) under C and
I .

By Definition 3.7, it follows that V is not mi-existing if all the objects in V are not mi-
existing under C and I .

Definition 3.8 (Mi-overlap) Given two vague sets V1 and V2, if ∃u ∈ U , such that MV1
m (u)

≥ C and MV2
m (u) ≥ C, MV1

i (u) ≤ I and MV2
i (u) ≤ I , then V1 and V2 mi-overlap under

mi-thresholds C and I , denoted by V1 ∼mi V2(C, I). u is called the common mi-existing
object of V1 and V2 under C and I . Otherwise, V1 and V2 do not mi-overlap under C and
I , denoted by V1 6∼mi V2(C, I). We may skip the specification of C and I if they are known
from the context.

By Definition 3.8, it follows that V1 and V2 do not mi-overlap if there is no common mi-
existing object of V1 and V2 under C and I .

Example 2 Given C = 0.2 and I = 0.9, it can be verified that t1[L] and t2[L] in Table 4
mi-overlap, that is, t1[L] ∼mi t2[L](0.2, 0.9). However, if C = 0.2 and I = 0.5, we find that
t1[L] and t2[L] do not mi-overlap, that is, t1[L] 6∼mi t2[L](0.2, 0.5).

Using the mi-existing objects of VSs, we define mi-union and mi-intersection of VSs based
on maximum and minimum operations on vague values. Intuitively, these two operations are
the mi-pair counterparts of a usual set union and intersection.

Definition 3.9 (Mi-union) Given two VSs V1 and V2 under the mi-thresholds C and I , the
mi-union of V1 and V2 is a VS V3 = V1 ∨ V2, whose median membership and imprecision
membership functions are given according to the following cases. Let u ∈ U .

(1) If u is a mi-existing object in both V1 and V2,
MV3

m (u) = max(MV1
m (u),MV2

m (u)), MV3
i (u) = min(MV1

i (u),MV2
i (u));

(2) If u is a mi-existing object in V1 but not in V2,
MV3

m (u) = MV1
m (u), MV3

i (u) = MV1
i (u);

(3) If u is not a mi-existing object in both V1 and V2,
MV3

m (u) = MV1
m (u),MV3

i (u) = MV1
i (u), if MV1

m (u) ≥ MV2
m (u);

MV3
m (u) = MV2

m (u),MV3
i (u) = MV2

i (u), otherwise.

Notably, the third case of Definition 3.9 adopts the vague value from either V1 or V2, de-
pending on which has the higher median membership. This guarantees that the two non-mi-
existing elements in the union operation cannot be “upgraded” to be mi-existing elements.
In other words, the union operation always keeps the elements that are under mi-thresholds
to be non-mi-existing.

Definition 3.10 (Mi-intersection) Using the same set of notations of Definition 3.9, the
mi-intersection of VSs V1 and V2 is a VS V3 = V1 ∧ V2, whose median membership and
imprecision membership functions are given according to the following cases.

(1) If u is a mi-existing object in both V1 and V2,

10



MV3
m (u) = min(MV1

m (u),MV2
m (u)),

MV3
i (u) = min(max(MV1

i (u),MV2
i (u)), 2MV3

m (u));
(2) If u is a mi-existing object in V1 but not in V2,

MV3
m (u) = MV2

m (u), MV3
i (u) = MV2

i (u);
(3) If u is not a mi-existing object in both V1 and V2,

MV3
m (u) = MV1

m (u),MV3
i (u) = MV1

i (u), if MV1
m (u) ≤ MV2

m (u);
MV3

m (u) = MV2
m (u),MV3

i (u) = MV2
i (u), otherwise.

It can be proved that the term 2MV3
m (u) in Case 1 of Definition 3.10 ensures that the impreci-

sion membership of the result in V3 is in the valid range. For example, given two vague values
<0.2,0.3> and <0.5,0.8>, we have <min(0.2,0.5),max(0.3,0.8)> = <0.2,0.8>. However,
its corresponding interval vague value is [-0.2,0.6], which is out of the valid range [0,1].
Therefore, according to the definition, we have <0.2,min(0.8,2 × 0.2)> = <0.2,0.4> as the
mi-intersection value, whose corresponding interval vague value [0,0.4] is valid.

The following proposition indicates that the boundary VS, χ, shares the properties of the
usual empty set.

Proposition 3.2 Given a VS V , χ ∨ V = V and χ ∧ V = χ.

Proof. It follows directly from Definitions 3.6, 3.9 and 3.10. 2

4 Merge operation of vague relations

In this section, we define the merge of a vague relation r as the operation which replaces each
attribute value (represented by a VS) in r by the mi-union of all attribute values with respect
to the same reflexive and transitive closure under mi-overlap. This leads to the concept of
two kinds of partial orders related to precision on merged vague relations.

From now on, we let R = {A1, A2, . . . , Am} be a relation schema and r be a vague rela-
tion over R. We also assume common notation used in relational databases [5] such as the
projection of a tuple t[A].

The semantics of a vague set, t[Ai], where t ∈ r and Ai ∈ R, are that an object u ∈ Ui has
the vague value <Mm(u),Mi(u)> in t[Ai]. The intuition is that, for those objects which are
not mi-existing, we regard their memberships as too “weak” to be considered as inconsistent
with respect to a set of FDs. This strategy provides simplicity and flexibility for maintaining
an inconsistent database, since it deals with those significantly vague elements only.

Definition 4.1 (Mi-active domain) The mi-active domain of r with respect to Ai is defined
by A(r, Ai) = {v|v is mi-existing and v ∈ ∨{t[Ai]|t ∈ r}}.

The concept of a mi-active domain is naturally extended to relations and databases as fol-
lows. A(r) =

∨
Ai∈RA(r, Ai) and A(d) =

∨
r∈dA(r).

According to Definition 3.9, given any mi-existing object in r, the corresponding vague ele-
ment in A(d) has the highest median membership and the lowest imprecision membership.

We now define the merge operation which replaces each attribute value of a tuple in a vague
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relation by the mi-union of all attribute values with respect to the same reflexive and transi-
tive closure under mi-overlap.

Definition 4.2 (Merged relation) Given A ∈ R and mi-thresholds C and I , we con-
struct a directed graph G = (V, E), where V = πA(r). An edge (t1[A], t2[A]) is in E iff
t1[A] ∼mi t2[A](C, I). Let G+ = (V +, E+) be the reflexive and transitive closure of G. The
merge of r, denoted by merge(r), is the vague relation resulting from replacing each t[A]
by

∨{t[A]′|(t[A], t[A]′) ∈ E+} for all A ∈ R.

We let MERGE(R) be a collection of all merged relations over R under C and I .

Example 3 Given C = 0.2 and I = 0.9, the vague relation merge(r), is shown in Table
5, where r is shown in Table 4. For example, since t1[L] ∼mi t2[L](0.2, 0.9) and t2[L] ∼mi

t3[L](0.2, 0.9), we replace t1[L], t2[L] and t3[L] by <0.6,0.2>/0 + <0.6,0.3>/1 + <0.5,0.2>/2.
Note that the first two tuples in r (t1 and t2) have been merged into a single tuple (t′1) in
merge(r). With different mi-thresholds C and I , we may have different merge results. For
example, if we set C = 0.2 and I = 0.5, then t1[L] 6∼mi t2[L](0.2, 0.5). In this case, we
obtain merge(r) shown in Table 6. It can be verified that the first two tuples (t′1 and t′2) are
not merged.

Table 5
A relation merge(r) under C = 0.2 and I = 0.9

S T L

t′1 <0.8,0.1>/0 +
<0.1,0.1>/1 +
<0.5,1>/3

<0.8,0.3>/0 + <0.9,0.1>/1
+ <0.5,0.1>/2

<0.6,0.2>/0 + <0.6,0.3>/1
+ <0.5,0.2>/2

t′2 <0.9,0.2>/1 +
<0.5,0.1>/2

<0.8,0.3>/0 + <0.9,0.1>/1
+ <0.5,0.1>/2

<0.6,0.2>/0 + <0.6,0.3>/1
+ <0.5,0.2>/2

t′3 <0.5,0.1>/3 +
<0.8,0.2>/4

<0.4,0.4>/3 <0.4,0.2>/3

Table 6
A relation merge(r) under C = 0.2 and I = 0.5

S T L

t′1 <0.8,0.1>/0 + <0.1,0.1>/1
+ <0.5,1>/3

<0.8,0.3>/0 + <0.9,0.1>/1
+ <0.5,0.1>/2

<0.4,0.2>/0 +
<0.6,0.3>/1

t′2 <0.8,0.1>/0 + <0.1,0.1>/1
+ <0.5,1>/3

<0.8,0.3>/0 + <0.9,0.1>/1
+ <0.5,0.1>/2

<0.6,0.6>/0 +
<0.5,0.2>/2

t′3 <0.9,0.2>/1 + <0.5,0.1>/2 <0.8,0.3>/0 + <0.9,0.1>/1
+ <0.5,0.1>/2

<0.4,0.2>/0 +
<0.6,0.3>/1

t′4 <0.5,0.1>/3 + <0.8,0.2>/4 <0.4,0.4>/3 <0.4,0.2>/3

There are two levels of precision we consider in vague sets for handling inconsistency. The
first is the object-precision, which intuitively means the precision according to the cardinality
of a set of mi-existing objects. The second is that, given the same object in two VSs, the
vague values have different mi precision, which we term the value-precision.
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We first define a partial order named less object-precise on VSs based on mi-existing objects
and then extend this partial order to tuples and relations in MERGE(R).

Definition 4.3 (Less object-precise and object-equivalence) We define a partial order, less
object-precise (or less O-precise for simplicity) between two vague sets V1 and V2 as follows:

V1 vO V2 if the set of mi-existing objects in V1 is a superset of the set of those in V2. We say
that V1 is less O-precise than V2.

We extend vO in r as follows. Let t1, t2 ∈ r. t1 vO t2 if ∀Ai ∈ R, t1[Ai] vO t2[Ai]. We say
that t1 is less O-precise than t2.

Finally, we extend vO in MERGE(R) as follows: Let r1, r2 ∈ MERGE(R). r1 vO r2 if
∀t2 ∈ r2, ∃t1 ∈ r1 such that t1 vO t2. We say that r1 is less O-precise than r2.

We define an object-equivalence between V1 and V2, denoted as V1
.
=O V2, iff V1 vO V2 and

V2 vO V1. Similar definitions of object-equivalence are extended to tuples and relations.

We denote by ∅O a special class of object-equivalent relations that contain no mi-existing
objects. A vague relation in ∅O can be regarded as an empty set of mi-existing tuples.

Thus, an object-equivalence relation on MERGE(R) induces a partition of
MERGE(R), which means all object-equivalent vague relations are put into one
O-equivalence class. Given any two vague relations in an O-equivalence class of
MERGE(R), each tuple in one vague relation has a one-to-one correspondence in another
vague relation.

Now, we define a partial order named less value-precise of VSs based on the vague values
of mi-existing objects. We also extend this partial order to tuples and relations.

Definition 4.4 (Less value-precise and value-equivalence) We define a partial order, less
value-precise (or less V -precise for simplicity), between V1 and V2 as follows:

Let a = <MV1
m , MV1

i > and b = < MV2
m , MV2

i > be the respective vague values of an object u
in V1 and V2. If MV1

m ≤ MV2
m and MV1

i ≥ MV2
i (that is, a represents less evidence of existence

and more imprecision than b does), then we say a is less V -precise than b and denote this
fact by a vV b.

Given mi-thresholds C and I , V1 vV V2(C, I) if the vague value of each mi-existing object
under C and I in V1 is less V -precise than that of the same object in V2. We simply say that
V1 is less V -precise than V2 whenever C and I are understood.

For any two tuples t1 and t2 in vague relations r and s over R = {A1, . . . , Am} and S =
{B1, . . . , Bm} respectively. Then t1 vV t2 if ∀Ai ∈ R and Bi ∈ S, t1[Ai] vV t2[Bi]. The
less value-precise order can be naturally extended to the projected tuples over R and S.

We further extend vV between r and s (or their projected relations) as follows. r vV s if
∀t1 ∈ r, ∃t2 ∈ s such that t1 vV t2. We say that r is less V -precise than s and denote this
fact by r vV s.
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We define a value-equivalence, denoted as V1
.
=V V2 iff V1 vV V2 and V2 vV V1. Similar

definitions are extended to tuples and relations.

Within an O-equivalence class of MERGE(R), V -precision can be viewed as a second
level precision with respect to the mi-existing objects. In other words, we ignore those non-
mi-existing objects in the V -precision comparison.

Proposition 4.1 The vague value of each mi-existing object in merge(r) is no less V -
precise than the corresponding vague value of the same object in r.

Proof. It follows directly from Definitions 3.9, 4.2 and 4.4. 2

For example, the vague value < 0.8, 0.1 > of the mi-existing object 0 in t′1[S] in Table 5
is more V -precise than the corresponding vague value < 0.7, 0.4 > of the same object 0 in
t1[S] in Table 4.

According to Definition 4.4, we define V -join, ∪, and V -meet, ∩, under vV of vague values
of a given object, that is, <Mx

m,Mx
i >∪<My

m,My
i >=<max{Mx

m,M y
m},min{Mx

i ,Mx
i }>

and <Mx
m,Mx

i >∩<My
m,My

i >=<min{Mx
m,M y

m},max{Mx
i ,Mx

i }>. It is easy to check that
the less V -precise order vV induces a complete semi-lattice by using ∪ and ∩ as shown in
Fig. 4.

It can be checked that <1,0> is the top element according to the less V -precise order.
Note that for some mi-pair vague values, V -meet may cause the corresponding vague value
[α(u), 1−β(u)] falling beyond the valid range [0,1]. From now on, we restrict our discussion
to the V -meet that gives rise to valid vague values as a result.

Given any mi-thresholds C and I , if <C, I> is a valid vague value, then we can use <C, I>
as a cut-off boundary to construct a complete lattice, rather than the original complete semi-
lattice as illustrated in Fig. 4, induced by the less V -precise order vV . For example, given
<C, I> = <0.5, 0.5> (or <0.6, 0.4>), which is a valid vague value, in the dotted-line region
in Fig. 4, all vague values form a complete lattice, since given any two values in the enclosed
region, we have their greatest lower bound and lowest upper bound. However, if <C, I>
is not a valid vague value, then we have a complete semi-lattice, since some values in the
enclosed region constructed by <C, I> do not have their greatest lower bound. For instance,
in the dotted-line region with respect to an invalid vague value <0.1, 0.3>, all vague values
form a complete semi-lattice, since for <0.1, 0.2> and <0.2, 0.3>, we do not have their
greatest lower bound.

From Definition 4.3, we can deduce that MERGE(R) is a lattice based on O-equivalence
classes with respect to vO. In this lattice, each node is an O-equivalence class, in which all
vague relations are O-equivalent. The top node is the O-equivalence class of ∅O, that is, the
set of vague relations with no mi-existing objects. The bottom node is the O-equivalence
class, in which all vague relations have only one tuple and all mi-existing objects in vague
relations form the universe of discourse.

Example 4 For simplicity, we assume U = {0, 1} and R = {A} and construct the lattice
for MERGE(R) under C = 0.5 and I = 0.5 according to O-equivalence classes. As shown
in Fig. 5, all O-equivalence classes (the nodes represented by circles) form a lattice based
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<0,0>

<0.1,0>

<0.2,0>

<0.3,0>

<0.4,0>

<0.5,0>

<0.6,0>

<0.7,0>

<0.8,0>

<0.9,0>

<1,0>

<0.9,0.1> <0.9,0.2>

<0.8,0.1> <0.8,0.2> <0.8,0.3> <0.8,0.4>

<0.7,0.1> <0.7,0.2> <0.7,0.3> <0.7,0.4> <0.7,0.5> <0.7,0.6>

<0.6,0.1> <0.6,0.2> <0.6,0.3> <0.6,0.4> <0.6,0.5> <0.6,0.6> <0.6,0.7> <0.6,0.8>

<0.5,0.1> <0.5,0.2> <0.5,0.3> <0.5,0.4> <0.5,0.5> <0.5,0.6> <0.5,0.7> <0.5,0.8> <0.5,0.9> <0.5,1>

<0.4,0.1> <0.4,0.2> <0.4,0.3> <0.4,0.4> <0.4,0.5> <0.4,0.6> <0.4,0.7> <0.4,0.8>

<0.3,0.1> <0.3,0.2> <0.3,0.3> <0.3,0.4> <0.3,0.5> <0.3,0.6>

<0.2,0.1> <0.2,0.2> <0.2,0.3> <0.2,0.4>

<0.1,0.1> <0.1,0.2>

A cut-off boundary <0.5,0.5> (a valid vague value)

leading to a complete lattice

A cut-off boundary <0.6,0.4> (a valid vague value)

leading to a complete lattice

A cut-off boundary <0.1,0.3> (an invalid vague value)

leading to a complete semi-lattice

Fig. 4. A complete semi-lattice or lattice of vague values of an object u according to the cut-off

on vO. Each node in the lattice is actually the set of all vague relations (represented by
tables with single attribute) which are O-equivalent to each other. For instance, r1 and r2

are two vague relations with two tuples such that r1
.
=O r2. Similarly, we have r3

.
=O r4,

where r3 and r4 are two vague relations with only one tuple. Inside each node, based on vV

in Definition 4.4, all vague relations in the node form a complete lattice (when the cut-off
boundary is a valid vague value) or a complete semi-lattice (when the cut-off boundary is
not a valid vague value). In the complete (semi-)lattice, the top element is the vague relation
in which all vague values of objects are <1,0>, and if the cut-off boundary <C,I> is a
valid vague value, then the bottom element is the vague relation in which all vague values
of objects are <C,I>. For example, in the lattice shown in Fig. 7, which is the bottom node
of the lattice in Fig. 5, each table represents a single attribute vague relation. The top is the
single attribute vague relation r3 with one tuple (<1,0>/0 + <1,0>/1). The bottom is the
vague relation r4 with single tuple (<0.5,0.5>/0 + <0.5,0.5>/1), and the vague value of
each object is <C,I>.

Given different mi-thresholds, a lattice induced byvV exists inside each node. For instance,
we have the lattice of MERGE(R) under C = 0.5 and I = 0.4 as shown in Fig. 6. The
bottom elements in each node are different from those in Fig. 5.

ØO

<0.5,0.5>/0

<0.6,0.5>/0<0.5,0.4>/0

<1,0>/0

<0.5,0.5>/1

<0.6,0.5>/1<0.5,0.4>/1

<1,0>/1

<1,0>/0

<1,0>/1

<0.5,0.5>/0+<0.5,0.5>/1

<1,0>/0+<1,0>/1

<0.5,0.5>/0

<0.5,0.5>/1

r
1

r
2

r
3

r
4

Top node

Bottom

node

Fig. 5. A lattice of MERGE(R) under C = 0.5 and I = 0.5

Now, we extend the concept of mi-existing VSs given in Definition 3.7 to tuples as follows:
t[X] is mi-existing, if ∀A ∈ X , t[A] is mi-existing, where X ⊆ R. We also extend the
concept of mi-overlap given in Definition 3.8 to tuples t1, t2 ∈ r under mi-thresholds C and
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<0.5,0.4>/0

<0.6,0.4>/0<0.5,0.3>/0

<1,0>/0

<0.5,0.4>/1

<0.6,0.4>/1<0.5,0.3>/1

<1,0>/1

<1,0>/0

<1,0>/1

<0.5,0.4>/0+<0.5,0.4>/1

<1,0>/0+<1,0>/1

<0.5,0.4>/0

<0.5,0.4>/1

ØO

Fig. 6. A lattice of MERGE(R) under C = 0.5 and I = 0.4

<0.5,0.5>/0+<0.5,0.5>/1

<1,0>/0+<1,0>/1

<0.5,0.4>/0+<0.5,0.5>/1 <0.5,0.5>/0+<0.5,0.4>/1

<0.5,0.4>/0+<0.5,0.4>/1

<0.6,0.5>/0+<0.5,0.5>/1 <0.5,0.5>/0+<0.6,0.5>/1

<0.6,0.5>/0+<0.6,0.5>/1

r
4

r
3

Fig. 7. A lattice within the bottom node of the lattice of MERGE(R) of Fig. 5

I as follows: t1[X] ∼mi t2[X](C, I), if ∀A ∈ X , t1[A] ∼mi t2[A](C, I) where X ⊆ R.

Example 5 We can verify that t1 ∼mi t2(0.2, 0.9) but t1 6∼mi t2(0.9, 0.2) in the relation
shown in Table 4.

5 Functional dependencies and vague chase

In this section, we formalize the notion of an FD being satisfied in a vague relation r and
present the V Chase procedure for r as a means of maintaining consistency of r with respect
to a given set of FDs.

5.1 Functional dependencies in vague relations

Functional dependencies (FDs) being satisfied in a vague relation r can be formalized in
terms of values being mi-overlapping rather than equal. Lien’s and Atzeni’s axiom system
is sound and complete for FDs being satisfied in vague relations.

Definition 5.1 (Functional dependency) Given mi-thresholds C and I , a functional de-
pendency over R (or simply an FD) is a statement of the form X →C,I Y , where X,Y ⊆ R.
We may simply write X → Y if C and I are known from the context. An FD X → Y is
satisfied in a relation r, denoted by r ² X → Y , if ∀t1, t2 ∈ r, t1[X] ∼mi t2[X](C, I), then
t1[Y ] ∼mi t2[Y ](C, I), or t1[Y ] or t2[Y ] are not mi-existing.

A set of FDs F over R is satisfied in r, denoted by r ² F , if ∀X → Y ∈ F , r ² X → Y .
If r ² F we say that r is consistent with respect to F (or simply r is consistent if F is
understood from context); otherwise if r 6² F then we say that r is inconsistent with respect
to F (or simply r is inconsistent). We let SAT (F ) denote the finite set {r ∈ MERGE(R) |
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r ² F}. We remark that it is necessary to restrict mi-thresholds C > 0 or I < 1 in defining
FDs. Otherwise (that is, C = 0 and I = 1), any given FD is trivially satisfied in a relation.

Example 6 Let F = {S →0.2,0.9 TL, L →0.2,0.9 S} be a set of FDs over R, where R
is the relation schema whose semantics are given in Example 1. We can verify that r ²
S →0.2,0.9 TL but that r 6² L →0.2,0.9 S, where r is the relation shown in Table 4. Thus
r ∈ SAT ({S →0.2,0.9 TL}) but r 6∈ SAT (F ). Consider also merge(r) shown in Table 5,
we have merge(r) ∈ SAT ({S →0.2,0.9 TL}) but merge(r) 6∈ SAT (F ). If we change the
mi-thresholds from 0.2 and 0.9 to 0.2 and 0.5, the result is different. Let F = {S →0.2,0.5

TL, L →0.2,0.5 S} be a set of FDs over R. We can verify that r 6² S →0.2,0.5 TL and that r 6²
L →0.2,0.5 S. Thus r 6∈ SAT ({S →0.2,0.5 TL}) and r 6∈ SAT (F ). Consider also merge(r)
shown in Table 6, we have merge(r) 6∈ SAT ({S →0.2,0.5 TL}) and merge(r) 6∈ SAT (F ).

The next proposition is immediate from Definition 5.1. The first part shows that the seman-
tics of FDs can be characterized in terms of object equivalence. The second part indicates
that the consistency in r and merge(r) with respect to an FD is equivalent.

Proposition 5.1 The following statements are true:

(1) If r ∈ MERGE(R), then r ² X → Y , if and only if, ∀t1, t2 ∈ r, if t1[X]
.
=O t2[X]

then t1[Y ]
.
=O t2[Y ] or t1[Y ] or t2[Y ] are not mi-existing.

(2) r ² X → Y if and only if merge(r) ² X → Y .

Proof. Part 1. It follows directly from Definitions 4.3 and 5.1.
Part 2. By Definitions 4.2 and 4.3, for each A ∈ R, the family of O-equivalent VSs over R
with respect to r is equal to the family of O-equivalent VSs over πA(merge(r)). Then by
Definition 5.1, the result follows. 2

We say that F logically implies an FD X → Y , denoted by F |= X → Y , such that ∀r over
R, if r ² F holds then r ² X → Y also holds.

Let X,Y, Z ⊆ R and XY = X ∪ Y . Here we state the well known Lien’s and Atzeni’s
axiom system [8,5] for incomplete relations r as follows:

(1) Reflexivity: If r |= Y ⊆ X , then r |= X → Y holds.
(2) Augmentation: If r |= X → Y holds, then r |= XZ → Y Z also holds.
(3) Union: If r |= X → Y and r |= X → Z hold, then r |= X → Y Z holds.
(4) Decomposition: If r |= X → Y Z holds, then r |= X → Y and r |= X → Z hold.

Definition 5.2 (Soundness and completeness of axiom system) Whenever an FD X → Y
can be proven from F using a finite number of inference rules from Lien’s and Atzeni’s axiom
system [5], we write F ` X → Y .

Lien’s and Atzeni’s axiom system is sound if F ` X → Y implies F ² X → Y . Correspond-
ingly, Lien’s and Atzeni’s axiom system is complete if F ² X → Y implies F ` X → Y .

The proof of the following theorem is standard [5], in which we establish a counter example
relation to show that F 6` X → Y but F 6² X → Y .

Theorem 5.2 Lien’s and Atzeni’s axiom system is sound and complete for FDs being satis-
fied in vague relations.
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Table 7
The counter example vague relation

X X+ −X R−X+

<1,0>/0 · · · <1,0>/0 <0,1>/0 · · · <0,1>/0 <1,0>/1 · · · <1,0>/1

<1,0>/0 · · · <1,0>/0 <1,0>/0 · · · <1,0>/0 <1,0>/0 · · · <1,0>/0

Proof. The soundness of Lien’s and Atzeni’s axiom system can be easily verified. We prove
completeness by showing that F 6` X → Y , then F 6² X → Y , where F is a set of
FDs over schema R. Assume F 6` X . Equivalently for the latter, it is sufficient to exhibit
a vague relation r over R, such that ∀W → Z ∈ F , r ² W → Z but r 6² X → Y . Let
X+ =

⋃{Y |F ` X → Y }. Given r shown in Table 7, C > 0 or I < 1, we first need to
show that ∀W → Z ∈ F , r ² W → Z. Suppose there exists an FD W → Z ∈ F , such
that r 6² W → Z. From r, we see that W ⊆ X and ∃A ∈ Z ∩ (R − X+), which implies
that A 6∈ X+. By augmentation we have F ` X → ZX , and by decomposition we have
F ` X → A, which follows that A ∈ X+. It thus leads to a contradiction. Next, we show
that r 6² X → Y . Suppose r ² X → Y . Since Y ⊆ X+. By the definition of X+, we have
F ` X → X+. By decomposition, ∀A ∈ Y , F ` X → A holds and by union, F ` X → Y
holds, which is contradictory to our assumption. 2

5.2 Vague chase

We now define the chase procedure for maintaining consistency in vague relations. As-
suming that a vague relation r is updated with information obtained from several different
sources, at any given time the vague relation r may be inconsistent with respect to a set
of FDs F . Thus we input r and F into the V Chase procedure and its output, denoted by
V Chase(r, F ), is a consistent relation over R with respect to F . The pseudo-code for the
algorithm V Chase(r, F ) is presented in Algorithm 1. For convenience, we may also use
V Chase(r, F ) to represent the output relation.

Algorithm 1. V Chase(r, F )
1: Result := r;
2: Tmp := ∅;
3: while Tmp 6= Result do
4: Tmp := Result;
5: if X →C,I Y ∈ F , ∃t1, t2 ∈ Result such that t1[X] ∼mi t2[X](C, I), t1[Y ] and t2[Y ]

are mi-existing but t1[Y ] 6∼mi t2[Y ](C, I) then
6: ∀A ∈ (Y −X), t1[A], t2[A] := t1[A] ∨ t2[A];
7: end if
8: end while
9: return merge(Result);

We call an execution of Line 6 in Algorithm 1 a VChase step, and say that the V Chase step
applies the FD X → Y to the current state of V Chase(r, F ).

Example 7 The vague relation V Chase(r, F ) is shown in Table 8, where r is shown in
Table 4 and F = {S →0.2,0.9 TL, L →0.2,0.9 S} is the set of FDs over R. We can verify
that V Chase(r, F ) |= F , that is, V Chase(r, F ) is consistent, and that V Chase(r, F ) =
V Chase(merge(r), F ), where merge(r) is shown in Table 5. If F = {S →0.2,0.5 TL,
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Table 8
Vague relation V Chase(r, F ) under C = 0.2 and I = 0.9

S T L

<0.8,0.1>/0 + <0.9,0.2>/1 <0.8,0.3>/0 + <0.9,0.1>/1 <0.6,0.2>/0 + <0.6,0.3>/1

+ <0.5,0.1>/2 + <0.5,1>/3 + <0.5,0.1>/2 + <0.5,0.2>/2

<0.5,0.1>/3 + <0.8,0.2>/4 <0.4,0.4>/3 <0.4,0.2>/3

Table 9
Vague relation V Chase(r, F ) under C = 0.2 and I = 0.5

S T L

<0.8,0.1>/0 + <0.9,0.2>/1 <0.8,0.3>/0 + <0.9,0.1>/1 <0.4,0.2>/0 + <0.6,0.3>/1

+ <0.5,0.1>/2 + <0.5,1>/3 + <0.5,0.1>/2 + <0.5,0.2>/2

<0.5,0.1>/3 + <0.8,0.2>/4 <0.4,0.4>/3 <0.4,0.2>/3

L →0.2,0.5 S} is the set of FDs over R, we can also verify that V Chase(r, F ) |= F , which
is shown in Table 9, and that V Chase(r, F ) = V Chase(merge(r), F ), where merge(r) is
shown in Table 6.

From Tables 8 and 9, we see that different mi-thresholds C and I may give rise to different
V Chase results (the corresponding values of L in the first tuple).

The next lemma shows that V Chase(r, F ) is less O-precise than merge(r) and unique. Its
complexity is polynomial time in the sizes of r and F .

Lemma 5.3 The following statements are true:
(1) V Chase(r, F ) vO merge(r).
(2) V Chase(r, F ) is unique.
(3) V Chase(r, F ) terminates in polynomial time in the sizes of r and F .

Proof. Part 1. We use an induction on the minimal number, k, of V Chase steps needed to
compute a current state s of V Chase(r, F ), asserting that merge(s) vO merge(r) after k
V Chase steps.
(Basis): If k = 0, then the result is immediate by Line 9 in Algorithm 1, since merge(s)

.
=O

V Chase(r, F )
.
=O merge(r).

(Induction): Assume the result holds when the minimal number of V Chase steps needed to
compute s is k, with k ≥ 0; we then prove that the result holds when the minimal number
of V Chase steps to compute s is k + 1. Let t1, t2 be the tuples in Line 6 of Algorithm 1
just after the application of the (k + 1)th V Chase step. Also, let r′ be the current state of
V Chase(r, F ) and t1, t2 ∈ r′ be the current states of t1, t2, respectively, prior to the applica-
tion of the (k + 1)th V Chase step. From Line 6 we have for i = 1, 2, ti vO t′i and thus also
merge({ti}) vO merge({t′i}). Therefore, V Chase(r, F ) vO merge(r′) holds. Further-
more, by inductive hypothesis merge(r′) vO merge(r). The result that V Chase(r, F ) vO

merge(r) follows as required by the transitivity of vO.

Part 2. In order to show that V Chase(r, F ) is unique we adopt the technique used in The-
orem 4.1 of [5]. We define two A-values t1[A] and t2[A], with t1, t2 ∈ r, to be A-equatable

19



in r (or simply equatable if A and r are understood from context) if one of the following
conditions holds:
(1) t1[A] ∼mi t2[A], or
(2) for some FD X → Y ∈ F , with A ∈ (Y −X), t1[X] ∼mi t2[X], or
(3) for some A-value, t3[A], with t3 ∈ r, both t1[A] and t3[A] are equatable and also t2[A]
and t3[A] are equatable, or
(4) for some FD X → Y ∈ F , we have that ∀A ∈ X , t1[A] and t2[A] are equatable.

From the above conditions it follows that equatability is an equivalence relation on the A-
values of the tuples in r. Moreover, it can be verified that equatability is invariant with respect
to V Chase steps for given C and I . Therefore, t1[A] and t2[A] are equatable in r if and only
if either t1[A] ∼mi t2[A] or after some V Chase step s1[A] ∼mi s2[A], where s1 and s2 are
the current states of t1 and t2, respectively. Let {c1, c2, . . . , cn} be an equivalence class with
respect to A-equatability in r. It follows that

⋃
i∈I ci is a mi-overlap set over A with respect

to V Chase(r, F ). Let t ∈ r and assume that t[A] ∼mi ci, for some i ∈ I . The result follows,
since by Line 9 in Algorithm 1 which merges the result, we can deduce that, irrespective of
the order of V Chase steps, s[A] =

⋃
i∈I ci, where s is the current state of t in V Chase(r, F ).

Part 3. V Chase(r, F ) terminates due to the following argument. Prior to each chase step
we have that ∀A ∈ (Y − X), t1[A], t2[A] @O t1[A] ∨ t2[A], since t1[A] and t2[A] are
disjoint. It follows that the number of mi-existing objects in A-values of tuples in r is strictly
monotonically increasing with respect tovO. It follows that V Chase(r, F ) terminates, since
∀A ∈ R, A(r, A) is finite.

We now show that V Chase(r, F ) can be computed in polynomial time in the sizes of r and
F . By Definition 4.2, testing whether t1[X] ∼mi t2[X] and whether t1[Y ] ∼mi t2[Y ] can be
done in polynomial time in the size of r, since the reflexive and transitive closure of G can
be computed in polynomial time in the cardinality of V and the size of r (both πA(r) and
intersection of sets are polynomial time operations). So, each execution of the while loop
beginning at Line 3 and ending at Line 8 can be computed in polynomial time in the sizes of
r and F . It remains to show that this while loop is executed a polynomial number of times
in the sizes of r and F , recalling that by Definition 4.2 merge(Result) can be computed in
polynomial time in the size of r.

Let m be the maximum cardinality, over all A ∈ R, of a mi-overlap set over A with respect
to r; m is less than the size of r, since m ≤ |UA|. The result of the first part now follows,
since the while loop cannot be executed more than m|r||R| times due to the fact that the
number of mi-existing objects in A-values of r are strictly monotonically increasing after
each V Chase step. 2

The next theorem shows that the V Chase procedure outputs a consistent relation and that it
commutes with the merge operation. These results justify the chase and the merge operation.

Theorem 5.4 The following two statements are true:

(1) V Chase(r, F ) ² F . (that is, V Chase(r, F ) is consistent.)
(2) V Chase(r, F ) = V Chase(merge(r), F ).

Proof. Part 1. Let s = V Chase(r, F ). Assume that for some X → Y ∈ F , s 6² X → Y .
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Then for some t1, t2 ∈ s, t1[X] ∼mi t2[X] but t1[Y ] ∼mi t2[Y ]. This leads to a contradiction,
since we can deduce that s 6= V Chase(r, F ), due to the fact that the condition of the “if”
statement of Line 5 in Algorithm 1 is true.
Part 2. We can view that the merge of r induces a mapping ρ from r to merge(r) such that
ρ(t) = t′, with t ∈ r and t′ ∈ merge(r), if and only if t ∼mi t′ in s, with s = {t, t′}. The
result now follows by Lemma 5.3 on using the notion of equatability of A-values, since two
A-values t1[A] and t2[A], with t1, t2 ∈ r, are A-equatable in r if and only if (ρ(t1))[A] and
(ρ(t2))[A] are A-equatable in merge(r). 2

From Lemma 5.3 and Theorem 5.4, we conclude that the V Chase procedure solves the
consistency problem in polynomial time in the sizes of r and F .

6 The most o-precise approximation of a vague relation

In this section, we show that the V Chase(r, F ) procedure can be regarded as the most O-
precise approximation of r, which is also consistent to F .

We first define the join of vague relations, which corresponds to the least upper bound of
these relations in the lattice MERGE(R) based on O-equivalence classes. (Recall the lat-
tices shown in Figures 5 and 6.) Next, we define the most O-precise approximation of r
with respect to F to be the join of all the consistent and merged relations which are less
O-precise than r. Our main result in this section is that V Chase(r, F ) is the most O-precise
approximation of r with respect to F .

We now define the join operation on relations in the lattice of MERGE(R) based on O-
equivalence classes.

Definition 6.1 (Join operation) The join of two vague relations, r1, r2 ∈ MERGE(R),
denoted by r1 t r2, is given by

r1 t r2 = {t | ∃t1 ∈ r1, ∃t2 ∈ r2 such that ∀A ∈ R, t1[A] ∼mi t2[A](C, I), t[A] =
t1[A] ∧ t2[A]}.

It can be verified that the O-equivalence class that consists of r1tr2 is the least upper bound
with respect to the O-equivalence classes of r1 and r2 in MERGE(R). From now on we
assume that r1, r2 ∈ MERGE(R).

The next theorem shows that if two relations are consistent then their join is also consistent.

Theorem 6.1 Let r1, r2 ∈ SAT (F ). Then r1 t r2 ∈ SAT (F ).

Proof. Let r = r1 t r2 and suppose that r 6∈ SAT (F ). It follows that for some FD,
X → Y ∈ F and for some attribute A ∈ Y , r 6² X → A. Thus, ∃u1, u2 ∈ r such that
u1[X] ∼mi u2[X] but u1[A] 6∼mi u2[A]. Moreover, u1[X]

.
=O u2[X] and u1[A] ∧ u2[A]

.
=O

∅O. It follows by Definition 6.1 that ∃t1, t′1 ∈ r1, t2, t′2 ∈ r2 such that {u1} = {t1}t{t2} and
{u2} = {t′1}t{t′2}. Thus, u1[X] vO t1[X], t2[X] and u2[X] vO t′1[X], t′2[X]. It follows that
t1[X]∧ t′1[X] 6 .=O ∅O and also t2[X]∧ t′2[X] 6 .=O ∅O. Therefore, since r1, r2 ∈ MERGE(R)
we have that t1[X]

.
=O t′1[X] and t2[X]

.
=O t′2[X]. Thus, t1[A]

.
=O t′1[A] and t2[A]

.
=O t′2[A],
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since r1, r2 ∈ SAT (F ). It follows that (t1[A] ∧ t2[A])
.
=O (t′1[A] ∧ t′2[A]). This leads to

u1[A]
.
=O u2[A], which contradicts to our assumption. 2

The most O-precise approximation of a vague relation r over R with respect to F is the join
of all consistent relations s such that s is a merged relation that is less O-precise than r.

Definition 6.2 (Most O-precise approximation) The most O-precise approximation of a
vague relation r with respect to F , denoted by approx(r, F ), is given by

⊔{s | s vO

merge(r) and s ∈ SAT (F )}.

The next lemma shows some desirable properties of the approximation.

Lemma 6.2 The following statements are true:
(1) approx(r, F) is consistent.
(2) approx(r, F) vO merge(r).
(3) approx(r, F) .

=O merge(r) iff r is consistent.

Proof. Part 1. The result follows by Theorem 6.1, since by Definition 6.2 approx(r, F ) is
the join of consistent and merged relations.
Part 2. The result follows by noting that the join of a collection of relations in approx(r, F )
corresponds to their least upper bound due to the commutativity and associativity of the
join.
Part 3. The if part of the statement follows by Definition 6.2, since if r is consistent then
r ∈ SAT (F ). The only if part of the statement follows by Theorem 6.1 and Proposition 5.1
Part 2, since by Definition 6.2 approx(r, F ) is the join of consistent relations. 2

The next theorem shows that output of the V Chase procedure is equal to the corresponding
most O-precise approximation. Thus, the vague relation V Chase(r, F ), which is shown in
Table 8, is the most O-precise approximation of r with respect to F , where r is the relation
shown in Table 4 and F is the set of FDs specified in Example 6.

Theorem 6.3 V Chase(r, F )
.
=O approx(r, F ).

Proof. We establish the proof by showing V Chase(r, F ) vO approx(r, F ) and
approx(r, F ) vO V Chase(r, F ).

(V Chase(r, F ) vO approx(r, F )): By Lemma 5.3 Part 2, V Chase(r, F ) vO merge(r).
By Theorem 5.4 Part 1 and Line 9 in Algorithm 1, V Chase(r, F ) ∈ SAT (F ). Thus, by
Definition 6.2, V Chase(r, F ) vO approx(r, F ), since F corresponds to the least upper
bound operation in MERGE(R).

(approx(r, F ) vO V Chase(r, F )): We use an induction on the minimal number, k, of
V Chase steps needed to compute a current state s of V Chase(r, F ), asserting that
approx(r, F ) vO merge(s) after k V Chase steps.

(Basis): If k = 0, then the result follows immediately by Part 3 of Lemma 6.2, since s = r
and by Line 9 in Algorithm 1, V Chase(r, F )

.
=O merge(r).

(Induction): Assume the result holds when the minimal number of V Chase steps needed to
compute s is k, with k ≥ 0. We then need to prove that the result holds when the minimal

22



number of V Chase steps to compute s is (k+1). Let r′ be the current state of V Chase(r, F )
prior to the application of the (k + 1)th V Chase step.

Thus, by inductive hypothesis, approx(r, F ) vO merge(r′). By inspection of Line 6 in
Algorithm 1 we can deduce that V Chase(r, F ) is the maximal consistent and merged re-
lation with respect to v, which is less precise than merge(r′). That is, V Chase(r, F ) vO

merge(r′) and if for some s′ vO SAT (F ), we have that s′ vO merge(r′), then it is also true
that s′ vO V Chase(r, F ). The result follows, since by Lemma 6.2 Part 2, approx(r, F ) ∈
SAT (F ). 2

7 Inclusion dependencies and vague chase

In this section we consider inclusion dependencies (INDs) [6,7] being satisfied in a vague
database, since INDs are also the fundamental data dependencies that arise in practice [4,5].
Satisfaction of an IND can be formalized in terms of less V -precise order, vV as given in
Definition 4.4.

We assume C > 0 or I < 1 and define INDs in a vague database as follows.

Definition 7.1 (Inclusion dependency) Given mi-thresholds C and I , an inclusion depen-
dency (or simply an IND), is a statement of the form R[X] ⊆C,I S[Y ]. An IND R[X] ⊆C,I

S[Y ] is satisfied in a vague database d, if r[X] vV s[Y ](C, I), where r, s ∈ d are vague
relations over R and S, respectively. We may simply write R[X] ⊆ S[Y ] if C and I are
known from the context.
Table 10
Sensor relation r4

Sf T L

t4 <0.8,0.1>/0 <0.9,0>/0 + <0.8,0.2>/1 <0.7,0.2>/1 + <0.6,0.3>/2
Table 11
Sensor relation r5

Sb T L

t5 <0.9,0.1>/0 <0.8,0.1>/1 + <0.7,0.3>/2 <0.6,0.1>/1

t6 <0.7,0.2>/0 <0.9,0.2>/0 + <0.7,0.1>/2 <0.7,0.1>/1 + <0.8,0.2>/2
Table 12
Sensor relation r6

Sb T L

t5 <0.9,0.1>/0 <0.8,0.1>/1 + <0.7,0.3>/2 <0.6,0.1>/1

t6 <0.7,0.2>/0 <0.9,0.2>/0 + <0.7,0.1>/2 <0.7,0.1>/1 + <0.8,0.2>/2

t7 <0.8,0.1>/0 <0.9,0>/0 + <0.8,0.2>/1 χ

Example 8 Here we give a simplified example of inconsistency arising from IND in a vague
database to illustrate the semantics.

Suppose a vague database d contains two vague relations, r4 over R4 =< Sf , T, L > and
r5 over R5 =< Sb, T, L >, as shown in Tables 10 and 11, respectively. Here Sf represents
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the sensors of a particular floor of a building and Sb represents the sensors of the whole
building as the central control. Let the mi-thresholds be C = 0.5 and I = 0.5.

It can be verified that t4[Sf , T ] 6vV t5[Sb, T ] and t4[Sf , T ] 6vV t6[Sb, T ]. (It can be checked
that t4[Sf ] vV t5[Sb], but t4[T ] 6vV t5[T ] and t4[Sf ] 6vV t6[Sb].) Thus, d is inconsistent,
since it does not satisfy the IND, R4[Sf , T ] ⊆ R5[Sb, T ].

Suppose later a vague tuple t7 is added into r5, we have the vague relation r6 shown in Table
12. It can be verified that the database containing r4 and r6 satisfies R4[Sf , T ] ⊆ R5[Sb, T ]
and d is now consistent, since t4[Sf , T ] vV t7[Sb, T ]. Recall that χ is the boundary VS in
which all objects have the membership < 0, 1 > as defined in Definition 3.6. Intuitively, this
is the least change in vague value precision in r5[L] in order to form t7.

Given a database schema R such that R1, R2, R3 ∈ R, N is a set of INDs over R. Here we
state the well known Casanova et al.’s axiom system [6,7] for crisp database d as follows.
(1) Reflexivity: If X ⊆ schema(R), then d |= R[X] ⊆ R[X] holds.
(2) Projection and permutation: If d |= R1[X] ⊆ R2[Y ] holds, where X = <A1, . . . , Am>

⊆ R1, Y = < B1, . . . , Bm >⊆ R2 and < i1, . . . , ik > is a sequence of distinct integers
from {1, . . . , m}, then d |= R1[Ai1 , . . . , Aik ] ⊆ R2[Bi1 , . . . , Bik ] holds.

(3) Transitivity: If d |= R1[X] ⊆ R2[Y ] and d |= R2[Y ] ⊆ R3[Z] hold, then d |= R1[X] ⊆
R3[Z] holds.

We assume a similar notation and the usual concepts of inference rules (cf. Definition 5.2),
which are employed to establish the soundness and completeness of INDs in vague databases.

Theorem 7.1 Casanova et al.’s axiom system is sound and complete for INDs in vague
databases.

Proof. Let I1 be an IND over R. Let CRISPDB(R) be the set of all possible crisp
databases over R, and V DB(R) be the set of all possible vague databases over R. Clearly,
CRISPDB(R) ⊆ V DB(R), since a crisp database can be expressed by a vague database
by transforming a crisp data value u to a vague element <1,0>/u. The soundness of the
axiom system can easily be verified. We prove completeness by showing that if N 6` I1, then
N 6² I1. Equivalently, we need to show that there exists a database d ∈ V DB(R) such that

∀I2 ∈ N, d ² I2 but d 6² I1. (1)
When only crisp databases are involved, by the completeness of the axiom system for INDs
(cf. [7]), ∃d ∈ CRISPDB(R) satisfying Equation (1). Since CRISPDB(R) ⊆ V DB(R),
the result follows. 2

For convenience in discussion, we now define the FD chase rule and the IND chase rule in
vague databases. The FD chase rule is the same as in Line 5 of Algorithm 1.

FD chase rule: if X →C,I Y ∈ F , ∃t1, t2 ∈ Result such that t1[X] ∼mi t2[X](C, I), t1[Y ]
and t2[Y ] are mi-existing but t1[Y ] 6∼mi t2[Y ](C, I), then ∀A ∈ (Y −X), change t1[A] and
t2[A] to t1[A] ∨ t2[A].

IND chase rule: if R[X] ⊆C,I S[Y ] ∈ N and ∃t1 ∈ r such that 6 ∃t2 ∈ s with t1[X] vV

t2[Y ](C, I), then add a tuple t2 over S to s, satisfying t2[Y ] = t1[X] and ∀A ∈ (S − Y ),
t2[A] = χ.
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Now, we present the extended chase algorithm, V Chase(d, Σ), where Σ = F ∪N , in Algo-
rithm 2. We let merge(d) = {merge(r) | r ∈ d}.

Algorithm 2. V Chase(d, Σ)
1: Result := d;
2: Tmp := ∅;
3: while Tmp 6= Result do
4: Tmp := Result;
5: Apply the FD chase rule or the IND chase rule to Result;
6: end while
7: return merge(Result);

V Chase(d, Σ) terminates since the number of objects in a vague database d is finite and
the vague values are monotonically increasing but bounded. However, we observe that the
restriction of the application order of the chase rules in Line 5 of Algorithm 2 actually affects
the output of the consistent database. For example, it may be possible that V Chase(d, Σ) 6=
V Chase(V Chase(d, F ), N). To explain this problem we now present an example to illus-
trate that, in general, we cannot apply all FD chase rules first and then IND chase rules to
obtain a consistent output. Fortunately, the converse can always hold: we can apply all chase
steps for INDs first and then all chase steps for FDs.

Table 13
Sensor relation r8

S T1 T2

<0.8,0.1>/0 <0.9,0>/0 <0.7,0.2>/1

Table 14
Sensor relation r9

S T

<0.8,0.1>/0 <0.9,0>/0
Table 15
Sensor relation r10

S T

<0.8,0.1>/0 <0.9,0>/0

<0.8,0.1>/0 <0.7,0.2>/1

Table 16
Sensor relation r11

S T

<0.8,0.1>/0 <0.9,0>/0 + <0.7,0.2>/1

Example 9 Suppose d containing two vague relations r8 over R8 and r9 over R9, respec-
tively, as shown in Tables 13 and 14. Let C = 0.5 and I = 0.5, F = {R9 : S → T} and N =
{R8[S, T1] ⊆ R9[S, T ], R8[S, T2] ⊆ R9[S, T ]}. It can be verified that if we apply the FD
chase rule first and then the IND chase rule, r9 is changed to r10 as shown in Table 15 by the
IND chase rule (Since r9 satisfies F , no FD chase rule needs to be applied.). After the final
merge operation in V Chase, r10 is unchanged. However, r10 does not satisfy F . Therefore,
the database containing r8 and r10 is inconsistent. That is, V Chase(V Chase(d, F ), N)
is inconsistent when the restriction of the rule application order is imposed. If we apply
the IND chase rule first and then the FD chase rule, r9 is changed to r10 by the IND
chase rule first and then r11 by FD rules and the final merge operation, as shown in Ta-
ble 16. It can be checked that the database containing r8 and r11 is consistent. That is,
V Chase(V Chase(d,N), F ) is consistent.

We now formalize our observation of applying the chase rules by the following theorem. The
significance of this result is that it guarantees that we have a definite way to apply the chase
rules in order to maintain the consistency with respect to a mixed set of FDs and INDs.
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Theorem 7.2 Given a mixed set of FDs and INDs Σ = F ∪N and a vague database d, the
following statements are true:
(1) V Chase(d, Σ) |= Σ.
(2) V Chase(d, Σ) = V Chase(V Chase(d,N), F ).

Proof. Part 1. Due to the two chase rules we have the consistent V Chase(r, Σ), which is
similar to the argument in Part 1 of Theorem 5.4.
Part 2. The result is followed by the definition of the FD rule, since due to the consistency
of V Chase(d, Σ) from Part 1, by applying the FD rule to any state e of the database d
during the execution of Algorithm 2, which unions non-O-equivalent vague values. If some
modifications by the IND rule change the O-equivalence, then by Step 7, the union can also
be done by merge(r). 2

The above theorem implies that the chase can be applied in a deterministic way as follows:
we apply the IND rule for as long as possible and then the FD rule for as long as possible.

We now present the main result of the complexity of V Chase with respect to Σ. In contrast
to the well known result of undecidable complexity for the implication problem for FDs and
INDs in crisp databases [7], the complexity of V Chase for maintaining consistency with
respect to Σ is exponential in time complexity.

Theorem 7.3 The time complexity of V Chase(d, Σ) is exponential in the sizes of d and Σ.

Proof. Assume without loss of generality, we let R = {R1, . . . , Rn} such that ∀i ∈
{1, . . . , n}, Ri = {A1, . . . , An}. We let d = < r1, . . . , rn > (a list of n relations), where
r1 = {(v1, . . . , vn)} (one tuple), with v1, . . . , vn being n distinct mi-existing VSs such that
∀i ∈ {2, . . . , n}, ri ∈ ∅O. We consider the chase arising from this particular tuple in r1.

Let |V Chase(d,N)| =
∑n

i=1 |ri|, where ri ∈ V Chase(d,N) is the relation over Ri ∈ R.
We need to show a set of INDs N over R such that |N | = 2(n− 1) and |V Chase(d,N)| =
2n − 1. Let αi denote the IND, Ri[A1, . . . , An] ⊆ Ri+1[A1, . . . , An], and βi denote the IND,
Ri[A1, . . . , Ai+1, Ai, . . . , An]⊆Ri+1[A1, . . . , Ai+1, Ai, . . . , An], where i ∈ {1, . . . ,(n−1)}.
Intuitively, αi inserts the identical set of tuples from Ri into Ri+1 and βi swaps the ith
attribute with the (i+1)th attribute in Ri. We let N =

⋃
i∈{1,...,(n−1)} Ii, where Ii = {αi} ∪

{βi}.

We obtain the result by induction on i ∈ {1, . . . , n}. For all i, the cardinality of the relation
ri ∈ V Chase(d,N) over Ri ∈ R is 2i−1. We need to establish the following claim:

Claim(∗): |V Chase(d,N)| = 2n − 1.
(Basis). If i = 1, |r1| = 1. The result holds.
(Induction). Assume that the result holds for i ≥ 1. We need to prove that the result holds for
i+1. By inductive hypothesis |ri| = 2i−1. By the definition of Ii, πAi+1

(ri) = {(vi+1)} and
(πAi

(ri) ∧ πAi+1
(ri)) ∈ ∅O. Thus ri+1 has twice as many tuples as ri due to Ii+1. It follows

that Claim(∗) is established.

We let q =| A(d) | and k denote the maximal cardinality for all Ri ∈ R. Then the maximal
cardinality of V Chase(d, Σ) is bounded by qk. Thus, using Lemma 5.3 Part 3 and Theorem
7.2, it follows that the time complexity of computing V Chase(d, Σ) is exponential. 2
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Now, we evaluate the quality of V Chase(d,N) by showing that the value precision differ-
ence between d and V Chase(d,N) is minimum.

When applying the IND chase rule, we actually add a new tuple t into r ∈ d and obtain
an updated (new) relation r′ ∈ d′. We now define the notions of ∆V (r, r′) and ∆V (d, d′)
which measure the value precision change between the relations r and r′, and between the
databases d and d′, respectively. The value precision difference between them is defined in a
progressive manner as follows.
(1) Given two VSs V1 and V2, ∆(V1, V2) = (∆m+∆i)

2
, where ∆m = (|∆m1|+···+|∆mn|)

n
and

∆i = (|∆i1|+···+|∆in|)
n

are the average of the difference between the median and impre-
cision memberships in V1 and V2 for all <mk, ik>/uk where k = 1, . . . , n.

(2) ∆V (r, r′) =
∑

Ai∈R ∆(A(r, Ai),A(r′, Ai)).
(3) ∆V (d, d′) =

∑
ri∈d ∆V (ri, r

′
i).

Note that using the arithmetic mean to define ∆m and ∆i is just one possible choice. Other
monotonically increasing functions, such as the geometric mean, can also make the follow-
ing theorem hold. The significance of formulating the value precision difference here is that
the IND chase rule guarantees the minimum possible change in the median and imprecision
memberships.

Theorem 7.4 Given d and N , ∆(d, V Chase(d,N)) is minimum.

Proof. Let R[X] ⊆ S[Y ] be the IND involved in the last step of the V Chase procedure,
where X = <A1, . . . , Am> and Y = <B1, . . . , Bm>. There are two scenarios for applying
the IND chase rule arising from t ∈ r.
(1) There is no mi-existing object that is the same as a mi-existing object of r[Ai] in s[Bi],

or some mi-existing object that is the same as a mi-existing object of r[Ai] in s[Bi] but
has smaller value precision. Then obviously the IND chase rule adds new elements of
r[Ai] into s[Bi], which results in the minimum change in value precision of s and d,
since the memberships of the corresponding elements in s[Bi] are just equal to those in
r[Ai], which is the minimum value precision needed to fix the inconsistency according
to Definition 7.1.

(2) There are some mi-existing objects that are the same as a mi-existing object of r[Ai] in
s[Bi] but has larger value precision. That is, if the memberships of the corresponding
objects in r[Ai] are less V -precise than those in s[Bi], then the chase rule adds the
corresponding elements of r[Ai] in s[Bi] which results in no change in value precision
of s and d.

It follows that ∆(d, V Chase(d,N)) is minimum according to the two scenarios mentioned
above. 2

According to Theorems 6.3, 7.2 and 7.4, we can conclude that the V Chase procedure returns
the answer that has the most O-precise approximation and the minimum change in value
precision.

8 Conclusions

In this paper, we extend FDs and INDs to be satisfied in a vague database. We define the
concept of mi-overlap between vague sets and the merge operation of a vague relation r.
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The merge operation replaces each attribute value in r by the mi-union of all attribute values
with respect to the same reflexive and transitive closures under mi-overlap. We also define
a partial order on merged vague relations which induces a lattice on the set of merged vague
relations based on O-equivalence classes. Inside each O-equivalence class, we define another
partial order based on the precision of vague values of a mi-existing object which induces a
complete semi-lattice.

We study the semantics of FDs and INDs in vague databases. First, satisfaction of an FD
in a vague relation is defined in terms of values being mi-overlapping rather than equality.
Second, satisfaction of an IND in a vague database is defined in terms of the value precision
order of mi-existing objects rather than usual set containment of objects. Lien’s and Atzeni’s
axiom system is sound and complete for FDs being satisfied in vague relations whereas
Casanova et al.’s axiom system is sound and complete for INDs being satisfied in vague
databases. We define the chase procedure V Chase as a means of maintaining consistency
of d with respect to F and N .

Our main results relate to maintaining the consistency of vague databases by using V Chase.
The chase procedure outputs the most O-precise approximation of r with respect to F and
can be computed in polynomial time in the sizes of r and F . On the other hand, V Chase still
outputs a consistent database having the minimum change in value precision in exponential
time when INDs are taken into account. Our result suggests a mechanized way that maintains
the consistency of vague data with respect to fundamental data dependencies. It is both
interesting and challenging to use the chase result to facilitate more effective and efficient
evaluation of SQL over vague relations [3] as future work.
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