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Proof by Contradiction 
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Proof by contradiction 
 The contra-positive law: 
  “p⇒q ≡ (~q)⇒(~p)”. 
 The contradiction law: 
 “p⇒q ≡ pΛ(~q) is F”. 
 Such technique is commonly used in 

“proof by contradiction”. 
 The above laws can be proved by using 

truth tables. 
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Proof by contradiction 
 Exercise: Given x is a real number such 

that x=y/z for some real numbers y and z, 
prove by contradiction that z≠0. 
 Hint: First step: assume z=0, then let y1 and 

y2 be two distinct real numbers. 
 … 
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Distributive laws 
(1)  p Λ (qVr) ≡ (pΛq) V (pΛr) 
(2)  p V (qΛr) ≡ (pVq) Λ (pVr) 

 
 These can be easily verified by using truth 

tables. 



HKUST CSE Summer Math Course 
 

6 

Existential and universal quantifiers 
 The existential quantifier      is read as 

“there exists” or “for some”. 
 To represent “there exists two real numbers x 

and y such that x>y”: 

 
 The universal quantifier is read as “for all”. 

 To represent “for all real numbers x, y and z, 
x>y and y>z implies x>z”: 

∃

yxyx >∈∃ ,, R

zxzyyxzyx >⇒>∧>∈∀ )()(,,, R
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Exercises 
 Exercise: Prove     is irrational (i.e. cannot 

be expressed as a fraction using integers). 
 Exercise: Prove that the following 

statement is false: .0, 2 >∈∀ xx R

2
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Mathematical Induction 
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The first principle of induction 
 Let P(n) be a statement on an integer 

variable n. Given the conditions: 
 P(1) is true. (1) 
 For all k≥1, P(k) is true ⇒ P(k+1) is true. (2) 

 Then P(n) is true for all positive integers 
n. 
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First principle of induction 
 Idea of induction: 

 By (1), P(1) is true. 
 By (2), put k=1, P(2) is true. 
 By (2), put k=2, P(3) is true. 
 …… and so on. 
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Prove 1st principle by contradiction 
 Assume P(n) is NOT true           . 
 Let k1 be the smallest integer such that 

P(k1) is false. 
 Since P(1) is true, k1>1. 
 Let k0=k1-1, then k0>0. 
 As k1 is the smallest false instance, P(k0) 

is true. 
 By (2), P(k0+1) is true. So P(k1) is true 

which leads to a contradiction. 
 So, P(n) is true           . 

+∈∀ Zn

+∈∀ Zn
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More notes on first principle 
 This is know as the first Principle of 

Mathematical Induction. 
 “P(1) is true” is called the base case. 
 “For all k≥1, P(k) is true ⇒ P(k+1) is true” 

is called the inductive case. 
 Both the base case and the inductive 

case must be satisfied in order to prove 
the statement: P(n) is true for all positive 
integers n. 
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Example of 1st principle 
 Let P(n) be the statement that: 

 
 

 When n=1, 
 L.H.S. = 12 =1. 
 R.H.S. = 1(1+1)[2(1)+1]/6=1. 
 So, P(1) is true. 

 Assume P(k) is true, that is: 
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Example of 1st principle 
 When n=k+1, 

 
 
 
 
 

 So, P(k+1) is true. 
 By induction, P(n) is true           .  
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Variations of 1st principle 
 Given the conditions: 

 P(0) is true. 
 For all k≥0, P(k) is true ⇒ P(k+1) is true. 

 Then, P(n) is true for all natural number 
n. 

 Given the conditions: 
 P(2) is true. 
 For all k≥2, P(k) is true ⇒ P(k+2) is true. 

 Then, P(n) is true for all positive even 
number n. 
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Variations of 1st principle 
 Question: What about “all positive odd 

number n”? 
 Exercise: Using induction, prove that 
 n(n-2) is divisible by 8 for all positive 

integers n which are divisible by 4. 
 Exercise: Prove x(x+1) is even for all  
 

 

.+∈Zx
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2nd principle 
 Given the conditions: 

 P(1) & P(2) are true. 
 For all k≥1, P(k) & P(k+1) are true ⇒ 
          P(k+2) is true. 

 Then, P(n) is true           . 
 Idea: 

 P(1) & P(2) are true ⇒ P(3) is true. 
 P(2) & P(3) are true ⇒ P(4) is true. 
 P(3) & P(4) are true ⇒ P(5) is true. 
 …… and so on. 

+∈∀ Zn
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Example of 2nd principle 
 Given x1=1, x2=1. 
 Given, for n≥3, xn= xn-1+2xn-2. 
 Prove xn=[2n-(-1)n]/3. 
 Let P(n) be the statement that 
 “xn=[2n-(-1)n]/3”. 
 When n=1, 

 [21-(-1)1]/3=1=x1. 
 So P(1) is true. 
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Example of 2nd Principle 
 When n=2, 

 [22-(-1)2]/3=1=x2. 
 So P(2) is true. 

 Assume P(k) & P(k+1) are true. That is: 
 xk=[2k-(-1)k]/3, and 
 xk+1=[2k+1-(-1)k+1]/3. 

 When n=k+2, 
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Example of 2nd Principle 
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 So, P(k+2) is true. 
 By induction, P(n) is true           . +∈∀ Zn
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Exercise 
 Given x1=0, x2=-4, x3=-18. 
 Given, for n≥4, xn= 6xn-1-11xn-2+6xn-3. 
 Prove xn=1+2n-3n . 
 How would you solve the problem? 

 Hint: you should have 3 base cases. That is, 
you have to show P(1), P(2) & P(3) are true 
first. 
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Another variation 
 Given the conditions: 

 P(1) is true. 
 For all k≥1, P(1), P(2), … ,P(k) are true ⇒ 

P(k+1) is true. 
 P(n) is true           . 
 Idea: 

 P(1) is true ⇒ P(2) is true. 
 P(1) & P(2) are true ⇒ P(3) is true. 
 P(1), P(2) & P(3) are true ⇒ P(4) is true. 
 …… and so on. 
 

+∈∀ Zn
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Practical use of Proofs 
 To convince yourself (and others) that a program 

(or an algorithm) can actually do the job. 
 E.g. the “Prim’s algorithm”’s correctness can be proved 

by contradiction  
 (** Prim’s algorithm is used to find a minimum spanning 

tree in a weighted undirected graph, which is extremely 
useful in logistic) 

 To help you better coming up with a correct 
recursive function. 
 E.g. to come up with a function calculating Fibonacci 

number, you have a base case, then you do some 
arithmetic assuming the function works (similar to MI 
proofs) 
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