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Cyclotomic Constructions of Cyclic Codes With
Length Being the Product of Two Primes

Cunsheng Ding

Abstract—Cyclic codes are an interesting type of linear codes
and have applications in communication and storage systems due
to their efficient encoding and decoding algorithms. In this paper,
three types of generalized cyclotomy of order two are described
and three classes of cyclic codes of length and dimension

are presented and analyzed, where and are
two distinct primes. Bounds on their minimum odd-like weight are
also proved. Some of the codes presented in this paper are among
the best cyclic codes.

Index Terms—Cyclic codes, cyclotomy, difference sets, duadic
codes, linear codes.

I. INTRODUCTION

L ET BE A POWER of a prime. A linear code
is a -dimensional subspace of with minimum

(Hamming) distance . A linear code over the finite
field is called cyclic if implies

. Let . By identifying
any vector with

any code of length over corresponds to a subset of
. The linear code is cyclic if and only if

the corresponding subset in is an ideal of
the ring .
Note that every ideal of is principal. Let

be a cyclic code. Then is called the generator
polynomial and is referred to as the
parity-check polynomial of .
A vector is said to be even-

like if , and is odd-like otherwise. The minimum
weight of the even-like codewords, respectively the odd-like
codewords of a code is the minimum even-like weight, respec-
tively the minimum odd-like weight of the code.
The error correcting capability of cyclic codes may not be

as good as some other linear codes in general. However, cyclic
codes have wide applications in storage and communication
systems because they have efficient encoding and decoding al-
gorithms [8], [17], [18].
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TABLE I
ALL BINARY CYCLIC CODES OF LENGTH 119 AND DIMENSION 60

TABLE II
ALL QUATERNARY CYCLIC CODES OF LENGTH 35 AND DIMENSION 18

Cyclic codes have been studied for decades and a lot of
progress has been made (see, for example, [1], [9], [10], [13],
[14], [16], [20]). However, the total number of cyclic codes of
length and dimension over is in general unknown,
not to mention the construction of all of them. An important
problem in studying cyclic codes is to find a simple construction
of the best cyclic codes.
In this paper, three types of generalized cyclotomy of order

two and three simple constructions of cyclic codes of length
and dimension are presented, where and

are two distinct primes. Bounds on their minimum odd-like
weight are also proved. The cyclotomic constructions produce
the best cyclic codes and the best duadic codes in certain cases.
This is the main motivation of this paper.

II. CYCLIC CODES

Throughout this paper let and be two distinct odd
primes, , and let be a power of a prime such that

. We also define

and , where is a generator of . Hence
is an th primitive root of unity in .
It is hard to give a specific formula for the total number of

cyclic codes. However, this number is at least

provided that is even for all . In many cases,
this is indeed the exact number of cyclic codes.
In order to show that some of the codes constructed in this

paper are the best cyclic codes, we provide information about
all binary cyclic codes of length 119 and dimension 60 in
Table I, and all quaternary codes of length 35 and dimension
18 in Table II. All the computation was done with Magma.
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III. A CYCLOTOMY OF ORDER TWO AND ITS CODES

A. A Generalization of Whiteman’s Cyclotomy of Order Two

Let , and let and be a primitive
root of and respectively. Define by

(1)

By the Chinese Remainder Theorem, is unique modulo and
a common primitive root of and , and

.
The following proposition is proved in [21].

Proposition 1: Define by

(2)

Then

Whiteman’s generalized cyclotomic classes of order are
defined by

Clearly, is even. Define two subsets and of with the
cyclotomic classes of order as

Note that is a subgroup of and , which is a coset
of . The sets and form a new cyclotomy of order 2,
which is different from Whiteman’s when and coincides
with Whiteman’s cyclotomy of order 2 when .
Whiteman proved that is a

difference set when , i.e., when they are twin primes
[21]. This is the well-known twin-prime difference set, which
has applications in combinatorics, coding theory, and commu-
nication systems.

B. The Eight Cyclic Codes From the Cyclotomy

Let and be the set of quadratic residues and non-
residues modulo respectively. Define for each

By definition,

We define

(3)

and

(4)

Obviously, . In fact, we have

(5)

Proposition 2: If and for each
, we have and ,

and

Proof: If , we have for each . It then
follows that

Similarly, one can prove that for each .
The desired equality then follows from the definitions of these
polynomials.

When and for each ,
let denote the cyclic code over with generator

polynomial , where .
The eight codes clearly have length and dimension .

Proposition 3: There is no such that
for all .
Proof: Let for some and with
and . Then is odd and

Since is odd, it is impossible to have for all
at the same time.

Proposition 3 means that it is impossible to prove a square-
root bound on the minimum odd-like weight of the codes with
the traditional argument for the square-root bound of quadratic
residue codes. Hence, we develop another type of bound.

Proposition 4: Let denote the minimum odd-like

weight of the code and let denote the
minimum odd-like weight of the cyclic code of length over

generated by the polynomial
for all and all . We have then

Proof: Let for some and . Note that

We have then the following conclusions.
1) There is an such that and

.
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2) There is an such that and
.

Let be a codeword in with minimum odd-like

weight . Then is a codeword in with

minimum odd-like weight , and is a codeword in

with minimum odd-like weight . It follows
that is an odd-like codeword in the cyclic code
with the generator polynomial and

is an odd-like codeword in the cyclic code with
the generator polynomial . Since

and have at most terms, the
desired lower bound then follows.

Similar bounds for other can be written down. The
lower bound of Proposition 4 depends on the minimum odd-like
weight of two special codes and may not be convenient to use.
It is noted that the cyclotomic codes defined in [5] are special

cases of the eight codes over in this section when
and . The cyclotomy of order
two yields more codes. For example, when
the cyclotomy gives eight binary cyclic codes, while
the cyclotomy introduced in [5] does not work for this pair of
and .

C. The Binary Case

Proposition 5: The integer if and only if

or

Proof: Recall that . By Proposition 1, there
are two integers and such that

. It then follows from (1) that

Hence, is even if and only if the one of the conditions in this
proposition is satisfied. Note that if and only if is even.
The proof is then completed.

Therefore, if and ,
we have indeed the eight binary cyclic codes .

Example 1: When , four of the eight
codes have minimum weight 12 and are the best binary cyclic
codes of length 119 and dimension 60 according to Table I, and
the remaining four have minimumweight 11. This demonstrates
that this cyclotomic construction is promising.

D. The Ternary Case

Proposition 6: The integer and
for all if and only if

Proof: The proof is similar to that of Proposition 5 and is
omitted here.

So if and , we
have indeed the eight ternary cyclic codes .

Example 2: When , four of the eight
codes of length 143 and dimension 72 have minimum weight
12, and the remaining four have minimum weight 11.

E. The Quaternary Case

The following proposition can be similarly proved.

Proposition 7: The integer and
for all if and only if

Therefore, if and ,
we have indeed the eight quaternary cyclic codes .

Example 3: When , four of the eight
codes haveminimumweight 8 and are the best quaternary cyclic
codes of length 35 and dimension 18 according to Table II, and
the remaining four have minimum weight 7.

IV. AN EXTENSION OF AN EARLIER GENERALIZED
CYCLOTOMY OF ORDER TWO AND ITS CODES

A. The Extension of an Earlier Generalized Cyclotomy

Since and are odd primes, must be even. It is easily
seen that is also even. Define

Clearly, , and and form a partition of .
Furthermore, is a subgroup of .
The sets and are the cyclotomic classes of order 2,

and are clearly different from Whiteman’s cyclotomic classes
of order 2 described in Section III. We point out here that this
generalized cyclotomy of order two is the same as the one in-
troduced by Ding and Helleseth when ,
and is indeed an extension. We will use and to describe
cyclic codes in the sequel.

B. The Construction of Eight Cyclic Codes

Let and other symbols be the same as before. Define

(6)

Proposition 8: If and for each
, we have and ,

and

Proof: The proof of Proposition 2 is easily modified into a
proof for this proposition.

When and for each ,
let denote the cyclic code over with generator

polynomial , where .
The eight codes clearly have length and dimension .
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Proposition 9: There is an such that
for all .
Proof: The proof is not hard and is omitted here.

Theorem 10: For each the code
has parameters . Let denote the minimum

odd-like weight in . Then
• , and
• if and

.
Proof: The proof is similar to that of the square-root bound

for quadratic-residue codes with the help of Proposition 9, and
is omitted here.

Note that the cyclotomy of order two described in this section
is an extension of the one given in [4]. The codes described in [4]
are only special cases of the codes of this section. First of all, the
codes in [4] require the condition that ,
while the eight codes in this section do not require this condition.
Secondly, the codes in [4] are binary only, while the eight codes
in this section are over .

C. The Binary Case

Proposition 11: Assume that and
. Then if and only if

.
Proof: The proof is similar to that of Proposition 5 and is

omitted here.

It can be proved that if and only if
. If and ,

In this case, we have the eight binary cyclic codes .

Example 4: Let . In this case, four
of the codes have minimum weight 12 and are the best cyclic
codes of length 119 and dimension 60 according to Table I, the
remaining four have minimum weight 6.

D. The Ternary Case

The proof of the following proposition is omitted here.

Proposition 12: The integer and
for all if and only if

Hence, if and ,
we have indeed the eight ternary cyclic codes .

Example 5: When , four of the eight
codes of length 143 and dimension 72 have minimum weight
12, and the remaining four have minimum weight 6.

E. The Quaternary Case

The following proposition can be similarly proved.

Proposition 13: Assume that and
. Then and for all .

We will in the sequel need the following proposition whose
proof is omitted.

Proposition 14: The integer and
for all if and only if for all .
If and , we have

the following factorization of over :

and thus the eight quaternary cyclic codes .

Example 6: Let . In this case four of
the codes have minimum weight 7 and are almost the best qua-
ternary cyclic codes of length 35 and dimension 18 according
to Table II, and the remaining four have minimum weight 4.

V. A NEW CYCLOTOMY OF ORDER TWO AND ITS CODES

A. The New Cyclotomy of Order Two

Let symbols be the same as before. Define

Clearly, , and and form a partition of . Fur-
thermore, is a subgroup of . The sets and are the
new cyclotomic classes of order 2, and are clearly different from
the cyclotomy described in Section III and the one of
Section IV-A.

B. The Construction of Eight Cyclic Codes

Let and other symbols be the same as before. Define

(7)

If and for each , we have
and , and

When and for each ,
let denote the cyclic code over with generator

polynomial , where .
The eight codes clearly have length and dimension .

Proposition 15: There is an such that
for all .
Proof: It is easily checked that is such an element.

Due to Proposition 15, we have similarly the following
bounds.

Theorem 16: For each the code
has parameters . Let denote the minimum

odd-like weight in . Then
• , and
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• if and
.

C. The Binary Case

The proofs of the following two propositions are left to the
reader.

Proposition 17: Assume that and
. Then and for all if and

only if for all .

Proposition 18: The integer and for all
if and only if for all .
If and , we have

and thus the eight binary cyclic codes .

Example 7: Let . In this case all the
eight binary cyclic codes defined by the generalized cyclotomy
of order two in this section have poor minimum weights (either
4 or 8). However, this does not mean that the new generalized
cyclotomy of order two is not interesting in coding theory. In
the sequel, we will see that some of the quaternary cyclic codes
based on this new cyclotomy are the best cyclic codes.

D. The Ternary Case

The proof of the following proposition is omitted here.

Proposition 19: The integer and
for all if and only if

Hence, if and ,
we have indeed the eight ternary cyclic codes .

Example 8: When , four of the eight
codes have minimum weight 12, and the remaining four have
minimum weight 6.

E. The Quaternary Case

It is not hard to prove the following two propositions.

Proposition 20: Assume that and
. Then and for all if and

only if for all .

Proposition 21: The integer and
for all if for all .
If and , we have

and thus the eight binary cyclic codes .

Example 9: Let . In this case four of
the eight codes have minimum weight 8 and are the best qua-
ternary cyclic codes of length 35 and dimension 18 according

to Table II. So this example shows that the new cyclotomy of
order two is interesting in coding theory.

VI. SUMMARY AND CONCLUDING REMARKS

The cyclotomic cyclic codes presented in Sections IV and
V should be duadic codes (see [6], [11], [12], [15], [16]). The
contributions of Sections IV andV are the extension of an earlier
cyclotomy of order two, the new cyclotomy of order two, and
the cyclotomic constructions of the cyclic codes over .
According to [9, p. 233], there are four binary duadic codes
of length 119 and dimension 60 and minimum weight 12. It is
interesting that all the best binary duadic codes of length 119 and
dimension 60 are covered by the construction of Section IV-C.
The contribution of Section III is the cyclotomic construction

of the cyclic codes that contains some of the codes in [5] as spe-
cial cases. Experimental data shows that all the cyclic codes over

obtained from the cyclotomy are the best or al-
most the best cyclic codes with the same length and dimension.
So it would be interesting to further investigate this cyclotomic
construction of cyclic codes. Note that the codes of Section III
are not duadic, though they are cyclotomic.
Except for quadratic residue codes, it looks hard to develop

general and tight lower bounds for duadic codes. The same looks
true for the cyclotomic codes described in this paper. For spe-
cific cyclic codes obtained from the three constructions of this
paper the BCH and other bounds described in [20], [19] may be
employed.
In summary, all the three cyclotomic constructions described

in this paper are simple in structure, and produce the best cyclic
codes (including duadic codes and nonduadic cyclic codes) over
certain fields . In addition, the extended cyclotomy and
the new cyclotomy of order 2 may have applications in other
areas.
Finally, we mention that the cyclic codes described in this

paper can be employed to construct secret sharing schemes [2],
authentication codes [7] and frequency hopping sequences [3].
The missing proofs of some of the propositions and theorems

can be found in the full version of this paper at the link: http://
arxiv.org/abs/1111.2991
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