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The Weight Enumerator of a Class of Cyclic Codes
Changli Ma, Liwei Zeng, Yang Liu, Dengguo Feng, and Cunsheng Ding, Senior Member, IEEE

Abstract—Cyclic codes with two zeros and their dual codes have
been a subject of study for many years. However, their weight dis-
tributions are known only for a few cases. In this paper, the weight
distributions of the duals of the cyclic codes with two zeros are set-
tled for a few cases. The weight distributions of punctured versions
of these codes are also determined for several special cases.

Index Terms—Cyclic codes, linear codes, weight distribution,
weight enumerator.

I. INTRODUCTION

T HROUGHOUT this paper, let be a prime, for
a positive integer , and for a positive integer

. Let be a generator of . A linear code over
is a -dimensional subspace of with minimum

(Hamming) distance . Let denote the number of codewords
with Hamming weight in a code of length . The weight
enumerator of is defined by

The sequence is called the weight distribution
of the code.

An linear code over is called cyclic if
implies .

Let . By identifying any vector
with

any code of length over corresponds to a subset of
. The linear code is cyclic if and only if

the corresponding subset in is an ideal of the
ring . One way to obtain a new linear code
from an old one is to delete the same set of coordinates in each
codeword in the old code. The new code is called a punctured

Manuscript received March 30, 2010; revised July 15, 2010; accepted
September 07, 2010. Date of current version December 27, 2010. This work
was supported in part by the National Natural Science Foundation of China
under Project 10771051 and Project 10971049, and in part by the Hebei Natural
Science Foundation under Project A2008000135 and Project A2009000253.

C. Ma, L. Zeng and Y. Liu are with the College of Mathematics and In-
formation Science, Hebei Normal University, Shi Jia Zhuang 050016, Hebei
Province, China (e-mail: ma_changli@hotmail.com; zengliwei220@126.com;
yangshaohua120@163.com).

D. Feng is with the State Key Laboratory of Information Security, Institute
of Software, Chinese Academy of Sciences, Beijing 100080, China (e-mail:
feng@is.iscas.ac.cn).

C. Ding was with the College of Mathematics and Information Science, Hebei
Normal University, Shi Jia Zhuang, Hebei Province, China, on leave from the
Hong Kong University of Science and Technology, Hong Kong, China (e-mail:
cding@ust.hk).

Communicated by N. Kashyap, Associate Editor for Coding Theory.
Digital Object Identifier 10.1109/TIT.2010.2090272

code of the old one and is still linear. However, the new code
may not be cyclic even if the original code is cyclic.

Note that every ideal of is principal. Let
be a cyclic code, where is a monic divisor of

in . Then is called the generator polyno-
mial and is referred to as the parity-check
polynomial of .

Let , where is a prime and is a positive integer.
Define for any positive integer . Let be a generator
of , and put . In the sequel, let and be two
non-conjugate elements of , and let and
be the minimal polynomials of and over respectively.
Since and are not conjugate, and must be
distinct. Denote by the cyclic code of length with
parity-check polynomial . Depending on and ,
the dimension of the code is a divisor of . The
weight distribution of the code is settled for a few
special cases and is in general quite complex [3]. The following
special cases were studied in the literature.

1) When , the code under some special
cases are dealt with in [2] and [4].

2) When and , and is odd, the weight
distribution of the code is known [9].

3) When , for a nonnegative integer ,
and are odd, is a three-weight

or five-weight code, depending on the parity of [11]. In
the special case that , the code is the
dual of the double-error correcting BCH code [7].

4) When , , and , is a
three-weight binary code if or is even
and [1].

5) When and , is the Kloost-
erman code, which has been intensively studied in the
literature. It has a very complex weight distribution. It
looks very hard to determine the weight distribution of the
Kloosterman code. Its dual is called the Melas code.

The objective of this paper is to determine the weight enu-
merator of the code and the weight enumerator of
punctured versions of the code in certain special
cases. The motivation of studying the punctured codes is that
they could be more efficient than the original codes and some
of the codes have the best known parameters according to the
tables of linear codes maintained by Markus Grassl.1

II. GROUP CHARACTERS, CYCLOTOMY,
AND GAUSSIAN PERIODS

Let denote the trace function from to .
An additive character of is a nonzero function from

to the set of complex numbers such that

1http://www.codetables.de
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for any pair . For each ,
the function

(1)

defines an additive character of . When ,
, and is called the trivial additive character

of . The character in (1) is called the canonical addi-
tive character of .

A multiplicative character of is a nonzero function
from to the set of complex numbers such that

for all pairs . Let be a
fixed primitive element of . For each ,
the function with

(2)

defines a multiplicative character of . When ,
, and is called the trivial multi-

plicative character of .
Let be odd and in (2), we then get a multi-

plicative character such that

if is even
otherwise.

This is called the quadratic character of .
Let be a multiplicative and an additive character of

. Then the Gaussian sum is defined by

If and , then the absolute value of is
[6, Th. 5.11]. If , where is an odd prime and is

a positive integer, then

if
if

(3)

The following is useful in the sequel [6, Th. 5.33].

Lemma 1: Let be a nontrivial additive character of
with odd, and let with

. Then

(4)

Let for two positive integers and
, and let be a fixed primitive element of . Define

for , where denotes
the subgroup of generated by . The cosets
are called the cyclotomic classes of order in . The cy-
clotomic numbers of order are defined by

for all and .
Cyclotomic numbers of order two are given in the following

lemma and will be needed in the sequel.

Lemma 2: [8]: The cyclotomic numbers of order 2 are given
by

1) ;
if ; and

2) ;
if .

To determine the weight distribution of some classes of cyclic
codes in the sequel, we need the following two lemmas.

Lemma 3: Let be a positive divisor of and let be
any integer with . We have the following multiset
equality:

(5)

where is the multiset in

which each element of appears with multiplicity
.

Proof: We need to prove the conclusion for only
because . Note that every

can be expressed as for an unique with
and every can be expressed as

for an unique with . Then we
have

Note that . We have that

It follows that

Note that

When ranges over and ranges over
, takes on the value 1 exactly

times.
Let for and , and let

for and . Then and
. Note that if and only if . Then

the conclusion of the lemma for the case follows from the
discussions above.
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Recall that , and . The Gaussian
periods are defined by

where is the canonical additive character of .
The values of the Gaussian periods are in general very hard

to compute. However, they can be computed in a few cases.
The following lemma follows from Lemma 1 and (3).

Lemma 4: When , the Gaussian periods are given by
the following:

if

if
and

III. A CLASS OF CYCLIC CODES AND THEIR

WEIGHT ENUMERATORS

Recall and , where and are positive
integers. In this section, let be a generator of . Let

be a divisor , and let be a divisor of .
Define and . Obviously,

is the order of and in . Define .
It is easily checked that . Note that
the minimal polynomial must be irreducible over

. It follows that is a divisor of .
Since divides , we have

for all with . Therefore, and are not
conjugates of each other. So the minimal polynomials
and of and over are distinct.
Hence is a divisor of .

For any , , define the vector

(6)

where is the trace function from to .
Define

(7)

Using Delsarte’s Theorem [5], one can prove that the
code is the cyclic code with check polynomial

.
When , the code is the dual of the prim-

itive cyclic linear code with two zeros, which has been exten-
sively studied in the literature. When , the code

is a punctured version. Hence, we shall treat both the
original code and the punctured version in a uniform way.

The dimension of the code is a divisor of , and
the weight distribution of the code is very complex in general.
It can be determined in some special cases. This is the task of
this section. To this end, we need to do some preparations.

For any , , the Hamming weight of the codeword
of (6) is equal to , where

and

Let and be the canonical characters of and
respectively. For any , the following is a basic prop-
erty of additive characters:

if
if

We have then

(8)

In the sequel we compute and thus the weight enu-
merator of the code in a few special cases.

Theorem 5: Let be a divisor of , and let be
a divisor of . Recall that , and let .

If , the set of (7) is an
code with weight enumerator

Proof: Since , by (5) we have the
multiset equality

(9)
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for each . We have now

(10)

where the first equality and the second one follow from (8) and
(9) respectively.

If , then by the definition of we have

If and , then

If and , then for each integer with
and . Hence, in this case we have

If and , then there is exactly one integer
with and . Hence, in this case we have

It then follows from (10) that

if

if

if

if

(11)

Since , for any pair .
Hence, the dimension of the code of (7) is . Note
that the Hamming weight of the codeword of (6) is equal
to . The conclusion of the weight distribution in
the code of (7) follows from (11).

After proving Theorem 5, we make the following remarks on
the of (7).

1) The condition that in Theorem 5
implies the condition (c) of Theorem 1 in [9] if and only
if . So the two irreducible cyclic codes with check
polynomials and respectively both
are one-weight codes in this case. This is because the order
of (and of ) is and that
implies .

2) A linear code is called projective if the minimum weight
of its dual code is at least three. In the special case that

, the weights of the code are the same as
the weights of the two-weight projective cyclic codes char-
acterized in [10, Th. 12]. It follows from [9, Proposition 5
and Corollary 6] that the code of (7) is projective
if and only if . Hence, the code of (7) is
a generalization and extension of some of the codes dealt
with by Vega and Wolfmann in [9] and Wolfmann in [10].

3) Our main objective of proving Theorem 5 here is to deter-
mine the weight enumerator of the of (7) for the

case that .
4) A motivation of studying the code of (7) is

that it is a two-weight code under the conditions
and and that two-weight codes
are closely related to projective sets in finite geometry
and strongly regular graphs [1] and have applications in
cryptography [11].

Example 1: Let , , and . Then
. The set is then a code

over with the weight distribution .
This code has the best known parameters according to the

tables of linear codes maintained by Markus Grassl.2 The code
in this example falls into the special case that , and this
example was first introduced by Wolfmann in [10].

Example 2: Let , , and . Then
. The set is then a

code over with the weight distribution
.

When , the weight distribution of the
code is more complicated. It can be determined in
some special cases.

Theorem 6: Let be an even divisor of and let
. Recall that and . Let

be even. Let . The set of (7) is an
code over with the weight distribution given in

Table I.
Proof: Since , must be odd. Because is even and

, we have that . Note
that . By (5) we have the multiset equality

(12)

2http://www.codetables.de
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TABLE I
WEIGHT DISTRIBUTION FOR THE CASE ��� �� � �.

for each . We have then

(13)

where the first equality and the second one follow from (8) and
(12) respectively.

Since is even, . It follows that
and . Hence both 2 and are elements

of .

1) When is odd, by (13) we have

if

if

if

if

if

if

It then follows from Lemmas 3 and 4 that

once

times

times

times

times

times

once

times

times

times

times

times

(14)

where the frequencies are obtained using Lemma 2.
Because for any pair . Hence,
the dimension of the code of (7) is . Note that
the Hamming weight of the codeword of (6) is equal
to . The conclusion of the weight distribution
in the code of (7) follows from (14) and Lemma
4.

2) When is even, by (13) we have

Similarly, we can compute the weight distribution of the
code in this case. Details of the computation are
omitted here.

Now we compare the code of Theorem 6 with the
code in Theorem 7 of [9] and make the following remarks.

1) In Theorem 6, and the code is the cyclic
code with parity-check polynomial .
Hence the parity-check polynomials of the code in The-
orem 6 of this paper and of the code in [9, Th. 7] have the
same format.

2) In the general case that and , the code
of Theorem 6 and the code in [9, Th. 7] have

different lengths.
3) When , and is even, the code

of Theorem 6 and the code in [9, Th. 7] complement each
other in the sense that they deal with the same code for the
two cases that is even and odd respectively. Of course,
the codes have different weight distributions.
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Example 3: If , and is even, the set
of (7) is an code over with the weight

distribution

where .

IV. CONCLUDING REMARKS AND OPEN PROBLEMS

The contribution of this paper is the determination of the
weight distribution of the code for the following spe-
cial cases:

1) and ; and
2) and .

Even the case that is not completely settled. Hence, the
weight distribution of the code is open in many cases.
The following example shows that the weight distribution is
complex in general.

Example 4: Let , , , and . Then
. The set is then a code

over with the weight distribution

The reader is invited to attack the weight distribution problem
for the open cases. As made clear in this paper, the codes dealt
with in this paper are closely related to the codes studied in [9]
and [10], and were introduced in earlier references.
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