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Abstract

Permutation polynomials have been a subject of study for over 140 years and have applications in many
areas of science and engineering. However, only a handful of specific classes of permutation polynomials
are known so far. In this paper we describe four classes of permutation polynomials over F2m . Two of the
four classes have the same form, while the other two classes are of different forms. Our work is motivated
by a recent paper by Helleseth and Zinoviev.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction

Let q be a prime power, and let Fq and Fq [x] denote the finite field of order q and the ring of
polynomials in a single indeterminate over Fq . A polynomial f ∈ Fq [x] is called a permutation
polynomial (PP) of Fq if it induces a one-to-one map of Fq onto itself.

Permutation polynomials over finite fields have been a subject of study for many years, and
have applications in coding theory, cryptography, combinatorial designs, and other areas. In-
formation about properties, constructions, and applications of permutation polynomials can be
found in Cohen [3], Lidl and Niederreiter [10], Mullen [11], and Sun and Wan [13].
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Table 1
Values of s giving permutation polynomials

m Minimal polynomial of α over F2 δ Values of s

5 x5 + x2 + 1 α5 1,2,10,15,17,23,27,29,30
6 x6 + x + 1 α5 1,2,31,35,55,58,59,62
7 x7 + x + 1 α7 1,2,42,63,95,119,125,126
8 x8 + x5 + x3 + x + 1 α3 1,2,90,127,135,191,223,239,

247,251,253,254

Permutation polynomials of F2m can be constructed from the so-called o-polynomials as-
sociated to hyperovals in projective planes. For details, we refer the reader to Hirschfeld and
Storme [8].

Recently, Helleseth and Zinoviev [7] derived new Kloosterman sums identities over F2m , by
making use of the permutation polynomials

p(x) =
(

1

x2 + x + δ

)s

+ x (1)

over F2m , where δ is any element of F2m with the absolute trace Tr(δ) = 1, s = 2l and l = 0
or 1. The only two families of permutation polynomials p(x) proved in [7] are given by s = 1
and s = 2. However, with the help of computer Helleseth and Zinoviev [7] gave a set of small
values of (m,α, δ, s), see Table 1, with which the polynomial p(x) of (1) is a permutation of F2m ,
where α is a root of the primitive polynomial of degree m employed to define the finite field F2m .
In Table 1, when 2m − 1 − s is a power of 2, p(x) is the sum of a linearized permutation poly-
nomial and a constant. This explains why some of the values of (m,α, δ, s) give permutation
polynomials.

The purpose of this paper is to describe four classes of permutation polynomials over F2m .
Two of the four classes have the same form as that of (1), while the other two classes are of
different forms. Some permutation polynomials described here explain all the remaining values
in Table 1 except the two cases (m, s) = (5,17) and (m, s) = (6,58). Our work is motivated by
Helleseth and Zinoviev [7].

2. The case that m is odd

Let k and m be two positive integers throughout this section. It is known that gcd(2k + 1,

2m − 1) = 1 if and only if m/gcd(k,m) is odd [5, Lemma 2.1]. We shall need this result in the
sequel. Let Tr(x) denote the absolute trace function on F2m .

Theorem 2.1. Let δ be an element of F2m with Tr(δ) = 1, and let m/gcd(k,m) be odd. Then

f (x) = (
x2k + x + δ

)k′ + x

is a permutation polynomial of F2m for any integer k′ with (2k + 1)k′ ≡ 1 (mod 2m − 1).

Proof. Since m/gcd(k,m) is odd, gcd(2k + 1,2m − 1) = 1. Then x2k+1 is a permutation poly-
nomial in F2m . For any c ∈ F2m , we will prove that f (x) = c has a unique solution in F2m . Since
Tr(δ) = 1, x2k + x + δ �= 0 for all x ∈ F2m .
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The equation f (x) = c is equivalent to

(
x2k + x + δ

)k′ = x + c,

which is further equivalent to

x2k + x + δ = (x + c)2k+1.

The preceding equation is reformulated into

x2k+1 + (c + 1)x2k + (c + 1)2k

x + c2k+1 + δ = 0.

We rewrite the equation above as

x2k+1 + (c + 1)x2k + (c + 1)2k

x + (
c2k+1 + c2k + c + 1

) = δ + c2k + c + 1,

that is,

(x + c + 1)2k+1 = δ + c2k + c + 1.

Since x2k+1 is a permutation of F2m , we conclude that there is the unique x ∈ F2m satisfying the
above equation. �

We remark that the polynomial f (x) in Theorem 2.1 is of the same form with the p(x) of (1)
only when k = 1. The polynomial f (x) with k = 1 becomes the polynomial p(x) with s =
(2m − 2)/3, and thus explains the two cases (m, s) = (5,10) and (m, s) = (7,42) in Table 1.

3. The case that m is even

In the case that m is even, we will describe three classes of permutation polynomials on F2m .

Theorem 3.1. Let m be an even integer, and let δ be an element in F2m with Tr(δ) = 1. Then

h(x) =
(

1

x2 + x + δ

)2m−1+2m/2−1−1

+ x

is a permutation of F2m . Or, equivalently,

f (x) = (
x2 + x + δ

)2m/2−1 + x2m/2+1

is a permutation of F2m .

Proof. For any d ∈ F2m , it suffices to prove that the equation

(
x2 + x + δ

)2m/2−1 = x2m/2+1 + d (2)

has at most one solution in F2m .
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We introduce a notation. For any element z ∈ F2m , let z = z2m/2
. Then z = z. Using this

notation, we rewrite (2) as

x2 + x + δ = (
x2 + d

)(
x2 + x + δ

)
. (3)

We wish to eliminate x and x2 and get a low-degree equation in x. These techniques were
introduced by Dobbertin [6], and were used in [1] to prove that a special class of polynomials
are permutation polynomials.

Raising both sides of (3) to the power of 2m/2, we obtain

x2 + x + δ = (
x2 + d

)(
x2 + x + δ

)
. (4)

Since we assumed Tr(δ) = 1, we have Tr(x2 + x + δ) = Tr(δ) = 1. Hence x2 + x + δ �= 0.
Likewise, we have x2 + x + δ �= 0. Multiplying (3) and (4), we have (x2 + d)(x2 + d) = 1. Thus

x2 = 1

x2 + d
+ d. (5)

From (4) it follows that x2 + x + δ = x2+x+δ

x2+d
. Hence

x2 + x = x2 + x + δ

x2 + d
+ δ. (6)

Subtracting (5) from (6), we obtain

x = x2 + x + δ + 1

x2 + d
+ δ + d. (7)

Comparing (5) with (7), we have

d(x2 + d) + 1

x2 + d
=

[
(x2 + x + δ + 1) + (x2 + d)(δ + d)

x2 + d

]2

. (8)

Hence

[
d
(
x2 + d

) + 1
](

x2 + d
) = [(

x2 + x + δ + 1
) + (

x2 + d
)
(δ + d)

]2
, (9)

which is further reduced to

(
1 + δ2 + d2 + d

)
x4 + (

δ2 + 1 + δ2d2 + d2d2 + dd2 + d
) = 0. (10)

We claim that 1 + δ2 + d2 + d �= 0. Because m is even, we have Tr(1) = 0. Hence Tr(1 + δ2 +
d2 + d) = Tr(1 + δ2) = Tr(δ2) = Tr(δ) = 1. So 1 + δ2 + d2 + d �= 0. Thus (10) has the unique
solution in F2m . This completes the proof. �

As a byproduct we have the following.
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Corollary 3.2. If m is even and δ is an element of F2m with Tr(δ) = 1, then

g(x) = (
1 + δ2 + x2m/2 + δ2m/2+1

x2m/2+1 + x2m/2+1+1 + x2m/2+1+2)
× (

1 + δ2m/2+1 + x + x2)2m−2

is a permutation polynomial of F2m .

Proof. In the proof of Theorem 3.1, we proved that for any x, d ∈ Fq , if f (x) = d , then by (10),

x4 = δ2 + 1 + δ2d2 + d2d2 + dd2 + d

1 + δ2 + d2 + d
= g(d),

since we showed that the denominator is never zero.
We claim that g induces an injective mapping from Fq to Fq . Suppose d1, d2 ∈ Fq

and g(d1) = g(d2). Since f is a permutation of Fq , there must exist x1, x2 ∈ Fq such that
f (x1) = d1, f (x2) = d2. From the discussion above, we have x4

1 = g(d1) = g(d2) = x4
2 . Thus

we have x1 = x2, which implies d1 = d2.
Now since g is an injective mapping from Fq to itself, it must be a permutation of Fq . �
We now describe another class of permutation polynomials.

Theorem 3.3. Let m be a positive integer with 4 | m, and let δ be an element in F2m with
Tr(δ) = 1. Then

h(x) =
(

1

x2 + x + δ

)(2m+2m/2−2)/3

+ x = (
x2 + x + δ

)(2m+1−2m/2−1)/3 + x

is a permutation polynomial of F2m .

Proof. Let d ∈ F2m . Our objective is to prove that h(x) = d has at most one solution in F2m .
Since m is a multiple of 4, gcd(m/2 + 1,m) = 1. We then have

gcd
(
2m/2+1 − 1,2m − 1

) = 2gcd(m/2+1,m) − 1 = 1.

Therefore the equation h(x) = d is equivalent to

(
x2 + x + δ

) (2m+1−2m/2−1)(2m/2+1−1)
3 = (x + d)2m/2+1−1. (11)

We now prove that (2m+1−2m/2−1)(2m/2+1−1)
3 ≡ 2m/2 − 1 (mod 2m − 1). We have

(2m+1 − 2m/2 − 1)(2m/2+1 − 1)

3
− (

2m/2 − 1
)

= (2m+1 − 2m/2 − 1)(2m/2+1 − 1) − 3(2m/2 − 1)
3
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= 23m/2+2 − 2m+1 − 2m/2+1 − 2m+1 + 2m/2 + 1 − 2m/2+1 − 2m/2 + 3

3

= 23m/2+2 − 2m+2 − 2m/2+2 + 4

3

= 4(2m/2 − 1)(2m − 1)

3
.

The conclusion then follows from the fact that 3 divides 2m/2 − 1 as m/2 is even.
Thus (11) becomes

(
x2 + x + δ

)2m/2−1 = (x + d)2m/2+1−1. (12)

Clearly, x = d cannot be a solution of (12) because Tr(δ) = 1. With the bar notation introduced
earlier, we rewrite (12) as

(
x2 + x + δ

)
(x + d) = (

x2 + d2)(x2 + x + δ
)
. (13)

Raising both sides of (13) to the power of 2m/2, we get

(
x2 + x + δ

)
(x + d) = (

x2 + d2)(x2 + x + δ
)
. (14)

Multiplying (13) and (14), we obtain

(x + d)(x + d) = 1. (15)

Hence

x = 1

x + d
+ d. (16)

Combining (16) and (13), we get

x2 + 1

x + d
+ d + δ = x2 + x + δ

x2 + d2
· 1

x + d
= x2 + x + δ

(x + d)3
.

Thus

x2 = x2 + x + δ + (x + d)2 + (d + δ)(x + d)3

(x + d)3

= x + δ + d2 + (d + δ)(x + d)3

(x + d)3
. (17)

Comparing (16) and (17), we have

x + δ + d2 + (d + δ)(x + d)3

3
= (dx + dd + 1)2

2
,

(x + d) (x + d)
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which can be reduced to

(
d + d2 + δ

)
(x + d)3 = (

d2 + d + δ
)
. (18)

Let y = x + d , then (18) becomes

y3 = (
d + d2 + δ

)2m/2−1
. (19)

Note that 3 | 2m/2 − 1. Let ω be a primitive third root of unity in Fq , then all roots of (19) are

yi = (d + d2 + δ)(2
m/2−1)/3ωi , with i = 0,1,2.

Since x must satisfy (15), we have yy = 1. We claim there is at most one root of (19) that
satisfies yy = 1. Otherwise, suppose yjyj = 1 and yj+1yj+1 = 1 for some 0 � j � 2, where the

subscript is taken modulo 3. By dividing these two equations, we have ωω = 1, i.e., ω1+2m/2 = 1.
However, this cannot hold since 3 does not divide 1 + 2m/2.

Thus there is at most one y satisfying (19) and yy = 1, and consequently at most one x

satisfying (11). This completes the proof. �
4. Concluding remarks

Although permutation polynomials have been a subject of study for over 140 years, only a
handful of specific families of permutation polynomials of finite fields are known so far. The
construction of special types of permutation polynomials becomes more interesting, as nice ap-
plications in Turbo codes and LDPC codes are found recently (see, e.g., [4,12]). The reader
is referred to Blokhuis, Coulter, Henderson and O’Keefe [2], and Hollmann and Xiang [9] for
recent constructions of permutation polynomials.

It is noted that the two classes of permutation polynomials given in Theorem 2.1 and Corol-
lary 3.2 are of different forms with the polynomials p(x) in (1) studied by Helleseth and Zi-
noviev [7].

It is verified that the three classes of permutation polynomials described in Theorems 2.1, 3.1,
and 3.3 contain as special cases all the remaining values in Table 1 except the two cases (m, s) =
(5,17) and (m, s) = (6,58). It is an interesting open problem whether the two unexplained cases
lead to new classes of permutation polynomials over F2m .
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