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Abstract

Algorithms on streaming data have attracted increasing attention in the past decade.
Among them, dimensionality reduction algorithms are greatly interesting due to the
desirability of real tasks. Principal Component Analysis (PCA) and Linear Discriminant
Analysis (LDA) are two of the most widely used dimensionality reduction approaches.
However, PCA is not optimal for general classification problems because it is unsuper-
vised and ignores valuable label information for classification. On the other hand, the
performance of LDA is degraded when encountering limited available low-dimensional
spaces and singularity problem. Recently, Maximum Margin Criterion (MMC) was
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proposed to overcome the shortcomings of PCA and LDA. Nevertheless, the original
MMC algorithm could not satisfy the streaming data model to handle large-scale
high-dimensional data set. Thus an effective, efficient and scalable approach is needed.
In this paper, we propose a supervised incremental dimensionality reduction algorithm
and its extension to infer adaptive low-dimensional spaces by optimizing the maximum
margin criterion. Experimental results on a synthetic dataset and real datasets demon-
strate the superior performance of our proposed algorithm on streaming data.
� 2005 Elsevier Inc. All rights reserved.
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1. Introduction

There has been an increasing interest on mining streaming data due to the
growing number of real applications [2,10,18,19,24]. Streaming data differ from
the conventional stored-relation data model in the following ways: (1) the data
are not available all at once since they arrive as continuous streams; (2) the
order in which data elements arrive cannot be controlled; (3) data streams
are potentially without ending; (4) an element from a data stream cannot be
retrieved repeatedly; in other words, each sample data could be processed only
once; (5) the size of the data can be very large sometimes. These characteristics
make the processing of streaming data a challenging issue.

Dimensionality reduction [8] has been one of the main techniques used to
facilitate the processing of streaming data. The dimension reduction algorithms
are generally classified into feature selection, feature extraction and random pro-
jection. The characters of streaming data require the dimension reduction tech-
niques to be as efficient as possible. Thus the common used dimension reduction
algorithms used for data streams are random projection [10] and feature selection
[25]. However, few works have addressed the feature extraction algorithms for
streaming data dimension reduction though they are very effective. This is due
to the reason that the computation complexity of most feature extraction tech-
niques is so high that they cannot meet the requirements of streaming data. In
this paper, we study the dimensionality reduction on streaming data by different
linear feature extraction methods such as Principal Component Analysis (PCA)
[16], Linear Discriminant Analysis (LDA) [3], and Maximum Margin Criterion
(MMC) [14]. The PCA is unsupervised and is not optimal for general classifica-
tion problems. The LDA is limited by the singularity problem and class number
problem. The recent proposed MMC solved all their shortcomings. Based on the
result of analysis, we propose a supervised dimensionality reduction algorithm
called Incremental Maximum Margin Criterion (IMMC) to generate the low-
dimensional space from streaming data samples. We also use incremental
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inter-class scatter criterion to make the algorithm more efficient and robust with-
out the need to reconstruct the criterion matrix when a new sample arrives. Our
experiments show that the proposed algorithms can achieve very good perfor-
mance on reducing the dimension of streaming data.

The rest of the paper is organized as follows. In Section 2, we describe the
problem and provide some background information for dimensionality reduc-
tion on streaming data. In Section 3, we propose the algorithm called Incre-
mental Maximum Margin Criterion (IMMC) and its extension based on
Incremental Inter-class Scatter criterion (IIS). In Section 4, we introduce
related work on incremental dimensionality reduction. The experimental
results are presented in Section 5. We conclude the paper and discuss the future
work in Section 6.
2. Problem definitions and background

For better comprehension, the mathematical definition of our problem is
given firstly. Following that, some necessary background such as streaming
data and dimensionality reduction concept are showed in this section.

2.1. Problem definitions

Let us consider a labeled data stream {u(i)} where each u(i) is a multi-dimen-
sional vector, i denotes the order of sample data as they arrive, and the class
label of u(i) is li. Formally, the incremental dimensionality reduction problem
on streaming data is described as follows: suppose u(i) 2 Rd, at the time step i,
find a transformation matrix W(i) 2 Rd·p to project u(i) to a low-dimensional
space such that the sample data y(i) = WT(i)u(i) are well separated by class
in the p-dimensional space. Moreover, the sample data before time i, i.e.,
u(1),u(2), . . . , u(i � 1), could not be used to find W(i). Without loss of general-
ity, the whole problem is defined in Table 1.
Table 1
Problem statement

Input: original high-dimensional data stream {u(i) 2 Rd}, the class label of the ith data is li
for i = 1,2, . . .

W(i) = f(W(i � 1),u(i)), where f is a function of W(i � 1) and u(i)
(Note that different algorithms are determined by different functions f)
y(i) = WT(i)u(i)
break when converge

end for
Output: an optimal projection matrix, W 2 Rd·p
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Our two proposed algorithms in this paper are to give two f functions by
optimizing two different criterions. Note that the value of f should be updated
by its value of last step and the new arrived sample, thus what the problem
needs is a one pass algorithm. Then when the iteration procedure converges,
we can use the learned W 2 Rd·p to project the future data without label and
predict their class label in the p-dimensional space.

2.2. Streaming data

Streaming data is a sequence of digitally encoded signals used to represent
information in transmission. For streaming data, the input data that are to
be operated are not available all at once, but rather arrive as continuous
data sequences. For the problem stated in Section 2.1, streaming data differ
from the conventional stored relation model in several ways: (1) the sample
data in the stream arrive continuously with a high rate, which needs an
incremental algorithm with low time complexity; (2) we could not control
the order in which data elements arrive; (3) data streams are potentially
without ending; (4) an element from a data stream cannot be retrieved easily,
in other words, one pass algorithms are preferred for streaming data; and (5)
the scale of the sample data is often very large, especially for the online web
documents.

The basic mathematical ideas to process streaming data are sampling and
random projections. Many different sampling methods [11,15,20] have been
proposed: domain sampling, universe sampling, reservoir sampling, etc. There
are two main difficulties with sampling for streaming data. First, sampling is
not a powerful primitive for many problems since too many samples are
needed for performing sophisticated analysis and a lower bound is given in
[22]. Second, as stream unfolds, if the samples maintained by the algorithm
get deleted, one may be forced to resample from the past, which is in general,
expensive or impossible in practice and in any case, not allowed in streaming
data problems. Random projections rely on dimensionality reduction, using
projection along random vectors. The random vectors are generated by
space-efficient computation of random variables. These projections are called
the sketches. There are many variations of random projections which are of
simpler ilk. For example, counting sketches [6], random subset sums [7] and
bloom filters [5].

Streaming data processing is related to the following areas: (1) PAC learning
[17]; (2) online algorithms: data stream algorithms have an online component
where input is revealed in steps; (3) property testing: this area focused typically
on sub-linear time algorithms for testing objects and separating them based on
whether they are far from having a desired property, or not; and (4) Markov
methods: some data streams may be considered as intermixed states of multiple
Markov chains.
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2.3. Dimensionality reduction

Principal Component Analysis (PCA) and Linear Discriminant Analysis
(LDA) are two most common dimensionality reduction algorithms. Another
supervised dimensionality reduction approach named Maximum Margin Crite-
rion (MMC) was proposed recently. Fig. 1 shows the performance of different
dimensionality reduction approaches on a synthetic dataset. In this experiment
we generated a three-dimensional data set with two classes. As an example,
each class consists of 100 samples following a normal distribution with mean
(0,0,0) and (5, 5,5), respectively. Fig. 1(a) shows a scatter plot of the data
set. (b)–(f) are low-dimensional projections of original data by different dimen-
sionality reduction approaches. From (b) and (e) we can see that PCA mixes
these two classes of data in both one-dimensional space and two. Although
LDA could separate them in (d), the dimension of low-dimensional space
found by LDA could not beyond one. (c) and (f) show that MMC could sep-
arate these two class in any lower dimensional space.

From this experiment we can see that PCA is not optimal for classification
tasks and mixes the two classes; the dimension of space found by LDA could
not beyond one since this is a two class problem (the theoretical reason could
be found in Section 2.3.2). It is clear that MMC algorithm outperforms PCA
for classification and is not limited by the number of classes.
Fig. 1. Different dimensionality reduction algorithms on synthetic data. (a) Original data set; (b)
projected to one dimension by PCA; (c) projected to one dimension by MMC; (d) projected to one
dimension by LDA; (e) and (f) projected to two dimension by PCA and MMC.
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2.3.1. Principal component analysis

The goal of the PCA is to find a low-dimensional space whose basis vectors
correspond to the directions with maximal variances. PCA projects the original
data into a low-dimensional space; that is, PCA minimizes the reconstruction
error in the sense of least square errors. PCA finds the most representative
features, but it ignores the class label information. Thus, PCA is not ideal
for general classification tasks. The computation cost of PCA mainly lies in
the SVD processing of covariance matrix C with computational complexity
O(m3), where m is the smaller number of the data dimension and the number
of samples. It is difficult or even impossible to conduct PCA on large-scale data
sets with any higher dimensional representations.

2.3.2. Linear discriminant analysis

Linear Discriminant Analysis (LDA) is used to pursue a low-dimensional
space that best discriminates the samples from different classes. Suppose
W 2 Rd·p is the linear projection matrix; LDA aims to maximize the so-called
Fisher criterion

JðW Þ ¼ TraceðW TSbW Þ
TraceðW TSwW Þ

;

where

Sb ¼
Xc

i¼1

piðmi � mÞðmi � mÞT; Sw ¼
Xc

i¼1

piEðui � mliÞðui � mliÞ
T

are called inter-class scatter matrix and intra-class scatter matrix, respectively,
where m is the mean of all samples, mi is the mean of the samples belonging to
class i and pi is the prior probability for a sample belonging to class i. The pro-
jection matrix W can be obtained by solving the following generalized eigen-
vector decomposition problem:

Sbw ¼ kSww.

LDA explicitly utilizes the label information of the samples and is a super-
vised algorithm. As many works have stated, LDA can outperform PCA in
classification problems. On the other hand, there are at most c � 1 nonzero
eigenvalues, so the upper bound of p is c � 1; and Sw must not be singular,
which limit the application of LDA. Moreover, it is still difficult for LDA to
hand large scale database with high-dimensional representation. As in the Reu-
ters Corpus Volume 1, the number of dimensions in inter-class scatter matrix
and intra-class scatter matrix is about 300,000 and it is impossible to conduct
generalized eigenvector decomposition on current computer with moderate
configuration.
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2.3.3. Maximum margin criterion

The Maximum Margin Criterion (MMC) is a feature extraction criterion pro-
posed recently. This new criterion is general in the sense that, when combined
with a suitable constraint, it can actually give rise to linear discriminant analysis.
Using the same representation with LDA, the purpose of MMC is to maximize
the criterion J(W) = WT(Sb � Sw)W. Although both MMC and LDA are super-
vised dimensionality reduction approaches, the computation of MMC is easier
than that of LDA without the inverse of the matrix. The projection matrix W can
be obtained by solving the following eigenvector decomposition problem:

ðSb � SwÞw ¼ kw.

As what has been discussed above, PCA is not optimal for general classifi-
cation problems since it is an unsupervised algorithm that ignores the valuable
label information for classification. On the other hand, the applications of
LDA are degraded by the limited available dimensional space and the singular-
ity problem. MMC overcomes these shortcomings. However, MMC has no
incremental algorithm thus it could not hand the streaming data or large scale
data. In the next section, an incremental MMC and its extension are proposed
to transact streaming data and large scale data.
3. Incremental algorithms on streaming data

In this section, we propose a novel incremental supervised dimensionality
reduction algorithm and its extension on streaming data. Firstly, we propose
the incremental algorithm IMMC to reduce the dimensionality of original
high-dimensional data stream by adaptively optimizing the maximum margin
criterion. After that we show an extension of MMC, namely weighted
MMC. For streaming data, the data arrive with a high rate, the simplicity of
the criterion for supervised dimensionality reduction is very important. Thus,
we give an incremental algorithm on a special case of the weighted MMC
which is more stable and efficient than the original IMMC. This incremental
algorithm on the special case is proposed in Section 3.2. Discussion of these
two algorithms, which helps us to select appropriate algorithm for different
tasks is also given in Section 3.2.

3.1. Incremental maximum margin criterion

In this section, we consider the scenario to maximize the maximum margin
criterion that aims to make the class centers as far as possible while the data
points in the same class as close as possible. Denote the projection matrix from
original space to the low-dimensional space as W 2 Rd·p. In this work, we pro-
pose to incrementally maximize the criterion J(W) = WT(Sb � Sw)W, where Sb
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and Sw are the inter-class scatter and intra-class scatter matrix respectively. C is
the covariance matrix. Ref. [14] tells us that W is the first k leading eigenvectors
of the matrix Sb � Sw and the column vectors of W are orthogonal to each other.

3.1.1. Algorithm derivation

Let us analyze the criterion matrix Sb � Sw and transform it into another
convenient form. The transformation and the derivation of our incremental
algorithm are based on the two lemmas as below.
Lemma 1. If limn!1an ¼ a then limn!1
1
n

Pn
i¼1ai ¼ a.
Lemma 2. Sb + Sw = C.

The detailed proof of lemma could be found in Appendix A. From Lemma
2, the maximum margin criterion can be transformed as J(W) =
WT(2Sb � C)W. In the following, the variable (i) denotes the value of variable

at step i. From Lemma 1 we know that

Sb ¼ lim
n!1

1

n

Xn

i¼1

SbðiÞ. ð1Þ

On the other hand,

C ¼ EfðuðnÞ � mÞðuðnÞ � mÞTg

¼: lim
n!1

1

n

Xn

i¼1

ðuðnÞ � mðnÞÞðuðnÞ � mðnÞÞT. ð2Þ

Assume that h is a positive real number and I 2 Rd·d is an identity matrix, if
k is an eigenvalue of matrix A and x is its corresponding eigenvector, then
(A + hI)x = Ax + hIx = (k + h)x, i.e., A should have the same eigenvectors
as matrix A + hI. The convergence of our algorithm [3] needs the MMC crite-
rion matrix to be nonnegative determined, thus a parameter h is designed to
meet this requirement. Therefore, 2Sb � C should have the same eigenvectors
as 2Sb � C + hI.

Notice that hI can be represented as

hI ¼ EfhIg ¼ lim
n!1

1

n

Xn

i¼1

hI . ð3Þ

From (1)–(3) we can have

2Sb � C þ hI ¼ lim
n!1

1

n

Xn

i¼1

ð2SbðiÞ � ðuðiÞ � mðiÞÞðuðiÞ � mðiÞÞT þ hIÞ

¼ lim
n!1

1

n

Xn

i¼1

AðiÞ ¼ A; ð4Þ
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where

AðiÞ ¼ 2SbðiÞ � ðuðiÞ � mðiÞÞðuðiÞ � mðiÞÞT þ hI ;

A ¼ 2Sb � C þ hI . ð5Þ

Notice that EfAðnÞg ¼ limn!1
1
n

Pn
i¼1AðiÞ.

The general eigenvector form is Ax = kx, where x is the eigenvector of
matrix A corresponding to eigenvalue k. By replacing matrix A with the max-
imum margin criterion matrix at step n, we obtain an approximate iterative
eigenvector computation formulation with v = kx:

vðnÞ¼ 1

n

Xn

i¼1

2SbðiÞ�ðuðiÞ�mðiÞÞðuðiÞ�mðiÞÞTþhI
� �

xðiÞ

¼ 1

n

Xn

i¼1

2
Xc

j¼1

pjðiÞUjðiÞUjðiÞT�ðuðiÞ�mðiÞÞðuðiÞ�mðiÞÞTþhI

 !
xðiÞ;

ð6Þ

where Uj(i) = mj(i) � m(i). Let x(i) = v(i � 1)/kv(i � 1)k, we have the following
incremental formulation:

vðnÞ ¼ n� 1

n
vðn� 1Þ

þ 1

n
2
Xc

j¼1

pjðnÞUjðnÞUjðnÞT � ðuðnÞ � mðnÞÞðuðnÞ � mðnÞÞT þ hI

 !

� vðn� 1Þ=kvðn� 1Þk ¼ n� 1

n
vðn� 1Þ

þ 1

n
2
Xc

j¼1

pjðnÞajðnÞUjðnÞ � bðnÞðuðnÞ � mðnÞÞ þ hvðn� 1Þ
 !

�
kvðn� 1Þk; ð7Þ

where aj(n) = Uj(n)Tv(n � 1) and b(n) = (u(n) � m(n))Tv(n � 1). v(n) is the nth
step estimation of v. For initialization, we set v(0) as the first sample.

Notice that different eigenvectors are orthogonal to each other. Thus it helps
to generate ‘‘observations’’ only in a complementary space for the computation
of the higher order eigenvectors. To compute the (j + 1)th eigenvector, we first
subtract its projection on the estimated jth eigenvector from the data,

ujþ1
ln
ðnÞ ¼ uj

ln
ðnÞ � ðuj

ln
ðnÞTvjðnÞÞvjðnÞ=kvjðnÞk2

; ð8Þ

where u1
ln
ðnÞ ¼ ulnðnÞ. The same method is used to update mj

iðnÞ and mj(n),
i = 1,2, . . . ,c. Since mj

iðnÞ and mj(n) are linear combinations of xj
li
ðiÞ, where
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i = 1,2, . . . ,n, j = 1,2, . . . ,k, and li 2 {1,2, . . . ,C}, Ui are linear combination of
mi and m, for convenience, we can only update U at each iteration step by

Ujþ1
ln
ðnÞ ¼ Uj

ln
ðnÞ � ðUj

ln
ðnÞTvjðnÞÞvjðnÞ=kvjðnÞk2. ð9Þ

In this way, the time-consuming orthonormalization is avoided and the
orthogonal is always enforced when the convergence is reached, although
not exactly so at early stages. Through the projection procedure using (8)
and (9) at each step, we can get the eigenvectors of maximum margin criterion
matrix one by one. It is much more efficient in comparison to the time-consum-
ing orthonormalization process.

3.1.2. Algorithm summary

Suppose that u(n) is the input sample at step n, which belongs to class ln,
ln 2 {1,2, . . . ,c}, Ni(n) is the total sample number of class i. mi(n) is the mean
of class i. m(n) is the mean of all samples. Set Uj(i) = mj(i) � m(i). The algorithm
is listed in Table 2 and we can update our data at each step as that in Table 3.

The time complexity of IMMC to train N input samples is O(Ncdp), where c is
the number of classes, d is the dimension of the original data space, and p is the
target dimension, which is linear with each factor. Furthermore, when handling
each input sample, IMMC only need to keep the learned eigen-space and several
first-order statistics of the past samples, such as the mean and sample numbers for
different classes. Hence, IMMC is able to handle large scale and continuous data.
Table 2
IMMC algorithm

for n = 1,2, . . . , do the following steps,
Update Ni(n), mi(n), Ui(n), m(n) following the steps in Table 3;
U1

i ðnÞ ¼ UiðnÞ; i ¼ 1; 2; . . . ; c
for j = 1,2, . . . ,min(p,n)

if j = n then
vj(n) = uj(n)

else

faj
i ðnÞ ¼ Uj

i ðnÞ
Tvjðn� 1Þ

bjðnÞ ¼ ujðnÞTvjðn� 1Þ

vjðnÞ ¼ n� 1

n
vjðn� 1Þ þ 1

n
2
Xc

i¼1

piðnÞa
j
i ðnÞUj

i ðnÞ
 

�bjðnÞujðnÞ þ hðjÞvjðn� 1Þ
!,

kvðn� 1Þk

Ujþ1
i ðnÞ ¼ Uj

i ðnÞ � Uj
i ðnÞ

TvjðnÞvjðnÞ=kvjðnÞkkvjðnÞk
ujþ1

i ðnÞ ¼ uj
i ðnÞ � uj

i ðnÞ
TvjðnÞvjðnÞ=kvjðnÞkkvjðnÞk

where pjðnÞ ¼ NiðnÞ=ng

end for



Table 3
Update process

mðnÞ ¼ 1
n ððn� 1Þmðn� 1Þ þ uðnÞÞ

for i = 1,2, . . . ,c

if i = ln

fNiðnÞ ¼ Niðn� 1Þ þ 1

miðnÞ ¼
1

NiðnÞ
ðNiðn� 1Þmiðn� 1Þ þ uðnÞÞg

else

fNiðnÞ ¼ Niðn� 1Þ
miðnÞ ¼ miðn� 1Þg

Ui(n) = mi(n) � m(n)
u(n) = u(n) � m(n)

end for
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Notice that IMMC algorithm relies on a parameter h and it sometimes could
not be estimated beforehand accurately. In these cases, it is assigned as experi-
ential value. These difficulties motivate us to propose a weighted maximum
margin criterion A = Sb � eSw, where e is a real parameter. Some advanced
experiments show that the classical MMC (e = 1) is not usually optimal for
classification tasks. In other words, a proper e could improve the performance
of MMC and it could make sure that the criterion matrix is nonnegative deter-
mined. Then we could make the criterion matrix nonnegative determined by
giving a proper e instead of parameter h.
3.2. Incremental inter-class scatter criterion

Since the data arrive in a high rate in streaming data model, the simplicity of
the criterion for supervised dimensionality reduction algorithm is very impor-
tant. The inter-class scatter criterion (e = 0) aims to make the class centers as
far as possible. The speed and scale of data in the streaming data model is very
high, thus this criterion satisfies the simplicity requirement. The inter-class scat-
ter criterion is as follows: J(W) = WTSbW, where Sb is the inter-class scatter
matrix same as in LDA. In the above formulation, we exercised freedom to
multiply W with some nonzero constant. Thus, we additionally require that
W consists of unit vectors, i.e., W = [w1,w2, . . . ,wp] and wT

k wk ¼ 1. Then, the
optimization problem is transformed to the following constrained optimization
problem:

max
Xp

k¼1

wT
k Sbwk; subject to wT

k wk ¼ 1; k ¼ 1; 2; . . . ; p.
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We maximize the above optimization problem by introducing a Lagrangian
function below,

Lðwk; kkÞ ¼
Xp

k¼1

wT
k Sbwk � kkðwT

k wk � 1Þ;

where kk are the Lagrange multipliers. The condition for the saddle point is
that the derivatives of L must vanish, which leads to Sbwk = kkwk, i.e., the col-
umns of W are eigenvectors of Sb. Therefore, J(W) is maximized when W is
composed of the first d leading eigenvectors of Sb.

In the following subsections, we will present the details on how to incremen-
tally derive the leading eigenvectors of Sb, i.e., the Incremental Inter-class Scat-
ter criterion (IIS); then the algorithm summary are also presented.

3.2.1. Algorithm derivation

As in Section 3.1, assume that a sample sequence is presented as fulnðnÞg,
where n = 1,2, . . . The purpose of IIS is to maximize the inter-class scatter cri-
terion Js(W) = WTSbW.

The inter-class scatter matrix of step n after learning from the first n samples
can be written as

SbðnÞ ¼
Xc

j¼1

pjðnÞðmjðnÞ � mðnÞÞðmjðnÞ � mðnÞÞT. ð10Þ

From the fact that limn!1SbðnÞ ¼ Sb and Lemma 1, we obtain

Sb ¼ lim
n!1

1

n

Xn

i¼1

SbðiÞ. ð11Þ

The general eigenvector form is Au = ku, where u is the eigenvector corre-
sponding to the eigenvalue k. By replacing the matrix A with the inter-class
scatter matrix at step n, we can obtain an approximate iterative eigenvector
computation formulation with v = ku:

vðnÞ ¼ 1

n

Xn

i¼1

SbðiÞuðiÞ

¼ 1

n

Xn

i¼1

Xc

j¼1

pjðiÞðmjðiÞ � mðiÞÞðmjðiÞ � mðiÞÞTuðiÞ

¼ 1

n

Xn

i¼1

Xc

j¼1

pjðiÞUjðiÞUjðiÞT
 !

uðiÞ; ð12Þ

where Uj(i) = mj(i) � m(i), v(n) is the nth step estimation of v and u(n) is the nth
step estimation of u. The convergence proof below tells us that once we obtain
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the estimate of v, eigenvector u can be directly computed as u = v/kvk. Let
u(i) = v(i � 1)/kv(i � 1)k, we have the following iterative formulation:

vðnÞ ¼ 1

n

Xn

i¼1

Xc

j¼1

pjðiÞUjðiÞUjðiÞT
 !

vði� 1Þ
,
kvði� 1Þk; ð13Þ

i.e.,

vðnÞ ¼ n� 1

n
vðn� 1Þ þ 1

n

Xc

j¼1

pjðnÞUjðnÞUjðnÞT
 !

vðn� 1Þ
,
kvðn� 1Þk

¼ n� 1

n
vðn� 1Þ þ 1

n

Xc

j¼1

pjðnÞajðnÞUjðnÞ; ð14Þ

where aj(n) = Uj(n)Tv(n � 1)/kv(n � 1)k, j = 1,2, . . . ,c.
For initialization, we set v(0)as the first sample. The computation of other

eigenvectors is the same as that of IMMC in Section 3.1

3.2.2. Algorithm summary

Suppose that Ni(n) is the total sample number of class i at step n. The solu-
tion of step n is vj(n), j = 1,2, . . . ,p. We update each element as its counterpart
in Section 3.1 and the algorithm is listed in Table 4.

The time complexity of IIS to train a input samples is O(cdp), where c is the
number of classes, d is the dimension of the original data space, and p is the
target dimension, which is linear with each factor. Furthermore, when handling
each input sample, IIS only need to keep the learned eigen-space and several
Table 4
IIS algorithm

for n = 1,2, . . . , do the following steps,
Update Ni(n),mi(n),Ui(n),m(n)
U1

i ðnÞ ¼ UiðnÞi ¼ 1; 2; . . . ; c
for j = 1,2, . . . ,min{p,n}

if j = n then
vjðnÞ ¼ uj

i ðnÞ
else

aj
i ðnÞ ¼ Uj

i ðnÞ
Tvjðn� 1Þ

vjðnÞ ¼ n� 1

n
vjðn� 1Þ þ 1

n

Xc

i¼1

aj
i ðnÞpiðnÞU

j
i ðnÞ

Ujþ1
i ðnÞ ¼ Uj

i ðnÞ � Uj
i ðnÞ

TvjðnÞvjðnÞ=kvjðnÞkkvjðnÞk
ujþ1

i ðnÞ ¼ uj
i ðnÞ � uj

i ðnÞ
TvjðnÞvjðnÞ=kvjðnÞkkvjðnÞk

end for
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first-order statistics of the past samples, such as the mean and the counts.
Hence, IIS is suitable for streaming data model. Moreover, IIS is also robust
since IIS focuses on the mean of each class and all samples.

Both IIS and IMMC are general in the sense that they maximize the distance
among different class centers and minimize the distance among sample data of
the same class simultaneously. The only difference between the two algorithms
is the choice of weight e of weighted MMC A = Sb � eSw. If e = 0, there has no
parameter choice problem to identify the criterion matrix to be nonnegative
determined, thus the incremental algorithm should be more stable. Moreover,
the algorithm will be more efficient due to the simpler expression of criterion
matrix. On the other hand, if e = 1, the criterion is more reasonable for super-
vised dimensionality reduction and should be more effective for classification
tasks since it considers not only the inter-class information, but also the
intra-class information. Due to this reason, the choice of algorithms depends
on the real task.
4. Related works

Incremental learning for dimensionality reduction on streaming data has
attracted much attention in the last few decades. Incremental PCA is a well stud-
ied incremental leaning algorithm. Many types of IPCA algorithms have been
proposed and the main difference is the incremental representation of the covari-
ance matrix. Almost all of them base on the Singular Value Decomposition. The
latest version of IPCA with convergence proof which does not base on Singular
Value Decomposition is called Candid Covariance-free Incremental Principal
Component Analysis (CCIPCA) which does not need to reconstruct the covari-
ance matrix at each iteration step. Furthermore, an Incremental Linear Discrim-
inant Analysis (ILDA) algorithm has also been proposed recently.

4.1. Incremental PCA by singular value decomposition

The algorithms for incremental principal component analysis [1] have been
proposed since 1970s. Most of them are based on the Singular Value Decom-
position (SVD). The main difference among the several SVD-based IPCA algo-
rithms is how to express the covariance matrix incrementally. The incremental
algorithms by SVD are not applicable to streaming data model since the com-
putational complexity is very high.

4.2. Candid covariance-free IPCA

CCIPCA [23] is a recently proposed algorithm for unsupervised incremental
dimensionality reduction. It incrementally computes the principal components
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of a sequence of samples without estimating the covariance matrix (thus covari-
ance-free). The new method is motivated by the concept of statistical efficiency
(the estimation has the smallest variance given the observed data). To do this, it
keeps the number of observations and computes the mean of observations incre-
mentally, which is an efficient estimate for some well known distributions (e.g.,
Gaussian), although the highest possible efficiency is not guaranteed in the case
because of unknown sample distribution. It converges very fast for high-dimen-
sional data. The convergence of this algorithm is proved in [12,28].

4.3. Incremental linear discriminant analysis

The ILDA algorithm [9] proposed recently is an effective supervised dimen-
sionality reduction algorithm. It is based on the theory of neural network
which is a Gradient Descent algorithm. Since LDA has some shortcomings
which limit its applications, we proposed the above two novel supervised
dimensionality reduction algorithms to avoid the singularity problem and the
limitation of the available dimension of the space.
5. Experimental results

In order to test the performance of the incremental algorithms on stream-
ing data, we modify some commonly used datasets as streaming data. We
conducted three sets of experiments. In the first set of experiments, we used
synthetic data that follows the normal distribution to illustrate the low-
dimensional space learned by IIS, IMMC, LDA and PCA. In the second
set of experiments, we applied several dimensionality reduction methods on
the Reuters Corpus Volume 1 (RCV1) dataset, whose dimension is about
300,000, and then compare the classification performance and the time
cost. This experiment is used to demonstrate the classification performance
of IIS on very large scale dataset. In the third set of experiments, we applied
IIS and IMMC on some suitable subsets of UCI datasets to demonstrate the
convergence performance of IIS and IMMC. Moreover, experiments on
these UCI datasets are also used to compare the classification error rate
on the low-dimensional space found by different dimensionality reduction
algorithm.

5.1. Synthetic dataset

We generated the synthetic data by normal distribution. Fig. 2 shows a scat-
ter plot of the data set. The stars are two-dimensional data points belonging to
class 1, and the triangles are two-dimensional data points belonging to class 2.
The one-dimensional space direction found by IMMC is the same as that of



Fig. 2. Low-dimensional spaces learned by IIS, LDA and PCA, respectively.
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LDA and not plotted in Fig. 2 to avoid overlapping. We can see from Fig. 2
that the two classes of data points are mixed together in the one-dimensional
space found by PCA; meanwhile, data points of different classes are separated
well in the one-dimensional space found by LDA and MMC. Moreover, the
one-dimensional IIS space is close to its counterpart found by LDA and
IMMC. In a word, IIS can outperform PCA and yield comparable perfor-
mance to LDA for classification. Moreover, IMMC can find a very similar
low-dimensional space with LDA.

5.2. Real world datasets

The Reuters Corpus Volume 1 (RCV1) [13] data set which contains over
800,000 documents with 300,000 dimensions and some suitable subsets of
UCI [4] are used in the real world data experiments to evaluate the effectiveness
and efficiency of IIS in this subsection.

5.2.1. RCV1

To compare the effectiveness and efficiency of IIS with that of other dimen-
sionality reduction algorithms, we conducted classification experiments on the
Reuters Corpus Volume 1 (RCV1) [13] data set which contains over 800,000
documents (300,000-dimension).

5.2.1.1. Experiments setup. We choose the data samples with the highest four
topic codes (CCAT, ECAT, GCAT, and MCAT) in the ‘‘Topic Codes’’ hierar-
chy, which contains 789,670 documents. Then we split them into five equal-
sized subsets, and each time four of them are used as the training set and the
remaining ones are for test set. The experimental results reported in this paper
are the average of the five runs. The experiment consists of the following steps:

• Applying the dimension reduction algorithm on a specific size of training
data to learn a low-dimensional presentation.
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• Transforming all the training data to the low-dimensional presentation.
• Training SVM by SMO [21].
• Transforming all the test data to the low-dimensional space.
• Evaluate the classification performance, using F1 value, on the transformed

test data.And the dimension reduction algorithms applied are:
• The proposed IIS generating a 3-d space. We applied IIS on the first 10, 100,

1,000, 10,000, and 100,000 training data to study the convergence speed.
• Information Gain (IG). This is a state-of-the-art text classification method

[26]. In this paper, we applied IG on all training data to generate 3-d and
500-d spaces, denoted by IG3 and IG500, respectively. Note IG500 will
yields almost the best classification performance, since SVM is insensitive
to the number of feature [27].

• IPCA following the CCIPCA algorithm [23].
5.2.1.2. Effectiveness of IIS. The RCV1 is considered as a data streaming. IIS
learns from it sample by sample. The classification performance comparison is
summarized in Fig. 3. From it, we can conclude that the eigen-space learned by
IIS on 100 input samples is significantly better than the ones learned by IPCA
and IG3; and after learning 100,000 input samples (<20%), IIS can generate a
comparable eigen-space to the one generated by IG500 in terms of classifica-
tion performance. Hence, IIS is an effective dimensionality reduction algorithm
for classification tasks. On the other hand, we can see that IIS generated a near
optimal eigen-space after just learning 10,000 samples, so the convergence
speed of IIS is very fast.

5.2.1.3. Efficiency of IIS. The times of each algorithm spent in dimension
reduction and classification training are reported in Table 5. We can see that
the dimension reduction time of IIS is almost linear related to the number of
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Fig. 3. Micro-F1 and macro-F1 after reducing dimension by several dimensionality reduction
algorithms.



Table 5
Time cost (s) for each dimension reduction algorithm

Dimension reduction Classification

IIS 3@10 1.85 1.298
IIS 3@100 17.1 11.061
IIS 3@1000 177 6474
IIS 3@10000 2288 7560
IIS 3@100000 26,884 3343

IG 3@all 136 52,605
IG 500@all 137 312,887
IPCA 3@all 28,960 25,374
IPCA 500@all 3,763,296 9327
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input samples. Although the IG is faster than IIS, its classification time is much
longer than that of IIS.

5.2.2. UCI data

UCI machine learning dataset [4] is a repository of databases, domain the-
ories and data generators that are used by the machine learning community for
the empirical analysis of machine learning algorithms. We use this data set
mainly for demonstrating the convergence performance of our two algorithms.
The UCI data set include over 80 subsets, the subsets chosen by us must satisfy:
(1) numerical valued; (2) without missing value; and (3) labeled, this is due to
the reason that our algorithm is designed for supervised dimensionality reduc-
tion. We choose six available datasets for experiments to demonstrate the con-
vergence performance of our proposed algorithm.

(1) IRIS Data Set

Since the amount of this data set is not very large (50 data in each of three
classes), we use it to demonstrate that our incremental algorithm could
converge very fast within a little amount of training data. We reordered
the dataset to mix different classes. In other words, at each iteration step,
we choose a sample from some class of the three randomly with equal
probability. For this IRIS data, the eigenvalues of A = 2Sb � C are
�0.2133, �0.0571, �0.0222 and 3.6396. We choose h = 0.3 to make sure
the criterion matrix is nonnegative determined.

(2) Balance Scale Data

Balance Scale Data was generated to model psychological experimental
results. This data set is very special since the covariance matrix of it is
an identity matrix. Note that PCA could not work well under this condi-
tion. For this Balance Scale data set, the eigenvalues of A = 2Sb � C + hI

are �2.0, �2.0, �1.9774, and 0.7067. We choose h = 2.0 to make sure the
criterion matrix is nonnegative determined.
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(3) Wine Recognition Data

These data are the results of a chemical analysis of wines grown in the
same region in Italy but derived from three different cultivars. The anal-
ysis determined the quantities of 13 constituents found in each of the
three types of wines. This dataset has been used to test the comparison
of classifiers in high-dimensional settings and many other applications.

(4) Waveform Database

The original MMC criterion matrix on this data set is negative determined.
We have an very interesting observation by experimental results that if the
maximum margin criterion matrix is negative determined, IMMC con-
verge very slowly or even could not converge through the limited number
of samples available in this dataset no matter how we to choose the para-
meter. We will explain this phenomenon in our future work.

(5) The Monk’s Problem
The Monk’s Problem was the basis of a first international comparison of
learning algorithms. There are several Monk’s problems. The domains
for all Monk’s problems are the same. One of the Monk’s problems
has noise added. For each problem, the domain has been partitioned into
a train and test set. We choose the first one and combine the training data
and the testing data to plot the convergence curve.

(6) Pima Indians Diabetes Database

The original owners of this dataset are National Institute of Diabetes and
Digestive and Kidney Diseases. Pima Indians Diabetes Database includes
768 samples, two classes and eight attributes for each sample.
Since kv � v 0k = 2(1 � v Æ v 0), and v = v 0 iff v Æ v 0 = 1, the correlation
between two unit eigenvectors is represented by their inner product, and
the larger the inner product is, the more similar the two eigenvectors
are. We should like to plot the inner product curve between incremental
approaches and their corresponding batch approaches to represent the
convergence curve. Fig. 4 shows the convergence curve of different dimen-
sionality reduction algorithms on all the six UCI datasets introduced
above. Proper parameters are given to (a), (b), (c) and (d) when perform-
ing IMMC. We choose a popular Incremental PCA algorithm, CCIPCA
as our baseline in these experiments. From Fig. 4 we can see that IIS con-
verges very fast and is very stable. On the other hand, IMMC could con-
verge very fast if a proper parameter is given. However, (e) and (f) tell us
that if the criterion matrix is negative determined, we could not choose the
proper parameter, and then IMMC could not converge as expected.

Following the convergence experiments, we conducted some more experi-
ments on these UCI data sets to test the classification error rate on the learned
low-dimensional space by nearest neighbor classifier. As showed in (e) and (f)
of Fig. 4, the IMMC could not converge stably on these two sets, we could not
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Fig. 4. Performance of different dimensionality reduction algorithms: (a) IRIS; (b) Balance Scale;
(c) The Monk’s Problem; (d) Wine Recognition Data; (e) Waveform Database; (f) Pima Indians
Diabetes Database. Note that IIS is stable on all the six data sets. CCIPCA also perform well.
IMMC in (e) and (f) could not converge to the object vector as the maximum eigenvalue of these
two data sets are negative.
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show the error rate pictures on these two datasets. For each UCI dataset that
do not provide training-testing split, we used repeated holdout methods by
repeatedly separating them into two folds randomly. IMMC, PCA and LDA
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are then applied to the training data to find the lower dimensional space. The
Nearest Neighbor classifier (NN) is used to classify these testing data. Fig. 5
shows the error rates of IMMC, PCA and LDA on these UCI subsets. It
can be seen that PCA is not optimal for classification tasks and LDA are lim-
ited by the number of classes. On the other hand IMMC could outperform
them in terms of classification error rate.
6. Conclusions and future work

To meet the challenging issue of computing dominating eigenvectors from
incrementally arriving data stream, in this paper, we proposed an incremental
supervised dimensionality reduction algorithm called Incremental Maximum
Margin Criterion (IMMC) and its efficient and stable extension, Incremental
Inter-class Scatter (IIS). In contrast to the most popular dimensionality reduc-
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tion approaches on streaming data, IMMC and IIS are supervised algorithms,
and therefore, more suitable for classification tasks. The proposed algorithms
are fast in terms of the convergence rate and low in the computational
complexity. Experimental results on synthetic dataset and real text dataset
demonstrated that they can outperform IPCA on classification tasks. The con-
vergence property of IIS is better than IMMC due to its simple criterion. On
the other hand, the classification performance of IMMC should be better than
IIS in theory. Both of them are applicable under a same general framework. In
the future, we wish to continue to explore the dimensionality reduction algo-
rithm for the data streams such as streaming multimedia. Moreover, we plan
to design some automatic algorithm to learn the parameter of IMMC.
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Appendix A

Lemma 2. Sb + Sw = C.
Proof. By simple algebra formulation, we can rewrite the matrix Sw as follows:
(For convenience, we do not consider the constant 1/n in our proof.)

Sw ¼
XC

j¼1

NjE½ðuj � mjÞðuj � mjÞT� ¼
XC

j¼1

XNj

i¼1

ujðiÞujðiÞT � N jmjmT
j

 !

¼
XC

j¼1

UjLjUT
j ;

where U jLjU T
j is the data covariance matrix of the jth class,Uj = [uj(1),uj(2),

. . . ,uj(Nj)], Lj ¼ I � 1
Ni

eieT
i where I is the identity matrix and ej = (1,1, . . . , 1)T

is Nj dimension vector. For further simplification, set U = (u(1),u(2), . . . ,u(n)),
for uliðiÞ and uljðjÞ if

W ij ¼
1 li ¼ lj;

0 li 6¼ lj.

�

Denote L = I �W, then we have Sw = ULUT.
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Similarly, we can compute the matrix Sb as follows:

Sb ¼
XC

j¼1

Njðmj � mÞðmj � mÞT ¼ UWU T � nmmT ¼ U W � 1

n
eeT

� �
UT

¼ �ULU T þ U I � 1

n
eeT

� �
U T ¼ �Sw þ C;

where e = (1,1, . . . , 1)T is a n dimension vector and

C ¼ U I � 1

n
eeT

� �
UT

is the data covariance matrix which is independent to the labels. h
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